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By the kindness of heaven, 

O lovely faced one, 

You stand before me, 

The darkness of delusion dispelled, 
By recollection of that which was lost. 


Verse 7.22 of Kalidasa’s Sakuntala, 
Ath century A.D. 


Preface 


This is the second of approximately four volumes that the authors plan to 
write in their examination of all the claims made by S. Ramanujan in The Lost 
Notebook and Other Unpublished Papers. This volume, published by Narosa 
in 1988, contains the “Lost Notebook,” which was discovered by the first 
author in the spring of 1976 at the library of Trinity College, Cambridge. 
Also included in this publication are other partial manuscripts, fragments, 
and letters that Ramanujan wrote to G.H. Hardy from nursing homes during 
1917-1919. The authors have attempted to organize this disparate material 
in chapters. This second volume contains 16 chapters comprising 314 entries, 
including some duplications and examples, with chapter totals ranging from 
a high of fifty-four entries in Chapter 1 to a low of two entries in Chapter 12. 
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Introduction 


This volume is the second of approximately four volumes that the authors plan 
to write on Ramanujan’s lost notebook. We broadly interpret “lost notebook” 
to include all material published with Ramanujan’s original lost notebook by 
Narosa in 1988 [244]. Thus, when we write that a certain entry is found in 
the lost notebook, it may not actually be located in the original lost notebook 
discovered by the first author in the spring of 1976 at Trinity College Library, 
Cambridge, but instead may be in a manuscript, fragment, or a letter of 
Ramanujan to G.H. Hardy published in [244]. We are attempting to arrange 
all this disparate material into chapters for each of the proposed volumes. For 
a history and general description of Ramanujan’s lost notebook, readers are 
advised to read the introduction to our first book [31]. 


The Organization of Entries 


With the statement of each entry from Ramanujan’s lost notebook, we pro- 
vide the page number(s) in the lost notebook on which the entry can be 
found. All of Ramanujan’s claims are given the designation “Entry.” Results 
in this volume named theorems, corollaries, and lemmas are (unless other- 
wise stated) not due to Ramanujan. We emphasize that Ramanujan’s claims 
always have page numbers from the lost notebook attached to them. We re- 
mark that in Chapter 9, which is devoted to establishing Ramanujan’s values 
for an analogue .,, of the classical Ramanujan—Weber class invariant G,, we 
have followed a slightly different convention. Indeed, we have listed all of Ra- 
manujan’s values for \,, in Entry 9.1.1 with the page number indicated. Later, 
we establish these values as corollaries of theorems that we prove, and so we 
record Ramanujan’s values of A, again, listing them as corollaries with page 
numbers in the lost notebook attached to emphasize that these corollaries are 
due to Ramanujan. 

In view of the subject mentioned in the preceding paragraph, it may be 
prudent to make a remark here about Ramanujan’s methods. As many read- 


G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II, 
DOI 10.1007/978-0-387-77766-5_1, © Springer Science+Business Media, LLC 2009 


2 Introduction 


ers are aware from the work of the authors and others who have attempted 
to prove Ramanujan’s theorems, we frequently have few or no clues about 
Ramanujan’s methods. Many of the proofs of the values for G,, that are given 
in [57] are almost certainly not those found by Ramanujan, for he would have 
needed knowledge of certain portions of mathematics that he likely did not 
know or that had not been discovered yet. Similar remarks can be made about 
our calculations of A, in Chapter 9. In the last half of the chapter, we employ 
ideas that Ramanujan would not have known. 

So that readers can more readily find where a certain entry from the lost 
notebook is discussed, we place at the conclusion of each volume a Location 
Guide indicating where entries can be found in that particular volume. Thus, 
for example, if a reader wants to know whether a certain identity on page 1729 
of the Narosa edition [244] can be found in a particular volume, she can turn 
to this index and determine where in that volume identities on page 1729 are 
discussed. 

Following the Location Guide, we provide a Provenance indicating the 
sources from which we have drawn in preparing significant portions of the 
given chapters. We emphasize that in the Provenance we do not list all papers 
in which results from a given chapter are established. For example, in Chapter 
3, Ramanujan’s famous ;w~, summation theorem, which is found in more than 
one version in the lost notebook, is discussed, but we do not refer to all papers 
on the ;w, summation formula in the Location Guide, although in Chapter 3 
itself, we have attempted to cite all relevant proofs of this celebrated formula. 
On the other hand, most chapters contain previously unpublished material. 
For example, each of the first four chapters contains previously unpublished 
proofs. 


This Volume on the Lost Notebook 


Two primary themes permeate our second volume on the lost notebook, 
namely, q-series and Eisenstein series. The first seven chapters are devoted to 
q-series identities from the core of the original lost notebook. These chapters 
are followed by three chapters on identities for the classical theta functions or 
related functions. The last six chapters feature Eisenstein series, with much 
of the material originating in letters to Hardy that Ramanujan wrote from 
Fitzroy House and Matlock House during his last two years in England. We 
now briefly describe the contents of the sixteen chapters in this volume. 
Heine’s transformations have long been central to the theory of basic hy- 
pergeometric series. In Chapter 1, we examine several entries from the lost 
notebook that have their roots in Heine’s first transformation or generaliza- 
tions thereof. The Sears~Thomae transformation is also a staple in the theory 
of basic hypergeometric series, and consequences of it form the content of 
Chapter 2. In Chapter 3, we consider identities arising from certain bilateral 
series identities, in particular the renowned 17, summation of Ramanujan and 
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well-known identities due to W.N. Bailey. We have also placed in Chapter 3 
some identities dependent upon the quintuple product identity. Watson’s q- 
analogue of Whipple’s theorem and two additional theorems of Bailey are the 
main ingredients for the proofs in Chapter 4 on well-poised series. Bailey’s 
lemma is utilized to prove some identities in Chapter 5. Chapter 6, on partial 
theta functions, is one of the more difficult chapters in this volume. Chapter 
7 contains entries from the lost notebook that are even more difficult to prove 
than those in Chapter 6. The entries in this chapter do not fall into any par- 
ticular categories and bear further study, because several of them likely have 
yet-to-be discovered ramifications. 

Theta functions frequently appear in identities in the first seven chapters. 
However, in Chapters 8-10, theta functions are the focus. Chapter 8 is devoted 
to theta function identities. Chapter 9 focuses on one page in the lost notebook 
on values of an analogue of the classical Ramanujan—Weber class invariants. 
The identities in Chapter 10 do not fit in any of the previous chapters and 
are among the most unusual identities we have seen in Ramanujan’s work. 

As remarked above, the last six chapters in this volume feature Eisen- 
stein series. Perhaps the most important chapter is Chapter 11, which con- 
tains proofs of results sent to Hardy from nursing homes, probably in 1918. 
In these letters, Ramanujan offered formulas for the coefficients of certain 
quotients of Eisenstein series that are analogous to the Hardy—Ramanujan— 
Rademacher series representation for the partition function p(n). The claims 
in these letters continue the work found in Hardy and Ramanujan’s last joint 
paper [177], [242, pp. 310-321]. Chapter 12 relates technical material on the 
number of terms that one needs to take from the aforementioned series in 
order to determine these coefficients precisely. In Chapter 13, the focus shifts 
to identities for Eisenstein series involving the Dedekind eta function. Chap- 
ter 14 gives formulas for certain series associated with the pentagonal number 
theorem in terms of Ramanujan’s Eisenstein series P, Q, and R. These results 
are found on two pages of the lost notebook, and, although not deep, have 
recently generated several further papers. Chapter 15 is devoted primarily to 
a single page in the lost notebook demonstrating how Ramanujan employed 
Eisenstein series to approximate 7. Three series for 1/7 found in Ramanujan’s 
epic paper [239], [242, pp. 23-39] are also found on page 370 of [244], and so 
it seems appropriate to prove them in this chapter, especially since, perhaps 
more so than other authors, we follow Ramanujan’s hint in [239] and use 
Eisenstein series to establish these series representations for 1/7. This volume 
concludes with a few miscellaneous results on Eisenstein series in Chapter 16. 
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The Heine Transformation 


1.1 Introduction 


E. Heine [178], [179, pp. 97-125] was the first to generalize Gauss’s hyperge- 
ometric series to g-hypergeometric series by defining, for |q| < 1, 


261 (% 1a) S Jnl re (1.1.1) 


— Val n 


where |t| < 1 and where, for each nonnegative integer n, 


(a) = (a;q)n = (1—a)(1— ag) ag’), (1.1.2) 


with the convention that (a)) = (a;q)o := 1. If an entry and its proof involve 
only the base g and no confusion would arise, we use the notation at the left in 
(1.1.2) and (1.1.4) below. If more than one base occurs in an entry and/or its 
proof, e.g., both q and q? appear, then we use the second notation in (1.1.2) 
and (1.1.4). Ramanujan’s central theorem is a transformation for this series, 
now known as the Heine transformation, namely [179, p. 106, equation (50)], 


291 & ast) = - Us Ge «) ; (1.1.3) 


(C5 Qool(ts Doo at 


where |t], |b] < 1 and where 
(A)oo = (4; @)oo = Jim (a; q)n; lq| <1. (1.1.4) 


His method of proof was surely known to Ramanujan, who recorded an equiv- 
alent formulation of (1.1.3) in Entry 6 of Chapter 16 in his second notebook 
[243], [54, p. 15]. Furthermore, numerous related identities can be proved using 
Heine’s original idea. 

In Section 1.2, we prove several basic formulas based on Heine’s method. 
In the remainder of the chapter we deduce 53 formulas found in the lost 
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notebook. In some instances, we call upon a result not listed in Section 1.2, 
but each identity that we prove relies primarily on results in Section 1.2. 

In order to keep our proofs to manageable lengths, we invoke certain stan- 
dard simplifications (usually without mentioning them explicitly), such as 


(—G9)oo = Ss (1.1.5) 
(95 97) co 
(a; q)n(—a; Qn = (a*; OF Ves 0 <n< ow, (1.1.6) 
(45 Q)n = (Gi) 0 ' 00 <n <0. (1.1.7) 
(aq”; q)oo 


The identity (1.1.5) is a famous theorem of Euler, which we invoke numerous 
times in this book. Identity (1.1.7) can be regarded as the definition of (a; q)n 
when n is a negative integer. 


1.2 Heine’s Method 


In [6], Heine’s method was encapsulated in a fundamental formula containing 
ten independent variables and a nontrivial root of unity. As a result, it is an 
almost unreadable formula. Consequently, we prove only special cases of this 
result here. In light of the fact that many of these results are not easily written 
in the notation (1.1.1) of g-hypergeometric series, we record all our results in 
terms of infinite series. For further work connected with that of Andrews in 
[6], see Z. Cao’s thesis [97] and a paper by W. Chu and W. Zhang [131]. 

We begin with a slightly generalized version of Heine’s transformation [6], 
[7]. 


Theorem 1.2.1. If h is a positive integer, then, for |t|,|b| < 1, 


= (a a" )m(C Dam (Cd) oo 


= (a; q”)m(d; Dim m __ (b; Q)co - co —— i | (t; qd en 
pa ( oe m (at; q”)m 7 
(1.2.1) 


Proof. We need the g-binomial theorem given by [54, p. 14, Entry 2], [18, 
p. 17, Theorem 2.1] 


(4/059) mpm (43 Doo 
ps (Gm ile (0; Goo’ vee 


where |b| < 1. Since we frequently need two special cases in the sequel, we 
state them here. If a = 0 in (1.2.2), then [18, p. 19, equation (2.2.5)] 


m=0 


CO 


bm 1 
2 (G:¢)m  (b;d)oo ee) 


<= (GOm 


Letting b — 0 in (1.2.2), we find that [18, p. 19, equation (2.2.6)] 


1.2 Heine’s Method 7 


SS (_,\m,~m(m—1)/2 
a) 4 
y ( ™ a = (4; q)oo- (1.2.4) 
m=0 ake 


Upon two applications of (1.2.2), we see that 


a UN b; co } ‘ n ne; [oe] 
re Dn yn _ (64) 3 aig) (cq * Q)oo yn 
eel (CQ) hn (65 )oo 4 (as a" )n (b9°"5 @) 
(b; Doo 7 (a; an n ~ (c/b; q)m m_ hmn 
(C5 doo <4 (a3 4" )n = (Gam * 
(0; Doo SS (6/859) mpm Lo (Gdn yh 
=— bl eee tq my\n 
(C: Qoe = (9; d)m sii Ps 
— (Bd) ce ; " yn a” ae 
(6. G)oo ie cae Pa 
= Gale) ae = lige 


m(at; a") m 


which is (1.2.1). 


Heine’s transformation is the case h = 1 of Theorem 1.2.1, and Theorem 
A3 of [6] is the case h = 2. The complete result appears in [7, Lemma 1]. 

The next result is more intricate, but it is based again on Heine’s idea; it 
is Theorem A, of [6]. 


Theorem 1.2.2. For |t|, |b] < 1, 


nbs q) myn _ (0; q)<0 (at; 7) — (c/b; Qon(t; g? Ne 2n 
Le In(idn (Cd)oolti Bao » (4; Qan(at: 2)n ~b (1.2.5) 


(B; q) 00 (atg; G”)oc se (¢/b; anti (t4; 4 )m pont 


(CG )eg( $05.07 Jia (9; q)an41(atq; q7)n 


reer 


n=0 


Proof. Using (1.2.2) twice, we find that 


<> (4597) n(b; Qn yn _ (B:Doo (a; ia”) sea) eae 
Pale Dn Joo me gt baa)" 
(b; (0; doo (a; ig) n t” (c/b; i m mn 
~ (Gao 24 (Pn nee (Gam 4 
(; do (a; a. n — (c/b; Qom 2m -2nn 
(G — Pn ps (Gam 2 


c bq m m m n 
5 (CL. Dances samt glam) ! 


(q; Q)2m41 


m=0 
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_ (b;q) oo 3 (c/b; q) — re a; qn Gen) 


(6 G)oo A (45 d)2m P3P)n 
(; Ha (c/b; q)2m+1 Im+1 (a; 7q ae Im+1 
(6 Q)oc o (4; Q)2m-+1 De (759? )n 
_ Doo > ~S — : 2mm p2m (ang? g 2), 
(C5 doo <= (tq? 4? )oo 
_ & Do ee. | q) 2m+1 pert (angers Osa 
(C5)oo A+) (GQ 2m41 (tq? @)oo 
= AB ee ee Dey! ethan m p2m 
(c D)oo m=0 q)2m( (at; q *)m 
= 


(b; i ee 


(c/b; dam+i(ta; @ * an mM p2m-+1 | 
(Gq) 00 (8G; 4? )oo 


(9; Qam+1(atg; g?)m 


m=0 


In addition to Theorems 1.2.1 and 1.2.2, we require two corollaries of 
Theorem 1.2.1. The first is also given in [7, equation (I5)]. 
Corollary 1.2.1. For |t| < 1, 


ye em = Ee ae cr De (1.2.6) 


See a 


Proof. By (1.2.1) with h = 2, a=c=0, and t replaced by t?, we see that 
= (b; q)2n 2 ~ t 2@ | 
t n = n pn 
» (P30? )n eat Joo a, (G9)n 


— Onn 
= = Gite ae b 
_ (aes i (b; @)n . 


 (P5q?)o0 (Bs a)oo | (45 @) n (88; g)n 


by (1.2.1) with t = 6 and then h = 1, a = -t, b = t, and c = 0. Upon 
simplification above, we deduce (1.2.6). 


The next result can be found in [7, equation (I6)]. 


Corollary 1.2.2. For |b| <1, 


3 (6.4 )n yn _ (btd; Poo 3 : a pr. (1.2.7) 
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Proof. By (1.2.1) with h = 2 and a=c=0, we see that 


(b Des — (G07 \n n . (b; dan n 
P Joo d (Gdn d (Fen 


_< (04; 9" )m(B59")m gn 
= 20 Ga 

n=0 Va 

b: colt ove) t;q n 
_ (6) 1) oy - 5 


(tq Cas ae 


where we applied (1.2.1) with g replaced by qg?, h = 1, a = bq, and c = 0. 
Upon simplification, we complete the proof. 


Our next result comes from [9, Theorem 7]. 


Corollary 1.2.3. For |t| <1, 


= (Ganley 6 . (Qh eR xs (arn” (ing ih hn 
5 pe ee iW’) ic 57 )n(b; 9") (tq)”. 
(G5 Wn (abt; g?)n (85 @? Joo “(abi a) Cera NCE Vea 


n=0 
(1.2.8) 


Proof. In (1.2.1), set h = 2, interchange t with b, replace a by at, and then 
replace c by at. Upon simplification, we find that 


(a5 g)n(B; 97) n t = (ati g? \a(G aan 
pp CAGE pn = et =. a q)2 yn 
an a (t; 9) 00 ae i) 


n(at; Qn 
(at; q)oo Joo we (447) Jatqsa2)n 
— 6” 
EEG aa a q’) ee (apa), (aid) 07) 4 
(at; q)oo(b; Goo (ta; q? — i”) S (a; r) Oe Ie. aie 
= t 
COR CTs Sele P)n(B Gn? 


where we invoked (1.2.1) with h = 1, q replaced by q?, and the variables a, 
b, c, and t replaced by t, tq, atg, and b, respectively. Upon simplifying above, 
we deduce (1.2.8) to complete the proof. 


We also require the direct iteration of (1.2.1) with h = 1 [9, Theorem 8]. 
This is often called the second Heine transformation. 


Corollary 1.2.4. For |t|,|c/b| < 1, 


)n()n pn _ (¢/b)oo(bt)oo S> (abt/o)n(b)n ei (1.2.9) 


PB (n(n (ola nln 
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Proof. By two applications of Theorem 1.2.1 with h = 1, the second with a, 
b, c, and t replaced by t, c/b, at, and b, respectively, we find that 


= (a)n(O)n n (b) 00 (at) oo = (c/b)n(t)n n 

25,0.  @aOs 22 Won” 
_ (B)co(at)oo (¢/b)o0(bt)oo tile (b)n fey” 
= Calan (ato Da > ne 


which is the desired result. 


Finally, we need one more iteration of (1.2.1) with h = 1 [18, p. 39, equa- 
tion (3.3.13)]. This is often called the g-analogue of Euler’s transformation. 


Corollary 1.2.5. For |t|, |abt/c| <1, 
~ (a)n(b)n n (abt /C) oo = (c/a)n(c/b)n (abt i 
20.04 Oe 2 Ose ( ~) ae 


Proof. Apply (1.2.1) with h = 1 and a, b, c, and t replaced by b, abt/c, bt, 
and c/b, respectively. Consequently, 


5 (been (5)* = etal $> (leat (8H )" 130 


és 


Substituting the right-hand side of (1.2.11) for the sum on the right-hand side 
of (1.2.9) and simplifying yields (1.2.10). 


1.3 Ramanujan’s Proof of the g-Gauss Summation 
Theorem 


On pages 268-269 in his lost notebook, Ramanujan sketches his proof of the 
g-Gauss summation theorem, normally given in the form 


co (@)n(b)n Cc He (¢/@)o0(¢/b) c0 
X (C)n(Q)n 2) ~ (salar lab en (1.3.1) 


This theorem was first discovered in 1847 by Heine [178], whose proof, which 
is the most frequently encountered proof in the literature, is based on Heine’s 
transformation, Theorem 1.2.1, with h = 1. This proof can be found in the 
texts of Andrews [18, p. 20, Corollary 2.4], Andrews, R. Askey, and R. Roy 
(30, p. 522], and G. Gasper and M. Rahman [151, p. 10]. A second proof 
employs the g-analogue of Saalschiitz’s theorem and can be read in the texts 
of W.N. Bailey [44, p. 68] and L.J. Slater [263, p. 97]. Ramanujan’s proof 
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is different from these two proofs and was first published in full in a paper 
by Berndt and A.J. Yee [79]. Ramanujan’s proof encompasses Lemma 1.3.1, 
Lemma, 1.3.2, and Entry 1.3.1 below. After giving Ramanujan’s proof, we 
prove a corollary of (1.3.1), which is found on page 370 in Ramanujan’s lost 
notebook. 

Before providing Ramanujan’s argument, we derive the g-analogue of the 
Chu-Vandermonde theorem and record a special case that will be used in 
Chapter 6. If we set b = q~, where N is a nonnegative integer, in (1.3.1) 
and simplify, we find that 


2bi(a,q%; 6,9, cq" /a) = (1.3.2) 
which is the g-analogue of the Chu-Vandermonde theorem. If we reverse the 
order of summation on the left-hand side of (1.3.2), we deduce an alternative 
form of the g-Chu-Vandermonde theorem, namely, 


= c/a)N 

obi(a,9-%369,9) = ION (1.3.3) 
(c)n 

Setting a = q~™ and c = q~™—N, where M is a nonnegative integer, in 


(1.3.3) yields 
N_-MN _ (q™“)u(q-™)n _un 


—M g-N.g-M-N 
obi(g 14 9,9) = — am 7-_-M_N)... 
(q-M-) x (q-M-) vw 


lou Oe as 

- (q) m4Nq7 (M+N)(M+N+1)/2 qd 
crs (1.3.4) 
(QM+N 


In this chapter, we are providing analytic proofs of many of Ramanujan’s 
theorems on basic hypergeometric series. Another approach uses combinato- 
rial arguments. In [78], Berndt and Yee provided partition-theoretic proofs of 
several identities in the lost notebook arising from the Rogers—Fine identity; 
a few of these proofs were reproduced in [31, Chapter 12]. In [79], the same 
authors gave a combinatorial proof of the g-Gauss summation theorem. Other 
combinatorial proofs of this theorem based on overpartitions have been given 
by S. Corteel and J. Lovejoy [144], Corteel [143], and Yee [285]. 


Lemma 1.3.1. [fn is any nonnegative integer, then 
os anne k(k—-1)/2_k 1.3.5 
) gk PDQ, (1.3.5) 
k=O (Qk 


Lemma 1.3.1 is a restatement of the g-binomial theorem (1.2.2) and can 
be found in [54, p. 24, Lemma 12.1] or [18, p. 36, Theorem 3.3]. We now 
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use Lemma 1.3.1 to establish Lemma 1.3.2 below along the lines indicated 
by Ramanujan. Alternatively, Lemma 1.3.2 can be deduced from [151, p. 11, 
equation (1.5.3)] by setting c= 0 and replacing qg by 1/q there. 


Lemma 1.3.2. [fc £0 and n is any nonnegative integer, then 


m= > eon) ; (1.3.6) 


= (qs 


Proof. Denote the right side of (1.3.6) by g(c) and apply (1.3.5) with a = 1/c 
and n = j in the definition of g(c) to find that 


J 


(qgitt- k n+1—j 
Sse (q )e(q )i gh(k- 1)/2,j-k =) ae. 
(a)i(@)e 


j=0 k=0 r=0 
The coefficient of c",0 <r <n, above is 
= 3 1)? (eg rte gee, (1.3.7) 
k= (Dr+K(Q)e 


(q’*"), = ik 
(Q)rtk — (@)r 
and 
(Ce ac = Cie Caged 


Using these last two equalities in (1.3.7), we find that 


(q n+1— Ty ee? gq” r+l1— R), k(k—-1)/2 
ar = q 
pea, 
n+l—-r “3 1 if = 
_ Li -_ », UT oe 
(q)r 0, otherwise, 


by (1.3.5). This therefore completes our proof of Lemma 1.3.2. 


Entry 1.3.1 (pp. 268-269, g-Gauss Summation Theorem). /f |abc| < 1 
and bc # 0, then 


ee ie a Se ees (abc)”. (1.3.8) 


In Entry 4 of Chapter 16 in his second notebook [243], [54, p. 14], Ra- 
manujan states the g-Gauss summation theorem in precisely the same form 
as that given in (1.3.8). 
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Proof. We rewrite the right side of (1.3.8) in the form 


CoO 


(aq’)oo (1/b)j(1/0)5 - yy; 
» Ga. (a); J (abc) (1.3.9) 


and examine the coefficient of a”, n > 0, on each side of (1.3.8). From (1.2.2), 
with b replaced by ab and a replaced by aq’, we find that 


(aq? )oo _ yo (F/b)k yk 
(ab). = S- (as (ab)*. (1.3.10) 
oo k=0 j 
The coefficient of a”~/ in (1.3.10) is 
(0 [B)nai ps 
C—— 
and so the coefficient of a” in (1.3.9) equals 


“ (1/8)5(1/¢)5 (9? /0)n—i pn 
2 @ider 
i cI ( Cc ga g\. no” 
=o )nb a i = b c”, (1.9.11) 
j=0 4 " 


by Lemma 1.3.2. But by (1.2.2), with b replaced by abc and a replaced by ac, 


(ac)oo _ ym (1/b)n 
= (abc)”. (1.3.12) 
Ga. 24 
So, the coefficient of a” in (1.3.12) is precisely that on the right side of (1.3.11). 
Hence, (1.3.8) immediately follows, since the coefficients of a”, n > 0, on both 
sides of (1.3.8) are equal. The proof of Entry 1.3.1 is therefore complete. 


Entry 1.3.2 (p. 370). For any complex numbers a and b, 


(—ag)oo _ ea (—b/a)nar grt 0/2 
(bq) 6 2 (q)n(bq)n ; 


Proof. In (1.3.8), replace a by bq, c by —a/b, and b by ¢ to find that 
(bgt) o0(—a9) oo _ = (1/t)n(—b/a)n 
(bq) 00(—aqt)oo n=0 (a)n(bq)n 


If we let t > 0 in (1.3.14), we immediately arrive at (1.3.13) to complete the 
proof. 


(1:33) 


(—aqt)”. (1.3.14) 


A combinatorial proof of Entry 1.3.2 in the case b = 1 has been given by 
S. Corteel and J. Lovejoy [145], but it can easily be extended to give a proof 
of Entry 1.3.2 in full generality. Another combinatorial proof can be found in 
a paper by Berndt, B. Kim, and A.J. Yee [73]. 
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1.4 Corollaries of (1.2.1) and (1.2.5) 


Entry 1.4.1 (p. 3). For 0 < |aq|, |k| <1, 


(oe) 2 (oe) — k a A n —b ; n 
(casa). a nl 4q/ 4; 4) ang” 
er ool kG?; Goo KH (C49? )n41(G Mn 
oS 2 ae : 
= > (cq/k; q )n(aq; q)2n Beg”. (1.4.1) 


4, (975.97) n(—09; Q)2n+1 


Proof. In (1.2.1), set h = 2 and t = kq?, and replace ¢ by —bq?, a by cq/k, 
and b by aq. The resulting identity is equivalent to (1.4.1). 


We note that no generality has been lost by the substitutions above; so 
Ramanujan had (1.2.1) in full generality for h = 2. Padmavathamma [225 
has also given a proof of (1.4.1). 


Entry 1.4.2 (p. 3). For |bq| <1, 


(G: 4 )o0(aq3 4 i ee (b45 an q” 
(0G; 9") n41 
(9; g7)n(ag; 97) 
(—09;Q)oo SE. 
a —bq; Q)an41 


Proof. Tn (1.2.1), set h = 2, b = q, and t = q’, and replace a by aq and c by 
—bq?. The result then reduces to the identity above upon simplification. 


Entry 1.4.3 (p. 12). For |aq|, |b] < 1, 


3 i 1 > (=1)"(aq; @)2nb"q™ 
£4 (G5 Dn(09597)n (495 I) 00 (69; 9? Joo A= (75) 


Proof. In (1.2.1), set h = 2, c= 0, and t = 7, and replace a by bg/r and b 
by aq. Then let 7 — 0. The result easily simplifies to the identity above. 


Entry 1.4.4 (p. 12). For |a|,|b| <1, 
qa” gn iSasd ™(aq?; ae prgrintl)/2 


Dies Aon eae (bd; q)oo == (G5 9)n 


Proof. In (1.2.1), set h = 2 and a = 0, let b — 0, and then replace t by aq? 
and c by bq. 


The previous two entries were also established by Padmavathamma [225]. 
The next result is a corrected version of Ramanujan’s claim. 
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Entry 1.4.5 (p. 15, corrected). For any complex number a, 


. > (G59?) na?” 
S5 (49; @)n(-G @)n9" = (—4 Qo (—49; Goo) 
n=0 A=0 (—aq; q)an41 


Proof. Tn (1.2.1), set h = 2,a =0, b= 4q, c = —aq’, and t = q’. Simplification 
yields Ramanujan’s assertion. 


The next two entries specialize to instances of identities for fifth-order 
mock theta functions, as we shall see in our fourth volume on the lost notebook 
[33]. The first is a corrected version of Ramanujan’s claim. 


Entry 1.4.6 (p. 16, corrected). For any complex number a, 


=e. Des 5 (a daa 


Joo 
n=0 


_ se one gong” ay 2 -q {= 
= (a4; 4) al 


grrr 


—q; — Dm 1 


Proof. The proof of this result is rather more intricate than the proofs of the 
previous entries in this section. In (1.2.5), replace t by —q/a and let a — oo 
to deduce that 


(bs g)ng™ (Bs ts 4g; a om 
arom er oe n(n 
_ ee oe aa yon 
: (C5 Goo n=O (G5 Q)ant1(—975 @?)n , 


Now set c= 0 and b = aq. If we multiply both sides of the resulting identity 
by (—aq; g)oo/(—G; G)oo, We arrive at 


Et eo 5 (et seer ae 34 eel arng?n 
les. 2S (4 @)an(—G; 7) n 
q2rtt grt 
(a? q: a 0° 
ar 2+ 2) 
Joo A=0 (q; q) an+1( ~H 3d )n 


Next, in (1.2.1) with h = 2, replace q by q?, set a = q?/t, b = aq”, and 
c= 0, and let t — 0. Noting that (—q?; q?)oo = 1/(q7; q*) 00, we deduce that 


eS = a 2 5a 2n 
gay ee os a (1.4.3) 
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Finally, in (1.2.1), set h = 2, a=0, and c = —q’, and let b — 0. Then set 
t = a’q’ and multiply both sides of the resulting equality by 1/(1 + q). We 
therefore find that 


me a2” q2” 1 gr(n+3)/2 


_ (2237 )n 
Xe ~ (-9; Coro (4; @)n 


—GQ)ant+1  (—GA)oo = 


Upon multiplying both sides of this last identity by aq(—q; q)oo(a7q7; q?) oo 
and noting that (—q;q)oo = 1/(¢;¢7)00, we obtain, after replacing q by —q 
and replacing n by n — 1 on the right-hand side, 


lo) (a2q?: oh ee ie 


(—9;-4@)n-1 foe! 


n=1 


If we substitute (1.4.3) and (1.4.4) into (1.4.2), we obtain our desired 
identity to complete the proof. 


Entry 1.4.7 (p. 16). Ifa is any complex number, then 


grh{r+t) el (a2q?; i gage 


pao Joe. oe ao 
n= 


GQ)oo (—G -@)n 
rm 3 (=1)"(a?q? Pang?” F4"42 
= (44°) 


Proof. In (1.2.5), let t = —q?/a and c = 0. After letting a — 00, set b = aq. 
Multiplying both sides of the resulting identity by (—aq;¢)./(—qG; Moo; we 
find that 


= Joo (aq; Dn 
oa 


ge 


a 
re ae 


(a? rie q’) oo 
See LG 


7) i 


Qan+1( —O)0 \naa 


Now in (1.2.1) with h = 2, set a = 0 and c = ~g, and let b tend to 0. Then 
set t = aq’. The result, after replacing g by —q and simplifying, is given by 


ise 2 n(n+1)/2 242. 72 Oo 2n 
5 ET nl ) = (FFT )oo 5 a G5 
nr (—4;-@)n (-GP)oo A) (G d2n(-973 P)n 

(1.4.6) 


Next, in (1.2.1), set h = 2, replace q by q?, and then set b = a?q?, t = q°/a, 
and c= 0. After letting a@ — oo and substantially simplifying, we "find that 
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, a 
Se (=1)" (0 q?-q7)ong"* +4n+1 
— 
gyre" 


= vid Joo ee = So. (1.4.7) 


q)2n+1( —G4 Pee 


If we substitute (1.4.7) and (1.4.6) into (1.4.5), we obtain the desired 
identity for this entry. 


Entry 1.4.8 (p. 16). For arbitrary complex numbers a and b, 


LS (ag.anb"a” 
) pep = (—bg;¢° a a 2), 


(49; Q)00 A (730? )n 


CO 


Ee (—bq?: @?) oc S- on oe 


ca; 2n+1(—bq?; @)n 


2n+1 


Proof. This entry is a further special case of (1.2.5); replace a by —bq/t, set 
c=0 and b= ag, and let t > 0. 


In her thesis [225], Padmavathamma also proved Entry 1.4.8. For a com- 
binatorial proof of Entry 1.4.8, see the paper by Berndt, Kim, and Yee [73]. 

The next entry is the first of several identities in this chapter that provide 
representations of theta functions or quotients of theta functions by basic 
hypergeometric series. We therefore review here Ramanujan’s notations for 
theta functions and some basic facts about theta functions. 

Recall that the Jacobi triple product identity [18, p. 21, Theorem 2.8], [54, 
p. 35, Entry 19] is given, for jab] < 1, by 


f(a,b) = $2 art D/pn™—1/2 = (—a; ab)oo(—b; ab) o9(ab; ab). (1.4.8) 
Deducible from (1.4.8) are the product representations of the classical theta 
functions [18, p. 23, Corollary 2.10], [54, pp. 36-37, Entry 22, equation (22.4)], 


y(-9) = f(-a-g = SO (-)"g" = we (1.4.9) 
n(n+1)/2 _ a ex 

b(q) = f(a@) =y - Cts. PD (1.4.10) 

f(-a) = f(-a-?)= C Wis cama ear) en (1.4.11) 


where we have employed the notation used by Ramanujan throughout his 
notebooks. The last equality in (1.4.11) is known as Euler’s pentagonal number 
theorem. We also need the elementary result [54, p. 34, Entry 18(iii)] 
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f(-1, a) =0, (1.4.12) 


for any complex number a with |a| < 1. Later, we need the fundamental 
property [54, p. 34]: For |ab| < 1 and each integer n, 


f(a, b) = aP@t)/2pn(r—)/? F (a(ab)”, b(ab)—”) . (1.4.13) 
Entry 1.4.9 (p. 10). Let y(—q) be defined by (1.4.9) above. Then 
CO _n(n+1)/2 seed (<1)" n(n+1)/2 


ov ) Sr 


Ge = Py 


(1.4.14) 


First Proof of Entry 1.4.9. In (1.2.1), we set h = 1, a= —q/T, b=T,c=4, 
and t = T. Letting 7 tend to 0, we find that 


teats re \e gr(nt+l)/2 


Dy es Joo le (1.4.15) 


\n 


The desired result follows once we invoke the well-known product representa- 
tion for y(—q) in (1.4.9). 


Second Proof of Entry 1.4.9. Our second proof is taken from the paper [73 
by Berndt, Kim, and Yee. 

Multiplying both sides of (1.4.15) by (q)oo, we obtain the equivalent iden- 
tity 


CoO n(n+1)/2 co 9 grinth/e 
Sg" g) 00 = es (—q"*!:q)oc, (1.4.16) 
<4 (@n = 


since (q7;q7)oo = (—9;Q)0(G;@)oo- The left side of (1.4.16) is a generating 
function for the pair of partitions (7,v), where 7 is a partition into n distinct 
parts and v is a partition into distinct parts that are strictly larger than n and 
where the exponent of (—1) is the number of parts in v. For a given partition 
pair (7, v) generated by the left side of (1.4.16), let & be the number of parts 
in v. Detach n from the each part of v and attach k to each part of 7. Then 
we obtain partition pairs (0, A), such that o is a partition into k distinct parts 
and X is a partition into distinct parts that are strictly larger than k, and the 
exponent of (—1) is the number of parts in o. These partitions are generated 
by the right side of (1.4.16). Since this process is easily reversible, our proof 
is complete. 


The series on the left-hand sides of (1.4.14) and (1.4.18) below are the 
generating functions for the enumeration of gradual stacks with summits and 
stacks with summits, respectively [23]. Another generating function for grad- 
ual stacks with summits was found by Watson [279, p. 59], [75, p. 328], who 
showed that 
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gr(n+l)/2 7 1 3 gr(2n+1) 

<4 (GQn (Gi Moo HH (975 97) n 

which is implicit in the work of Ramanujan in his lost notebook [244]. An 

elegant generalization of the concept of gradual stacks with summits has been 

devised by Yee, with her generating function generalizing that on the right- 

hand side of (1.4.17) [286, Theorem 5.2]. See Entry 6.3.1 for a significant 
generalization of Entry 1.4.10 involving two additional parameters. 


(1.4.17) 


Entry 1.4.10 (p. 10). 


re am (n+1)/ 
ar = DE oe (1.4.18) 


n=0 


Proof. In (1.2.1), set h= 1, t=c=q, and a =0, and then let b > 0. Entry 
1.4.10 follows immediately. 


Entry 1.4.11 (p. 10). 


3 — = a (s+23 nr). (1.4.19) 
n=0 a ae n=l 


Proof. In (1.2.1), set h = 1, a = 0, c= q, and t = q’. Now let b — 0 to 
deduce that 


sec 2Qn oo n+l 
’ : nia n(nty)/2 
= 1 1 
2 Ee EO PLOY et 
= 7 [Sec-nranentn 4 Secayrtgironeiny) 
Do ra 
: S nnn 
=@ ( ay | 1)"q oat 
400 n=1 


Observe that the sum on the right sides in Entries 1.4.10 and 1.4.11 is a 
false theta function in the sense of L.J. Rogers. Several other entries in the 
lost notebook involve this false theta function; see [31, pp. 227-232] for some 
of these entries. In providing a combinatorial proof of Entry 1.4.11, Kim [189] 
was led to a generalization for which he supplied a combinatorial proof. 

The following entry has been combinatorially proved by Berndt, Kim, and 
Yee [73]. 


Entry 1.4.12 (p. 10). For |a|, |b] < 1 and any positive integer n, 
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aq q 
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(1.4.20) 
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Proof. In (1.2.1), set h =n and let b tend to 0. Then set t = —bq"/a and let 
a tend to oo. Finally, replace c by —aq. 


Entry 1.4.13 (p. 11). For ja| < 1, 
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n=0 
Proof. In (1.2.5), let a = 0 and let b — 0. Then replace t by ag and c by 
bq. 


In her doctoral dissertation [225], Padmavathamma gave another proof of 
Entry 1.4.13, and gave proofs of the following two entries as well. 


Entry 1.4.14 (p. 11). For any complex number a, 
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Consequently, in order to prove the desired result, we must show that 
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and this follows from (1.2.1). More precisely, let h = 2, c = —q, and a = 0, 
and let b tend to 0. Then put t = aq? and simplify. 


Entry 1.4.15 (p. 11). Ifa is any complex number, then 
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Proof. In Entry 1.4.13, replace q by q? and set b = —q. Upon multiplication 
of both sides by g/(1 + q), we find that 
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Consequently, in order to prove Entry 1.4.15, we must show that 
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This last identity follows from (1.2.1). Set h = 2, ce = —q?, and a = 0. Then 
let b — 0. Setting t = aq? and multiplying both sides of the resulting identity 
by g/(1 + q), we complete the proof. 


Entry 1.4.16 (p. 11). For any complex number a, 
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Therefore, in order to complete the proof of Entry 1.4.16, we must prove that 
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and this follows from (1.2.1) with h = 2, first setting a = q?/t, then letting c 
and ¢ tend to 0, and finally replacing b by aq. 
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Entry 1.4.17 (p. 30). For each positive integer n, the series 
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Proof. By an application of the g-binomial theorem (1.2.4), 
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This last series is obviously symmetric in a and b, and so the proof is complete. 


Berndt, Kim, and Yee [73] found a combinatorial proof of Entry 1.4.17. 

The next result from the top of page 27 of Ramanujan’s lost notebook has 
lines drawn through it. Furthermore, the right-hand side has ellipses after the 
products forming the numerator and the denominator. If nothing is added, the 
result is clearly false. However, the following identity has the same left-hand 
side that Ramanujan gave, and the infinite products from the right-hand side 
of his proposed identity are isolated in front of our right-hand side. 


Entry 1.4.18 (p. 27, corrected). For any complex numbers a and b with 
b#0, 
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Proof. In (1.2.1), take h = 2, and then replace a, c, and t by —bq?, —bq, 
and —a/b, respectively. Now let b — 0. Simplification then yields the desired 
result. 


1.5 Corollaries of (1.2.6) and (1.2.7) 


The first two entries in this section were proved by G.N. Watson [278] and 
Andrews [7], with Berndt, Kim, and Yee [73] also providing a combinatorial 
proof of the former entry. 


1.5 Corollaries of (1.2.6) and (1.2.7) 23 


Entry 1.5.1 (p. 42). Ifa is any complex number, then 
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Proof. The first line follows by setting t = —aq/b in (1.2.7) and letting b — 0. 
The second line follows from the fact that each of the right-hand entries is 


equal to 
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To verify this last claim, first apply (1.2.4) to (—aq?"*?; q7) 0. Secondly, apply 
(1.2.4) to (—aq?"*"; q?),. and then switch the roles of m and n. 


M. Somos has observed that if we set 
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then 

F(a,b;q) = F(b,a;q). (1.5.1) 
Entry 1.5.1 then follows by taking b = aq in (1.5.1). To prove (1.5.1), return 
to Entry 1.4.12, set n = 1, and replace q by q?, a by a/q, and b by b/q. Then 
we easily see that (1.4.20) reduces to (1.5.1). 


Entry 1.5.2 (p. 42). Ifa is any complex number, then 
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Proof. Replace q by q? in (1.2.6). Then set b = —agq/t and let t — 0. 
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Proof. In Entry 1.5.2, replace q by \/q, and then set a = —,/q. Using Euler’s 
identity, we find that the result simplifies to the equality above. 


Entry 1.5.4 (p. 26). 
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Proof. In (1.2.6), replace t by 1/b and let b — oo. Hence, 
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By Euler’s identity, this last identity is equivalent to that of Entry 1.5.4. 


1.6 Corollaries of (1.2.8), (1.2.9), and (1.2.10) 


Entry 1.6.1 (p. 362). Ifa and b are any complex numbers, then 


cae brgr? 7 ea (=1)"(b/a)garg™erD? 
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Proof. Replace t by t/(ab) in (1.2.9) and let a and b tend to oo. This then 
yields the identity 
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Replacing t by bq and c by ag in (1.6.1), we complete the proof. 


Entry 1.6.1 is identical to Entry 9 in Chapter 16 of Ramanujan’s second 
notebook [243], [54, p. 18]. Earlier proofs of Entry 1.6.1 were given by V. Ra- 
mamani [234] and by Ramamani and K. Venkatachaliengar [235]. L. Carlitz 
[99] posed the special case a = —1 of Entry 1.6.1 as a problem. S. Bhargava 
and C. Adiga [81] proved a generalization of Entry 1.6.1, while H.M. Srivas- 
tava [268] later established an equivalent formulation of their result. Lastly, 
Berndt, Kim, and Yee [73] have devised a bijective proof of Entry 1.6.1. 
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Entry 1.6.2 (p. 28). For any complex number a, 


n(n+1)/2 


oo nn 
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Proof. Subtracting 1 from both sides of this entry, shifting the summation 
indices down by 1 on each side, and dividing both sides by aq, we see that the 
identity above is equivalent to the identity 
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Now in (1.2.8), replace a by —agq?/t, set b = q?, and let t > 0. The resulting 
identity then simplifies to that of Entry 1.6.2. 


See the paper [73] by Berndt, Kim, and Yee for a combinatorial proof of 
Entry 1.6.2. 

The next result does not properly belong under the heading of this section, 
but we have put it here because of its similarity to the previous entry. We note 
that the case a = 1 is Entry 9.3.2 of Part I [81, p. 229]. 


Entry 1.6.3 (p. 28). For any complex number a, 
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Proof. Tn (1.2.1), let h = 2, replace a by a?q?/t, then set b = q and c = —aq’, 
and let t > 0. After simplification, we find that 
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where we applied (1.2.1) with h = 1 and replaced a, b, c, and t, respectively, 
by 0, 0, ag, and q. 


Entry 1.6.4 (p. 38). For |aq| < 1, 
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Proof. Tn (1.2.8), set a = 0 and b = q?, and then replace ¢ by —a. Simplifica- 
tion yields 
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where the last line follows from (1.2.9), wherein we replaced a by —q and b 
by q, then set t = —a, and let c— 0. 


Entry 1.6.4 can also be derived from Entry 9.2.6 in our first book on the 
lost notebook [31, p. 226]; this entry is on page 30 of [244]. In fact, when 
Berndt and A.J. Yee gave a combinatorial proof of Entry 9.2.6 in [78], after 
some elementary manipulation and the replacement of a by —aq in Entry 9.2.6, 
they derived (1.6.2), for which they gave a bijective proof. Berndt, Kim, and 
Yee [73] have recently found a simpler bijective proof of (1.6.2). 


Entry 1.6.5 (p. 38). For any complex number a, 
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First Proof of Entry 1.6.5. Expanding 1/(1 + aq?"*"') in a geometric series, 
inverting the order of summation, and using (1.2.4), we find that, for Jaq| < 1, 
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where the last line follows from Entry 1.6.4. The desired result now follows 
by analytic continuation in a. 


Second Proof of Entry 1.6.5. Our second proof is taken from a paper by 
Berndt, Kim, and Yee [73]. 
By Entry 1.6.4, the identity (1.6.3) can be written in the equivalent form 
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Note that (—aq?"t?; q?).. generates partitions into distinct even parts, each 
greater than or equal to 2n + 2, with the exponent of a denoting the number 
of parts. Let m be the number of parts generated by a partition arising from 
(—aq?"*?; q?).. Detach 2n from each of the m parts. Combining this with 
(—aq)", we obenia (—aq?™*")". However, note that, for n > 0, all of these 
odd parts are generated by 1/(1+ aqg?’”"*'), and each part is weighted by —a. 
The remaining parts, which are even, are generated by 
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ee 
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For these partitions into m distinct even parts, the exponent of a again denotes 
the number of parts. 


Entry 1.6.6 (p. 35). Recall that w(q) is defined by (1.4.10). Then 
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Proof. Set a =—1 in Entry 1.6.5. Using (1.2.4), we find that 
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by Euler’s identity and (1.4.10). 


Entry 1.6.7 (p. 40). For |a| <1, 
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Proof. In (1.2.10), let both a and b tend to 0. Then replace t by a and c by 
bg, and lastly multiply both sides by (a) oc 


1.7 Corollaries of Section 1.2 and Auxiliary Results 


Up to now in this chapter, we have concentrated on results from the lost 
notebook that can be traced to pairs of antecedent formulas proved in Section 
1.2. In this section, we also often draw on several of the results from Section 
1.2, but additionally we require other formulas that have appeared often in 
Ramanujan’s work. 

The Rogers—Fine identity [149, p. 15] 
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is needed in this chapter. Ramanujan frequently used this identity in the lost 
notebook; see Chapter 9 of [31], which is entirely devoted to formulas in the 
lost notebook derived from (1.7.1). 

The next two results are, in fact, special cases of the g-binomial theo- 
rem, (1.2.2). However, it will be more convenient to invoke them using the 
q-binomial coefficients, which are defined by 
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Entry 1.7.1 (p. 5). For any complex number a, 
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Proof. In (1.2.5), set t = q, b = —q, and a = 0; then replace c by ag. We 
therefore deduce that 
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In (1.2.1), set h = 1, a= 0, and t = q. Then, replacing c by ag and letting b 
tend to 0, we find that 
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Equating the right-hand sides of (1.7.6) and (1.7.5), and multiplying the result 
by (43 @)00(4q; Goo, we deduce that 
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We therefore will be finished with the proof if we can show that 
e gr(rtl)/2 
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To that end, we apply (1.2.1) with h = 1, q replaced by q?, c= 0, t=’, 
a replaced by —a, and b replaced by —agq to find that 
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by Entry 1.6.4. Thus, (1.7.7) has been proved, and so the proof of Entry 1.7.1 
is complete. 


Entry 1.7.2 (p. 5). If |b] < 1 and a ts an arbitrary complex number, then 
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Proof. In (1.2.1), set h = 2 and t = q’, and replace b, c, and a by —b, aq, 
and aq, respectively. Consequently, 
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where the last equality follows from (1.2.1) with h = 1, q replaced by q?, 
t = q’, and a, b, and ¢ replaced by —b, —bq, and aq’, respectively. 
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To this last expression we apply the Rogers—Fine identity (1.7.1) with q 
replaced by q?, a = —aq/b, 3 = —bq’?, and tT = —bq to deduce that, after 
multiplying both sides by 1/(1 +d), 
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which is the desired result. 


Entry 1.7.3 (p. 30). For any complex numbers a and c, 
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Proof. First, applying (1.2.9) with a, b, c, and t replaced by —q/r, c/a, aq, 
and art, respectively, and letting 7 tend to 0, we find that 
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Second, we invoke (1.2.8) with a, b, and t replaced by 0, c?/a?, and a?q/c, 
respectively, to deduce that 
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Combining (1.7.8) and (1.7.9), we see that 
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where in the last line we applied (1.2.9) with q replaced by q? and with a, b, 
c, and t replaced respectively by 0, c?/a?, cq, and a?q?/c. 

On the other hand, by (1.2.1) with q replaced by q?, h = 1, and a, b, c, 
and t replaced by q?/7, a?q/c, cq, and cr, we find that, upon letting tT — 0, 
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Equating the left-hand side of (1.7.11) multiplied by (cq; q?)o0/(aq; Q)oo with 
the left-hand side of (1.7.10), we arrive at 
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which is what we wanted to prove. 

The next two entries are, respectively, the cases a = 1, b = —i and a = 74, 

b = —tq in Andrews’s paper on the g-analogue of Kummer’s theorem [15, 


p. 526, equation (1.8)]. 


Entry 1.7.4 (p. 34). Recalling that p(—q) is defined in (1.4.9), we have 


ss (-ha)ngretD/? _ p(-d') 
d (G@)n(G3 7 )n e(-q) 
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Proof. In (1.2.1), set h = 2 and c= a= ~—gq, and let b — 0 to deduce that 


oo (ig?) gre Le (=¢; q349 Os 


DG: Dal Pe a mT q’) ae (a*3*) 


n=0 = 
_ oo t ’ oo 
_ (4 yy te? iv) . (1.7.12) 
(—t4; ¢) 00 (tats g*)oo 
by (1.2.3) with b = t and q replaced by q*. If we now set t = —1 above, the 


left-hand side of (1.7.12) reduces to the left-hand side in Entry 1.7.4, while 
the right-hand side reduces to 


(Gel eo. Hoda Mee 
(G3 Pool(—94i T)oo (Vea x 

_ (EG Do0ol(Ts Too _ 9(=9"') 

(G Doo(—at;d*)o0.  y(—4) 


by (1.4.9), as desired. 


Entry 1.7.5 (p. 35). If y(—q) and w(q) are defined by (1.4.9) and (1.4.10), 
respectively, then 


y& =9": gninth)/2 w(—q?) 
(GO) (GP )n41 9(—4) 


Proof. mn (1.2.1), take h = 2, a=c=—gq, b=0, and t = —q’, and multiply 
both the numerator and the denominator of the resulting identity by 1 — q. 
Then use (1.2.3) with b = —q? and q replaced by g*. Accordingly, after using 
Euler’s identity, we find that 


Ss (=875@ )nqrerrve? 
dX (q; FACE nt =~ * Neo Oe a 
_ (-G9)5.(-95 9") 
(=07 0") 


NDP lO 0" ee 
~ (ar ala 07) 
-GD0(9*34*)oo _ Y(—4?) 

~ (GQe0(-@34)o0  —-(-4) 
by (1.4.9) and (1.4.10). This completes the proof. 


~ 


The next entry can be found in Slater’s compendium [262, equation (35)]. 


Entry 1.7.6 (p. 35). Recall that f(a,b) is defined in (1.4.8). Then 


Co 


3 (=a P ag? _gf{-a-9") 
<4 (GOnG YP nt y(—4) 
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Proof. In (1.2.1), set h = 2,a=c = —q’, t = —q, and b = 0. Multiplying 
both sides of the resulting identity by a (1+ q), we find that 


3 (-4; 7nd -4q; 2 s ile 713) 


= (Ga)n(G? nt q)an+1 


(n+1)(n+2)/2 


Using (1.2.3) twice, with b = \/q and b = —,/q, respectively, using Euler’s 
identity, and employing the Jacobi triple product identity (1.4.8) three times 
altogether, we find that 


a 1 Bed 7 gD? 


ert 


II 
i) 
iM 
— 
= 
— 


Q)anti 2 (GQ)n 


1 ( if i ) 
BIIGIED ea (— (Ga) 
i 1/2, 2 2,2 2 20 
~ 27H Doo ((-a ool 3a" eel 2 se 
— (gq Joo (gs 4?)a0(@s 4°) a0) 


= ~ n°—n/2__ — _4)\n_n?—n/2 
“esi 3 Y core") 
_ 7 (2n+1)?—(2n+1)/2 
= q 

iad 2) 


[o<) 


_ 1 x git’ +3n 


“AG Des A= 
fi 
= at (1.7.14) 


Replacing q by —q in (1.7.14), substituting the result in (1.7.13), and using 
Euler’s identity, we deduce that 


yo nna = _ -G P)of(-¢, -4") 
<4 (GQ) n(G VP )n41 (9; 9 Se @ P)oo(—93 F)oe 
d(—G Dof(—4,-9') 
- (9; 9) 
_ af(-4-9") 
y(-q) ’ 


which is the desired result. 


Entry 1.7.7 (p. 35). If f(a,b) is defined by (1.4.8), then 


isa Sager) 2 


( 2 7 
» (oa = grt) qf(4,q'). 


n=0 
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Proof. Expanding 1/(1 — q?"*") in a geometric series, inverting the order of 
summation, appealing to (1.2.4), and using (1.7.14), we find that 


ee (S1)tgt iG 7 oo ee (agers emer) 
(Qn(1 — gn") 
n=0 


n=0 m=0 (Q)n 
es Oo (—1)Pgh("-1)/2+n(2m+2) 


m=0 n=0 (Qn 


which completes the proof. 


Entry 1.7.8 can be found in Slater’s paper [262, equation (37)]. 
Entry 1.7.8 (p. 35). If f(a,b) is defined by (1.4.8), then 


(=a )ngrryi? _ f(—g®, -¢°) 
x (GOn(GiPn41— G(-@) (1.7.15) 


Proof. Tn (1.2.1), we set h = 2, a= —q?, b=0, and c=t = —q. Upon using 
Euler’s identity, we find that 


eae Ne 2 ee os 
= (-G Doo(-G 1 )oo ». (L716 
= (939) n(G @)n-+1 4 Dool ) ei ( 


We now proceed as we did in the proof of Entry 1.7.6. We apply (1.2.3) 
twice, with b = \/q, —,/q, and use the Jacobi triple product identity (1.4.8). 
Accordingly, 


a q” _ gr/? 
s (dan 2 aoe OG an 
1 1 1 

2 hi _ Q)oo ) 


3/2 


| 


Hg ela oes 


VE Moo 

aaa (O# 

Pool qs ieee 
(3 gent SO (cay anetn 


—co n=—Co 


- ia 
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1 [oe) 


» gin’ +n 


(G5 Q)oo 


_f@,@) 


ene (1.7.17) 


Replacing q by —gq in (1.7.17), combining the result with (1.7.16), and 
using Euler’s identity, we deduce that 


(=a @)ngrrt 2 (—9;.g)2,(—4; 97 oo f(—9°, —@°) 


A GOnNGP na (97; 9?) 00(—4 9?) oo 
(Goel -e 7 | 
(4 Doo 
= f(-@, —q’) 
y(-q) ’ 


by (1.4.9). This therefore completes the proof. 
Entry 1.7.9 (p. 35). With f(a,b) defined by (1.4.8), we have 


sy ce f@,@) 
— q2n+1 2 7 
<= (Qn (1 — 9?"*") 
Proof. Employing the g-binomial theorem (1.2.4) and proceeding as we did 
n (1.7.17), we find that 


3 (- 1)"q n(n+1)/2 a ae yr grintl)/2+m(2n+1) 
Gig) ee (Qn 
= gg Nes 
m=0 
&S gq” 
= (doo 
py (q)am 


n=—0o n=—0o 
= 2 
_ ce a +n f(a.@), 
n=—0o 


by (1.4.8). 
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Entry 1.7.10 (p. 3). Recall that w(q) is defined in (1.4.10). Then 


3 (-1)"(@@?)ng™ _ . (1.7.18) 


— (esa v(q) 


Proof. We utilize the g-Gauss summation theorem (1.3.1). Replace q by q?. 
Then set b = q and c = q?. Letting a — oo, we find that 


2. (-1)"(g@7ng” — (Gi@oo _ 
d (Poe. Ae ele abla)’ 


by (1.4.10). 


Entry 1.7.10 is identical to Entry 4.2.6. I. Pak [226] asked for a combinato- 
rial proof of (1.7.18), but there is a misprint in his formulation. Berndt, Kim, 
and Yee [73] observed that if in Entry 1.3.2 we replace q by q? and then set 
b= 1 and a= 1/g, we obtain Entry 1.7.10 with g replaced by —gq. Since these 
authors also gave a combinatorial proof of Entry 1.3.2, this gives the desired 
combinatorial proof sought by Pak. 


Entry 1.7.11 (p. 41). With f(a,b) defined by (1.4.8) and W(q) defined by 
(1.4.10), 


a= H"@Ga)ng™ _ vg") 
(5? )n f(a.q) 
Proof. In (1.2.1), let h = 1, replace q by q?, then set a = q/t, b = q, and 


c = 0, and lastly let ¢ — 0 and simplify. Using (1.7.17), (1.4.8) twice, and 
(1.4.10), we find that 


= (—1)"(9; 4") nq 1 2\2 — q” 
Dy (4; q?) = Noo Ds Tegan 
(G07) 5 3 55 
Tacha I¢52) 
— (GP) 001 P)o0(= 0; P) 00 (0° Poo 
(q?; 47) 
_— (GP) ool GF) o0(=G Poe 
(07 @? eal — 059") aol 95 as 
_ (9°; doo 
(q45 8) 00(485 98) 00(—G 98 )oo(—475 98) 00 
_ ¥(¢') 
faa")? 


as desired. 
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The latter entry and the next entry are the analytic versions of the two 
famous Gollnitz-Gordon identities [157]. They can also be found in Slater’s 
list [262, equations (36), (34)], but with q replaced by —q. The Géllnitz— 
Gordon identities have played a seminal role in the subsequent development 
of the theory of partition identities. They were first studied in this regard by 
H. Gollnitz [156] and by B. Gordon [158], [159]. A generalization by Andrews 
[10] led to a number of further discoveries culminating in [16]. 


Entry 1.7.12 (p. 41). If~(q) and f(a,b) are defined by (1.4.10) and (1.4.8), 
respectively, then 


oo 1)” -@?)n n?42n 4 
57! (GO )nd _ v4) 


Cae fie,@) 


n=0 


Proof. In (1.2.1), set h = 1, replace q by q?, then set a = q3/t, b = q, and 
c = 0, and lastly let t — 0. Simplifying, using (1.7.14), and invoking the triple 
product identity (1.4.8), we find that 


(G5. 0° )eo(—3:0" )oo(—9" 50") o0 (073 7" oe 
(97; 97) 00 
(G10? os G0" Jeol 30" Js 
(9? Jos(0") 0? )ae(—0? 2") ss 


_ (uae 
(B54 )ca(a®; 9) 00(—9 3 9? Joo (—2°; 7 Joa 
_ v9) 

fa? a?) 


by (1.4.10) and (1.4.8). 


Entry 1.7.13 (p. 35). Recall that y(—q) is defined in (1.4.9). Then 


(G5 Q)an41 y(—q) , 


oe) n2 
‘3 (—@;97)nq” _ ~(-@) 
n=0 


Proof. We apply (1.2.9) with q replaced by q? and with a, b, and c¢ replaced 
by —q/t, —q?, and q°, respectively. We then let ¢ tend to 0. Thus, 


2+ (G5 Q)ant1 = 1-9 & (97597) n (9959?) n 


sad n? oo n? 
5. (—@?; 97 )n@ 1 3 (—97;q7) nq 
( 
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_ Ne es: (ag as 
(=@739" Jo. (3 @)ice 


by (1.4.9). 


The next entry is also a special case of Lebesgue’s identity [200], [18, p. 21, 


o] 


Corollary 2.7]. One can also find it in Slater’s paper [262, equation (12)]. 
Entry 1.7.14 (p. 34). With y(q) as in the previous entry, 
: n(n+1)/2 


Ss (=1)nd _ 9(-¢) 
» (a)n ~ p(=q) 


n=0 


Proof. In (1.2.1), set h = 1, a = —q/t, and c = —0t, and then let t > 0. After 
simplification and the use of (1.2.3), we find that [18, p. 21] 


lo) (b: Gagheve _* -— oo pn 
D (qn _ (B; d)oo( TA)o0 Dd, (q2;q@2)n 
_ (8; d)o0(=% Moe 
(0; @)oo 


= (9; 9" )oo(—43 QD) co- 


Setting b = —1 above, we find that 


SS (=1g)ngrrtD/? 
> er = (-¢; 47) 00(—43 Q)oo- (1.7.19) 
al Gn 
Now, by Euler’s identity, 
eo (57 )oc — (PP )oo 
(9G ea. (GO sO lO ee (tar) 


(1.7.20) 
Thus, using (1.7.20) in (1.7.19), we find that 


2 (LangtV? (Ps )oo (—G goo _ (-4") 
(GQ)n (-959)oo (GMa = 9(-4)’ 


n=0 


by (1.4.9). 
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Entry 1.7.15 (p. 28). Jf 


2 
npn 
a 


_yo od 
aa 


then 


b(4,q)4(0,1/a) = >> CAe i t/anatat 


a=0 (Gn 


This is a purely formal power series identity in the variables a and b. There 
are no values of q for which all the series in the identity converge. 


Proof. Formally, after algebraic simplification, 
oS 1 nai prgs —r(n-1)/2 


Aa, Qolb,1/a) = Yo Oe 


jn=0 


(1.7.21) 


On the other hand, by (1.7.3), 


5 er 1/q)na"q” _ s (—1)"b%g-"-)/2 (ag” /b; Dn 


4 (4:9)n = (Gn 
ce (21) pig hv me n h 
= |) 1 laa" fog? 
— q:%)n a 
Keel ere j?—n(n—1)/2 
= =y Dee) (1.7.92) 
j,n=0 »7)n 


where in the last step we replaced n by n+ j after inverting the order of 
summation. Comparing (1.7.21) and (1.7.22), we see that we have completed 
the proof. 


Entry 1.7.16 (p. 28). Let a and b be any complex numbers, and suppose that 


|xy| <1. If 
so.2.y = So ee 


az” (n+1)/2 


’ 
(xy; ry)n 


then 


o(a,x,y)o(b,y,2) = 5° (ax + by”) (aa <u) “(ax + by) 


n=0 


Proof. Applying the g-binomial theorem (1.7.3), we find that 


% (ax + by")(ax* + by”~*) +++ (ax™ + by) 
ae! (xy; zy)n 
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= 3 y Pet D/2 (ary + by"*1) (ax?y? ais by” +1) .. (ax”y” Ae by”) 
=n (xy; 7y)n 

= _ _ ") (by **)"-4 (ary) (wy)PO-Y? 
= (xy; 2Y)n = Tl le 


3 at pg I (G41) /2yn(n+1)/2 
azo (ty ey) | (TY; TY) n 
— g(a, x, y)O(b, y, x), 


where in the penultimate line we inverted the order of summation and then 


replaced n by n+ j. 


Entry 1.7.17 (p. 57). Jf 


then 


ice a n-1)(q n—3 a 1l-n gr(nt+l)/2 
n=0 


Proof. Set « = y=q in Entry 1.7.16. 


Entry 1.7.18 (p. 31). The expression 


1 lore) 


B" 
oat 2 Greeley) -(1— ay”) 


is symmetric in a and (3. 


Proof. Set q = y/«. Then, by (1.7.4), 


1 = S BP 
1— a (Lee long) (ag) 
1 ise cid 
“Ta 2d Gar) aarg) aaa) 


I 
3 LM 

RD 
QF 


n+m 
= ¥ ara | leas 
m 


n,m=0 


which is easily seen to be symmetric in a and 3. 
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For a combinatorial proof of Entry 1.7.18, see [19, pp. 106-107], [75, p. 182]. 
Entry 1.7.19 (p. 26). Define the coefficients cn,n > 0, by 


2 0s 
~ cen Be Ne 


Then 
ir n(n+1)/2 


3 eng? — Jo ee (1.7.23) 


n=0 n=0 


Proof. By (1.2.2) and (1.2.3), 


ee (=4/b)m(DAY™ SH (cA)* 
= 2, ru 


Hence, for n > 0, 
s (—a/b)mb™c* 


cm (Dm(De 


mt+k=n 
Therefore, by (1.2.4), 
(—a/b) le Oty theres ye 


= C n(n+1)/2 _ 
» ’ -> > (D(a 


n=0m+k=n 
(—a/b)mb™q™M*D)/2 2 (egmt1)k gk(k-1)/2 


(q)m ar (Qe 
a_i)? m1) 
(Qn oo 


= (-a/b)mbmgrem+/2 


ls Do age 


m=0 


? 


which is what we wanted to prove. 


If we set a = 0 in (1.7.23), we see that Entry 6.2.4 in our first volume on 
the lost notebook [31, p. 148] is an immediate corollary of Entry 1.7.19. Fur- 
thermore, in the notation of Entry 6.2.4 of [31], the claim that (—bq).0G(a, b) 
is symmetric in a and b, as asserted in [244, p. 42], is also immediate from 


Entry 1.7.19. 
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Entry 1.7.20 (p. 57). Let m and n be nonnegative integers. Let 


se a) a HD 
He) =), cme Ok 
Then 
(a) = o(aq) + ag" 9(aq"™) (1.7.24) 
and 


1= Ya) + aq” *a(a)wb(aq)w(aq?) eau wag”). 
Proof. We have 


oa my?+nj (] — q) 
$(a) — $(aq) = t 
yy OF 


which is the first assertion. 
Upon dividing both sides of (1.7.24) by (a) and noting that 


o(aq?™) 
o(a) 


we obtain the second assertion. 


= w(a) (aq) (aq?) ck p(a2™—1), 


Entry 1.7.21 (p. 10). For |xy| <1 and a and 6 arbitrary, 


> (ab)*(ay) rr ney® pr y)rnt)/2 
<4 (ax; t)n(bys¥)n “~ (onie ee Wn 


Proof. We have 


(ab)”" (a 
—b+5 
se (ax; x)n+i(bys y)n 
n n(n+1)/2 n+1 
Sanh ope (xy) {2 
(ax; ©) n (dy; Y)n 1— arnt 


n=0 


y rin? 


ace 


43) ar) ee 


+ (ax;2)n(by;y)n (ax; ©)n41 (by; ¥)n 


n=1 
=1 
n=1 
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2 nb (xy) P+0/2 gy) rrt+))/2y-n 


(ax; a y) n oe (az; a (by; Y)n—1 


n=1 


a a 


nm — nm 
Gana: (by” + (1 — by”)) 


y) rrr /2y —n 


“(ab)” 
= 24 (ax; x) ACE 


Thus, the proof is complete. 
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The Sears—Thomae Transformation 


2.1 Introduction 


In this chapter, we consider those identities in the lost notebook most closely 
tied to the transformation 


a, b, C. de _ (€/A)o0(de/(be)) oc a, d/b, d/c. e 
302 ( d,e 1d, =) - (€)5(de/(abc)) 5, 302 Cares <) , (2.1.1) 


9,01, .- +, Gp = (ag) alan in <== (ae) * 
raid ( Di jseay Dp vat) A > Cnc ae te (2.1.2) 


Identity (2.1.1) was first proved by D.B. Sears [256] as a g-analogue of a result 
of J. Thomae [270]. 

It must be pointed out that in subsequent chapters use is often made of 
(2.1.1). In this chapter, we examine only those identities that are primarily a 
consequence of (2.1.1) and possibly some further elementary transformations. 

Before we proceed to Ramanujan’s discoveries, we note a limiting case [15, 
Lemma] of (2.1.1) when c — ov, namely, 


= (—1)"(@)n(b)n (de\” n(n—1)/2 _ (€/4) 00 — (a)n(d/0)n (e\” 
> (q)n(d)n eC) (3) 7 (€) oo dX (Qn(d)n (5) ; 


n=0 


n=0 n 


1.3) 


2.2 Direct Corollaries of (2.1.1) and (2.1.3) 


Entry 2.2.1 (p. 1). For 0 < |aq| <1, 


3 (4; d)anq” a (=q/a; q)2na"q” 
> (0G; P nti (9/057 nt. <4 (GP)n41(9/45 9? ng 
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Proof. In (2.1.1), replace q by q? and then replace a, b, c, d, and e by q?, —q, 
—q’, ¢/a, and aq?, respectively. Then multiply both sides by 1/(1 — aq) and 
by 1/(1 — q/a). 


Entry 2.2.2 (p. 8). We have 


2 
- (-a?5¢?)ng?** _ - (=G5 Png 
= (nti = tor), ai 


pies ” (2.1.3), replace q by q?, and then replace a, b, d, and e by q?, —q, 
q’, and q°, respectively. Finally, multiply both sides by q/ (1 —4q)’. 


Entry 2.2.3 (p. 42). For arbitrary complex numbers a, b, and c, 


qa” q” 21 


aq) oo Kanu —a no” n(n+1)/2 aed c/a)n 
=. so! q/b)nbrqre* = fg) aes 


(—bq)o0 (Q)n(—¢9)n 7 oer’ Q)n(—b9)n(-e9)n- 


We have recorded Entry 2.2.3 as Ramanujan recorded it, that is, with a 
common factor (aq)o> on each side. 


Proof. In (2.1.3), let a > co, and then replace b, d, and e by bc/a, —cq, and 
—bgq, respectively. 


Entry 2.2.4 (p. 42). Let a and b be arbitrary complex numbers. Then 


3 argrntl)/2 _ i 3 (<Ty (anger 
A= (q)n(—b@)n n=O (q)n(—aq)n(—b@)n 


Proof. In Entry 2.2.3, let a — 0, and then replace b by a and c by b. 


2.3 Extended Corollaries of (2.1.1) and (2.1.3) 


Entry 2.3.1 (p. 37). Let a be arbitrary and suppose that |bq| <1. Then 


yee 2.3.1) 
n=0 n= a 

ad (-1 ye a2” qh 7 ; ca aq” 

a ee Bae 7} a (2.3.2) 


Proof. In (2.1.1), replace a, b, c, d, and e by q, 1/7, 1/7, aq, and bq, respec- 
tively. Then let 7 — 0. After simplification, this yields 


OO (ab)"qr" ca bn 
dX (aq)n(bq)n yD (a 


n=0 n=0 q) nt 


2.3 Extended Corollaries of (2.1.1) and (2.1.3) AT 

[oe} Co 

b b” 
= 
» 2d (aq)n—1 
[oe} 

6” rh 

ates 


and so (2.3.1) has been proved. 
The identity (2.3.2) is obtained by setting a = —b in (2.3.1) and then 
replacing b by a. 


Entry 2.3.2 (p. 34). Recall that p(q) is defined by (1.4.9). Then 


(hanger _ o@ 
d (G@)n(Gg?2)n (a) 


Proof. In (2.1.3), replace a, b, d, and e by —1, —1, q'/?, and —q'/?, respec- 
tively. Consequently, after simplification and the use of the q-binomial theorem 
(1.2.2), 


g-= 3 “bao 

<4 (GQn(GG)n 
(g'/?5 doo Wo (=1ig)n(—a"/?; @) na”? 
(-4"/?5G)o0 4 (Ga) n(G"/?5.Q)n 


(ql? Goo Wa (-@/?)ong”’? 


SPA te We ee 
1/2. oo J: gi/2)_ gn/4 
2(—¢"/? @)o0 “4 (q1/?5q4/?)n 


l| 


ae (Casa), Ca) 
2(—4"/?: g) 00 ( GG." aga) 
Now put the fractions on the right side above under a common denominator, 


multiply both the numerator and denominator by (q'/?;q!/?),,, and simplify 
to arrive at 


1 
$= (( gg aga ls 


2(4; 97) 00(4; @)oo 
+(q¥/4; gl/?)2, (ql; g¥?),0) 
= = n? /4 =. _4)nn?/4 
DG es (GO) ce ( dX gee: Sele (2.3.3) 


—(-GD~0 CD ow 
(G4) d 4 


oO n=—Co 
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where in the antepenultimate line we used the Jacobi triple product identity 
(1.4.8), and then afterward used Euler’s identity and the product representa- 
tion from (1.4.9). This completes the proof. 


Entry 2.3.3 (p. 35). If y(q) and (q) are defined in (1.4.9) and (1.4.10), 
respectively, then 
n(n+1)/2 w(q?) 


GD) n4 _ 


 (GOn(GP)nt1 — P(-9) 


Proof. In (2.1.3), set a = b = —q, d = q°/?, and e = —q°/?, and multiply 
both sides of the resulting identity by 1/(1 — q). We proceed in the same 
fashion as in the previous proof. In particular, we use the calculation (2.3.3). 
Consequently, 
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where we employed the product representation of y(—q) given in (1.4.9). 


Entry 2.3.4 (p. 35). Recall that f(a,b) is defined in (1.4.8). Then 


= . (2.3.4) 


. eae mike f(—48, -a"°) + af (—¢?, -¢"4) 
(Pe ie all eer) p(—q?) 


n=0 
Proof. We prove Entry 2.3.4 with g replaced by —q. Applying (2.1.3) below 


with g replaced by q?, and then setting a = ig, b = —iq, d = q, and e = —q’, 
we find that 
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where we have applied the g-binomial theorem (1.2.2). Putting the terms on 
the far right side above under a common denominator and applying the Jacobi 


triple product identity (1.4.8), we find that 
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1 . ‘n n(2n—1 - = s\n n(2n—-1 
~ =A (qd) 20(—4 P)o0 ( ee ee ) 


n=— Co n=—cCco 


where we replaced n by —n in the latter sum. Dissecting each sum above 
into its even- and odd-indexed terms and applying the triple product identity 
(1.4.8) and the product representation for :p(—q’) given in (1.4.9), we conclude 
that 
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y(—4q’) 
which is (2.3.4) with q replaced by —q, as we had intended to prove. 


Entry 2.3.5 (p. 5). For any complex number b and |aq| < 1, 


s (G.?)n(0?q/a;Q?)narq” _ y (=1)"(=aq/b; gnbrgrheth? 


(—69; Q)an+1 a (49; 97 )n+1 


n=0 
Proof. After rearrangement of the series on the left-hand side above, we apply 
(1.2.1) with h = 2 and a, b, c, and t replaced by b?q/a, gq, —bq?, and aq, 
respectively, to deduce that 


S:= . (Gq _ Mts q/a; qd ga q” 
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by another application of (1.2.1), this time with h = 1 and a, b, c, and t 
replaced by —,/aq, ,/aq, bq, and q, respectively. Simplify the far right side 
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above and then apply (2.1.3) with a = gq, then with d = —a'/?q3/? and 
e = a\/2q3/?, with b replaced by —aq/b, and with both sides multiplied by 
1/(1 — faq) and 1/(1 + ,/aq). Accordingly, we find that 


pera oe ae = (a9; 7?) n+1 


ee ot fare aya (aq)"/? 7 oo (—1)"(—aq/b; g)nb gq? "Tt D/2 


which is what we wanted to prove. 


3 


Bilateral Series 


3.1 Introduction 


In this chapter, we collect a number of formulas from the lost notebook that 
relate to classical bilateral g-hypergeometric series, defined by [151, p. 125] 


oe) 

1, 09,..., Ar (Gi Go,26 0G0)q n 

; it = t a 
ao q ) s (b1, b2,.--, Or; Mn 
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where, for any integer n, 


(01, 09.445, 4r30)n = (015 @)n (493d) ao (Gr. Dns 
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(45 Q)n = II fou 
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In particular, 
|, a ad 
(a;q)-n = Set ; (3.1.1) 
(q/@Q)n 


Moreover, the quintuple product identity 


co 
So (-d)rgn nV? 2821 + 2q”) = (=2, -4/2,% Doo (2, 4/27 7)o0 
n=—co 
(3.1.2) 

fits reasonably well in this chapter. Ramanujan stated the quintuple product 
identity only once in his extant writings, namely, on page 207 in his lost 
notebook. In order to state this identity in the form given by Ramanujan, 
recall from (1.4.8) the definition of Ramanujan’s theta function f(a, b). Also, 
in Ramanujan’s notation, set 


f(-@) = (% Meo: (3.1.3) 


G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II, 
DOI 10.1007/978-0-387-77766-5_4, © Springer Science+Business Media, LLC 2009 
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Entry 3.1.1 (p. 207). Provided all arguments below are of modulus less than 
1, we have 


f(-Aq, —q’) 
t(-4; —Aq?) 


An excellent survey describing all known proofs of the quintuple product 
identity has been prepared by S. Cooper [140]. A finite form of the quintuple 
product identity was established by P. Paule [227] and later by W.Y.C. Chen, 
W. Chu, and N.S.S. Gu [122], and by Chu [128]. A proof of the quintuple 
product identity by S. Bhargava, C. Adiga, and M.S. Mahadeva Naika [82] 
was written after the appearance of Cooper’s survey. Lastly, we remark that a 
bijective proof of the quintuple product identity had long been sought; S. Kim 
[191] has recently devised such a proof. 

In Section 3.2, we examine those identities associated with Ramanujan’s 
famous ;w, summation 


Qn) = (gi b/a, 02, 4/(02); Doo 
mM (Gia ) (b, g/a, 2,b/(az);q)oo ” (3.1.4) 


f(-Aq®) = f(-A?q?, —Ag®) + af (—A, —A7 9°). 


where |b/a| < |z| < 1. 

Section 3.3 is devoted to a variety of formulas connected with the 2v2 
summation and identities proved initially by W.N. Bailey [43]. Next, we focus 
attention on results intimately connected with the quintuple product identity. 
We conclude in Section 3.6 with several identities that are clearly appropriate 
for this chapter but do not fit into the other sections. 


3.2 Background 


The work in this chapter is primarily based on the celebrated ;w, summation 
(3.1.4) and the quintuple product identity (3.1.2) as well as three lesser-known 
results of W.N. Bailey [42]. Since the ;y; summation is central to this chapter 
and is one of Ramanujan’s most famous theorems, it seems appropriate here 
to give a brief history of this epic theorem. 

The 1w1 summation theorem was first recorded by Ramanujan in his sec- 
ond notebook [243, Chapter 16, Entry 17], [54, p. 32]. However, because his 
notebooks were not published until 1957, it was not brought before the math- 
ematical public until 1940, when G.H. Hardy recorded Ramanujan’s ,w, sum- 
mation theorem in his treatise on Ramanujan’s work [174, pp. 222-223]. Sub- 
sequently, the first published proofs were given in 1949 and 1950 by W. Hahn 
[172] and M. Jackson [185], respectively. Since these first two proofs, several 
others have been published, namely, by Andrews [11], [12], M-E.H. Ismail 


o] y] 


[184], Andrews and R. Askey [29], Askey [39], C. Adiga, Berndt, Bhargava, 


o] 


and G.N. Watson [3], K.W.J. Kadell [187], N.J. Fine [149, equation(18.3)], 
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K. Mimachi [221], M. Schlosser [253], S.-H. Chan [116], S. Corteel and J. Love- 
joy [144], Corteel [143], A.J. Yee [285], W. Chu [127], and V.J.W. Guo and 
Schlosser [169]. The proof given in [3] and reproduced in [54, Entry 17, p. 32] 
was, in fact, first given in lectures at the University of Mysore by K. Venkat- 
achaliengar in the 1960s and appeared later in his monograph [272, p. 30]. 
The proof of Chan [116] employs partial fractions, which appear to have been 
central in much of Ramanujan’s work. The most succinct proof of (3.1.4) 
was given by Ismail [184]. It consists in the observation that if b = q™ for 
any integer m > 0, then (3.1.4) is merely an instance of (1.2.2). However, this 
completely proves (3.1.4), because the identity holds on a convergent sequence 
within the domain of analyticity |b] < 1. W.N. Bailey’s [43] proof of (3.1.2) is 
quite simple. Let us denote the right-hand side by r(z). Bailey observes that 
r(z) satisfies the q-difference equation 


r(z) = 2°qr(zq). (30.4) 


He then expands r(z) in a Laurent series that yields the left-hand side up to a 
constant term co(q). By setting z = 1 and invoking the Jacobi triple product 
identity (1.4.8), he concludes that co(q) = 1. The proofs by Corteel [143] and 
Yee [285] are combinatorial. In particular, Yee devised a bijection between the 
partitions generated on each side of the ;y identity. Chu’s proof [127] using 
the classical tool of partial summation is also markedly different from other 
proofs. There is also an unpublished proof by Z.-G. Liu [212]. W.P. Johnson 
[186], in a delightful historical article, points out that had not Cauchy made 
a mistake, he could have discovered the ;v, summation theorem in 1843. 
Lastly, Schlosser [254] has derived a noncommutative version of Ramanujan’s 
1¥, summation formula. 
The aforementioned three formulas of Bailey [42] are given by 
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Bailey [42] deduced (3.2.2) by multiplying together two instances of an 
identity equivalent to (3.1.4). However, one can also give a proof in the spirit 
of Ismail’s aforementioned proof [184]. Namely, if 7 = q’™, with m being a 
positive integer, then (3.2.2) reduces to an instance of (1.2.9). This proves 
(3.2.2) in full, because the identity holds on a convergent sequence within the 
domain of analyticity |y| < 1. 

Bailey [42] observed that (3.2.3) follows by applying (3.2.2) to itself. 

Finally, (3.2.4) follows from equation (12.2.1) of Part I [31, p. 262]. To see 
this, replace c by aq/y. Now, if y = q', where m is a positive integer, then 
(3.2.4) reduces to an instance of (12.2.1) from Part I. This proves (3.2.4) in 
general, since the identity holds on a convergent sequence within the domain 
of analyticity |y| < 1. 


3.3 The 11 Identity 


We begin by noting that in fact Ramanujan had a disguised form of (3.1.4) 
in full generality in the lost notebook. 


Entry 3.3.1 (p. 7). For |abq?/c| < |bg| < 1, 
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Proof. Tn (3.1.4), replace q by q?, and then set z = bq, a = cq/b, and b = aq’; 
then split the ;v 1 series into two sums, the first with all the nonnegative 
indices, and the second with the negative indices. Finally, multiply both sides 
by 1/(1 — aq). Applying (3.1.1) to the negative indices, we find that the left- 
hand side of (3.1.4) becomes 


= (cq/b; qd af rN | — a mae (aq or i —n nN 
aa a 2 (aa) bg! Kosa ay 
( 
a 


n— 


cq/b; q?) n nq” yw q/43q°)n—1 (aq) * (3.3.2) 


ag; 4" )n41 (bela a 


This reduces to the left-hand side of (3.3.1). It is easily checked that the right- 
hand side of (3.1.4) reduces to the right-hand side of the above. Thus, this 
entry is, indeed, identity (3.1.4) in full generality. 
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Entry 3.3.2 (p. 370). [fk = ab, |k| <1, and n is any complex number, then 
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Proof. On page 354 of his second notebook, Ramanujan claimed that 
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= T - ; 34 
n f(—a,—b) f(nab,1/n) n+1 (ab)i 1+ “—) p AES) 
where f(a, ) is defined by (1.4.8) and f(—g) is defined by (3.1.3). The identity 
(3.3.4) was proved by Berndt in [56, p. 152, Entry 17]. Comparing (3.3.3) with 
(3.3.4), we see that we need to show that 

(<a/nik)oo(—bniKao( ik) _ (n+ WF(a/nbn)F(-K)04 5 y 

(a; B00 (; k)oo(—nk; k)oo(—k/n; k) ox 7 nf(—a, —b) f (nk, 1/n) _ 

However, with the use of the Jacobi triple product identity (1.4.8), this is an 
easy exercise. 


The next result is the same as Entry 3.3.2, but in a different notation. 
In this entry on page 312, Ramanujan uses the notation f(x,y), but it does 
not denote Ramanujan’s usual theta function defined in (1.4.8). Therefore, we 
have replaced f(x,y) by F(x, y) below. 


Entry 3.3.3 (p. 312). For any complex numbers x and y with |x| <1, let 


Then, for complex numbers a, b, and n with |ab| <1, 


F(Vab, n\/b/a) (ab; ab)3, 1 3 ( a bi ) 
nF(Vab, —/5[a)F(Jab,nvab) nt’ 2 \nt (aby * 1+ n(ab)t ) 

(3.3.6) 
Proof. First observe that F(x,y) = f(xy, /y), in the notation (1.4.8). Thus, 


if we rewrite (3.3.6) in the notation of f(x,y), we obtain precisely (3.3.4). 
Hence, (3.3.6) is equivalent to Entry 3.3.2, and so the proof is complete. 


j=1 


Entry 3.3.4 (p. 47). 
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Proof. We first show that the right-hand side in the first line of (3.3.7) reduces 


to an instance of (3.1.4). More precisely, 
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The last equality in (3.3.7) follows from the following general considera- 
tions. For arbitrary positive integers 7 and k, 
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where in the latter sum in the penultimate line we replaced m by n. 
The case 7 = 3, k = 1 in the calculation above immediately yields 


sad 3n2+2n ee 


pa ie aH =e gant ’ (3.3.9) 


n=0 


while the case 7 = 3, k = 2 yields, after multiplying both sides by q, 


°° Qn+1 CO Bn? 44n4+1 3n+2 

q q (leper) 
S- Tg ~ x [agin : (3.3.10) 
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Thus, substituting the right sides of (3.3.9) and (3.3.10) into the first line of 
(3.3. 7), we immediately establish the final portion of Entry 3.3.4. 
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The right-hand side (3.3.8) can be written in a more symmetric form as a 
bilateral series 


(P59 )s0 _ 1/3 Wo 1+a%* gBhtV?/3, 
loi des. ae 2. a 


Moreover, the previous right-hand side (3.3.7) may be written in the symmet- 
ric form 


(q°;q°) =a OY fa (3) +1)(3k-+1)/3 — g@Ht0RHD 9) (3.3.11) 
(q; ao. ee 


If Clausen’s transformation [54, p. 113] is applied to the double series in 
(3.3.11), we find that 


(975 "30 Bae YS (ES 
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where (%) denotes the Legendre symbol. The function on the right-hand sides 
of (3.3.7), (3.3.8), and (3.3.11) is equal to ¢q~'/3c(q), where c(q) is one of the 
cubic theta functions of J.M. and P.B. Borwein [90] defined by 


[o<) 


c(q) _ s gi t1/3)? +(m+1/3)(n+1/3)+(n41/3)” 


m,n=—oo 


For a proof of this remark, see Berndt’s book [57, p. 109, Lemma 5.1, equation 
(5.5)]. The function c(q) is crucial in the development of Ramanujan’s cubic 
theory of elliptic functions set out by Ramanujan in his second notebook [243, 
pp. 257-262] and first established by Berndt, Bhargava, and F.G. Garvan [60], 
(57, Chapter 33]. Undoubtedly, Ramanujan was the first to prove (3.3.7), but 
the first proof in print was probably that of Fine in his book [149, p. 79, 
equation (32.35)]. Another proof has been given by L.-C. Shen [258]. 

The identity (3.3.7) can be greatly generalized. For |q| < |a| < 1 and any 
number y, 
(xy; Doola/(2Y); Dool(GQ — _ 3 x 
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(3.3.12) 


n=—Co 


If we replace g by q® in (3.3.12) and then set x = y = q, we readily find 
that (3.3.12) reduces to (3.3.7). We are uncertain who first proved (3.3.12). 
The earliest reference for (3.3.12) known to us is by L. Kronecker [196], {197, 
pp. 309-318] ; see A. Weil’s monograph [282, pp. 70-71] for an account of Kro- 
necker’s proof. Another proof can be found in K. Venkatachaliengar’s mono- 
graph [272, p. 37]. A short proof can be found in S.H. Chan’s thesis [117] 
and paper [118]. Special cases of (3.3.12) are useful in deriving Lambert series 
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identities arising in the number of representations of an integer as a sum of 
squares or triangular numbers [115], [139], [258]. Its relation to Chapter 16 of 
Ramanujan’s original second notebook is found in [27]. 

A further generalization of (3.3.7) and (3.3.12) involving one additional 
variable was discovered by S. McCullough and Shen [220] and by Andrews, 
R. Lewis, and Liu [37, Theorem 1]. A simpler proof was found by S.H. Chan 
[117], [118]. This identity is also equivalent to an identity for Lambert series 
found by K. Venkatachaliengar [272, p. 37] and elaborated upon in more de- 
tail by S. Cooper [139]. However, the aforementioned generalization of these 
authors is actually equivalent to an identity for the Weierstrass o- and ¢- 
functions, which was given by G. Halphen [173]. This identity, 


can be deduced from an exercise in Whittaker and Watson’s text [283, p. 451, 
Exercise 5] that is originally due to C. Weierstrass, namely, 


a(a+ b)o(a — b)a(c+ d)o(c — d) + a(b+ c)o(b — c)a(a+ d)o(a — d) 
+a(c+a)a(c— a)o(b+ d)o(b— d) =0, 


by dividing both sides by c — d and letting d— c. 
The final entry for this section is, as we shall see, merely a transformed 
version of identity (3.1.4). 


Entry 3.3.5 (p. 1). For |q/a| < |1/b| < 1 and abc 4 0, 
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(3.3.13) 
Proof. We begin by noting that, by the Jacobi triple product identity (1.4.8), 
— ab” ca n(n+1)/2 ab . n(n+1)/2 
a x sara ) a 7? = y (=) dae 
n=0 n=—oo 
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Therefore, the right-hand side of (3.3.13) is, in fact, equal to 
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(—q/c, q, —abq/c, —c/(ab); q) co 
(aq/c, bq/c, —q/a, —q/b; ee 


Next, we apply (2.1.1) to the first sum on the left-hand side of (3.3.13) with 
a, b, c, d, and e replaced respectively by g, —q/c, —1/7, —q/a, and —q/b, and 
then let 7 tend to 0 to obtain 


. (—4/¢4)n Cc\® n(n—1)/2 __ cm & = q/¢c, —1/r =) 
dX (—q/a; Q)n(—4/b; q)n (3) : 7 ee —4q/a, —q/b ab ab 


=(1+ ot) x Dn, 


—  (-4a/a;9)n 
(33:15) 


(3.3.14) 


Applying (2.1.1) to the second sum on the left-hand side of (3.3.13) with a, 
b, c, d, and e replaced respectively by g, —q?/T, —q/c, aq?/c, and bq?/c and 
then letting 7 tend to 0, we deduce that 


re ae qQ)n-1 (2) nome 
& (aq/c5Q)n(ba/G dn 


abq/c bo Cue —=¢/¢. =) 


= Ga ag/e)(1 — bg/e) 10d 3”? | ag? /e,bg2/e 1 


aby (-ag;a)n_ (bq\" 
ag 2 -q) (“) : (3.3.16) 


n=0 (aq /c;q n 


Hence, using (3.3.14)—(3.3.16) in (3.3.13), we see that we can reduce the proof 
of Entry 3.3.5 to proving the assertion 


[o<) 


(1+ bo) > elds 


&  (-4a/a;9)n 

abg(L+a7*)(1+07t) GS (-ag;a)n_ (ba\" 
. e(1 — agq/c) a ea 
(=a/c, q, —abq/c, —¢/ (ab); 00 


7 (aq/c, bq/c, —q/a, —G/0;qQ)oo | (3.3.17) 
y (3.1.1), we find that 
ee 7s a> ane (= a (3.3.18) 


— (lta) SS (-ag;q)n (ba\"™ 
oo a 


n=0 (aq fea n 


Substituting (3.3.18) into (3.3.17) and then multiplying the resulting identity 
by 1/(1 + 67+), we find that (3.3.17) reduces to 
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co 


\ Dyn (—q/c, q, —abq/c, —c/(ab); q) 


and this is merely (3.1.4) with a, b, and z replaced by c/a, —q/a, and —1/b, 
respectively. 

We have ignored needed conditions on a, b, and c in our proof. However, 
if we translate the hypotheses necessary for the validity of (3.1.4) into those 
needed for Entry 3.3.5 to hold, we arrive at the hypotheses given for Entry 
3.3.5. 
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Entry 3.4.1 (pp. 6, 14). Let a denote any complex number. Recall that 
f(a,b) and (q) are defined by (1.4.8) and (1.4.10), respectively. Then 


yy Cand n Peatat +o Ot eee q’ 


<= (aq; 49) (—¢/a;q”) 
b(q) (F(a?a?, 5) +a f(aeq’, 4.0%) 


= 3.4.1 
(aq; 4)ool= 4/45 Poof a, Fa) oan 
Proof. We begin by observing that, by (3.1.1), 
(=49;9")—n —no(-n)? _ | (q/49; g)an(aq) "qh at” 
(aq; q)—2n (q?/(—aq); ¢?)n(—ag) 2 g?n Cn H/? 
_ (1/4; Q)an_ om 
(—q/a;¢°)n 


Now use (3.2.4) with q replaced by gq’, a replaced by a?, and c, d, e, and 
f replaced by aq, a, —q/T, and —aq, respectively. Using also the calculation 
above and letting 7 tend to 0, we find that 


CoO 


er —aq;7°)n arg”? 4 _ ea ” 


=O (aq; q) 2n wal q/a; qd Me 


7 s LE Jn grngn? 


pene (995 Dan 


: q/T, — 
= 1 
lim 22 (- ae sq 


aq, 


_ (4/4; 9 )oo(F?/43 7?) 20 _ 7 = pias — ain gn(an-1) 
(a7q7; q?)o0(¢?/a?; = foe 


= (q/a; ae " a 2n a3” n(3n—1) 
(2g; G)oo(—4} q) 004/45 oo(—4/4; 9)00(43 7) c0 ae ae: 


n=—Co 
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(97; )oo (f(a2q?, a3 q") + a f(a®q*, a-*q’)) 
(ag; 9) 00(—4; 7") 00(—4/4; Foo (—9? / 4; 97) 00 (9; 7) 00 (97; F) 00 
_ (G5 a7 )oo (F(a2a?, a 89") + 2 f(a?q*, a9”) 


Cee (49; 9) 00(—4/4; 9") 20 
1 


* (a5 Po0(—P/ 45 P00 4s Foo 


Applying (1.4.10) and (1.4.8) on the far right side above, we arrive at the 
right-hand side of (3.4.1). 


The next entry is a natural companion to Entry 3.4.1. 


Entry 3.4.2 (p. 14). Let a denote any complex number. Recall that f(a, b) 
and wW(q) are defined by (1.4.8) and (1.4.10), respectively. Then 


— as Ve qa” n 2 =. 1 a; d)2n— n 
y ate +14/ +1) ae / Jan ly 
<> (49; Qant1 1 (-4/450°)n 
6/,3 73 
= qw(q)f(¢ me 5a ) ; . (3.4.2) 
4(4G5 Q)oo(—4/4; 9? )oo f(g? /a, a) 
Proof. We begin by observing that, by (3.1.1), 
(—aq;q7)-n ga htlg(-n+)? — _ (/a; q)2n— 1 n 
(aq; q)—2n41 (—q/a;q on 
So we see that 
oo 2 
— aq; n a” n 2 (1 a, q) n aq 
oF. i) +1g(n+1) = (1/ 2n—1 
n=0 (aq; Q)anti = (-a/a;4 "Vn 
love) 2 
_ S- (—aq; q VA gh thg(n+1)” (3.4.3) 
nen (8G Don+1 


Apply (3.2.4) with q replaced by q?, a replaced by a?q?, and then c, d, e, and 
f replaced by aq?, aq, —1/7, and —aq, respectively. Letting 7 tend to 0, we 
find that 


oo 2 
> (—aq; q Jn gh tlg(n+1) 


(aq; q)an+1 
a . 1/rT, 
a lim 2W2 6 ee ag? <c »aTq vet) 


~ 1l—aq 70 aq, 


n=—CoO 
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= 3.4.4 
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Replacing the index of summation n by —n—1, simplifying the products, and 


using the Jacobi triple product identity (1.4.8) twice and (1.4.10) once, we 
find from (3.4.4) that 


3 (—aq; ee antig(@n+1) 


poe (OG Dan+i 
_ aq(1/a; q)oo(—49; 4”) 0 = 3n?43n,—8n—3 
(aq; ee (— aq, q q)oo(1/a; q)o0(—1/a; q) 00 (4; Woo oe 
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(G50 )oo (49; 4) 20(—4/45 4" oo (— 49"; 7" )o0(—1/45 #") 00 (973 "oc 
_ a? qq) f(q°/a3, a?) 
~ (aq; Qoo(—4/4; B) oc f (A/a, aq?) (3.4.5) 


Use the identity a f(1/a, aq?) = f(q?/a, a), which is a consequence of (1.4.13), 
n (3.4.5). Then substitute (3.4.5) into (3.4.3). We thus obtain the right-hand 
side of (3.4.2) to complete the proof. 


The next entry is an immediate corollary of Entry 3.4.1. 


Entry 3.4.3 (pp. 6, 16). 


“ (=1)" 0 Mn 2 - —q n— 
57! tag) @” +2505 4 4)2 +g” 


n=0 (4 dan n=1 (q; qd )n 
(—93 97 )oo ( ga git 
= ses 146-4 6S° . (3.4.6) 
2 eur 6n+4 
y(—q°) 4 le 


Proof. The left-hand side of (3.4.6) is the left-hand side of Entry 3.4.1 at 
a = —1. On the other hand, for the right-hand side of (3.4.1), by (1.4.8), 


0(q) (f(a3q?, aq") + a f(a2q*, aq) 


lim 
a——1 (4g; )oo(—4/4; 97) 00 f (a, q?/a) 
_ (1°: 9" oe 
(q; q”)o0(—@ q3q Ose (CA foe) 
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d _ 
x Tim (4° )o0( 443 4°) oc { 4 tows(—a°e? 9° )oo(—a~*q*; @°) 00} 


d d = 
ta, 0 + a7, lost ( a°q*;q°)o0(—a ‘PW )x}} 
- es zt 3 Gg > age 
_ 2 2 : 6n+2 6n+4 
(G5 47) 00(975 97) 50 mr | meal Ee 
_ (-a;¢° Nes (—¢? i Y oe a Gt aaa 
(q?; q ys gor = t= yor ’ 


by Euler’s identity. This last expression is equivalent to the right-hand side of 
(3.4.6) upon an application of (1.4.9). 


Entry 3.4.4 (p. 14). 


% grey? = Oo) 
ee (q; q) ee 7 w(-4q) , wen 


Proof. Set a= 1 in Entry 3.4.2. The resulting left-hand side is the left-hand 
side of (3.4.7). The right-hand side of (3.4.2), with applications of (1.4.10) 
and (1.4.8), becomes 


w(DF(@, 1) _ q(Q24(¢°) 
(G Doo(-G 9 )of(G?,1) (4 doo(-& 9?) 0 2(q?) 
— UP SP )oo(P3 Po") 
(95 Q)oo(—4; 9) 00(45 4?)00(94; G4) co 

_ qv(q°) 
(45? )o0 (45 1) co 
_ qu(q°) 
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and this completes the proof. 


Entry 3.4.4 is due to Slater [262, equation (50)]. 


Entry 3.4.5 (p. 14). 


= ie a” = v(—q?) 
eee a = (3.4.8) 


q) itis y(—4q) 


Proof. Apply (1.2.10) with q replaced by q? and b = —q, c = q°, and t = q. 
Letting a tend to 0, we find that 
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aan 1 (<a9")n on 
4x9 (GDen+1 ee eer Ca Cie ae 
Lo (P30 )n Pin 
= q (3.4.9) 
(4; 9" oo d (GQ)on+1 


We apply Entry 3.4.1 with a = q, employ the identity qf(q’,q~') = f(q,@), 
deducible from (1.4.13), and use (3.4.9), (1.4.8), (1.4.10), and (1.4.9) twice to 
deduce that 


a en gn = 1 ¥(q) (f(g) +af(q",a7*)) 
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as desired. 
Entry 3.4.6 (p. 22). 
oo In2—n lore) Co n(n+1)/2 
q q 
+) (-1)"(G 9") na” (ido > aoe (8-4.10) 
» (G2)n yi “> (aa, 
Proof. We begin by noting that, by (3.1.1), 
2In?2—n 
_ 7 oe 
—1)-"(q;¢7) ng” —" = + — 
( (0)n 


Using first the equality above, employing secondly (3.2.3) with q replaced by 
q? and with a = q/T, @=q, 6=7=T, and z = qr, thirdly letting 7 tend to 
0, and fourthly applying Entry 1.5.3, we find that 
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co Qn2—n co co 
qd n n? nm nm n? 
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2 re 2 T, 375d 
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ane — /2 
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n=0 


where we invoked Entry 1.5.3, and next applied (1.2.1) with h = 1, a = g/t, 
and c = —q, and then let b and t tend to 0. This completes the proof. 


Entry 3.4.7 (p. 15). For a,b £0, 
ao" 1p-n oo 


yy q” 4 S > (=a9; @)n—1(—8; 2)ng” (3.4.11) 
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Proof. In light of the fact that, by (3.1.1), 
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= (—aq; @)n—1(—6; @)n9”, 


and 
pg -m)(-n+1)/2 a7 tp7” pen 


l+aq—” a a7 /a 


we see that we may rewrite (3.4.11) as 


oo —n—lp—n 


> a n? ( aq q) pe erlye 
pg (UG Dn+i(—4q/bs Dn” A(G; Q)oo(—G/B; Goo ta" /a 

(3.4.12) 
This last identity is, after simplification, the special case of (3.2.2) in which 
we let a = @ = 1/7, y = —q/a, 6 = —q/b, and z = qr?/(ab), multiply both 
sides of (3.2.2) by 1/(1 + a), and then let 7 tend to 0. 


68 3 Bilateral Series 


Entry 3.4.8 (p. 15). Fora 40, 


oO 1 oo —n__n? 
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Proof. Set b= 1 in Entry 3.4.7. 


3.5 Identities Arising from the Quintuple Product 
Identity 


Entry 3.5.1 (p. 48). 


2 
n Co 


- q nm n? n n 
eas, an S> (-arg’ te (1 + gh"). (3.5.1) 
n=0 ’ n 


n=—Cco 


Proof. By the first Rogers-Ramanujan identity (Entry 3.2.2 of Part I [31, 
p. 87] or (4.1.1) in this volume), we find that 


2, <2 = qs _ Care 
ae Joo dD, (G39)n (954° )o0(4*5 4?) oo 
(973 1° )oo(—4 4° oo (—4*; 9" )oo 
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where in the last equality we used (3.1.2) with q replaced by q!° and z replaced 
by gq. 


Entry 3.5.2 (p. 48). 


ee) n2tn ee) 
qd n n?+4n n 
(775 )o0 >) (GQn ys Sy ae (3.5.3) 
n=0 waa n=—oo 


Proof. By the second Rogers-Ramanujan identity (Entry 3.2.2 of Part I [31, 
p. 87] or (4.1.2) in this book), we find that 
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co n2+n 
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where in the last equality we used (3.1.2) with q replaced by q'° and z replaced 
by q°. 


Entry 3.5.3 (p. 36). We have 


oo ( 1 Pg Sr? +7n+2)/2 12 
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We have combined these two results into a single entry because it is easiest 
to prove them simultaneously. 


Proof. We propose to prove the following two formulas, from which the de- 
sired results follow by addition and subtraction: 


oo ayer oo (ng eae 
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To prove these last two results, we first apply the Rogers—Fine identity 
(1.7.1) with q replaced by q°, a = q°/r, and 3 = —q®. Let 7 tend to 0 and 
multiply both sides by q/(1 + q3). Accordingly, 
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Also, applying (1.7.1) with q replaced by q°, a = q*/T, and 6 = —4q’, letting 
7 tend to 0, and then multiplying both sides by 1/(1 + q?), we deduce that 


OS (— 1)"q (5n?+43n)/ 
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-da (15n? af =), (3.5.10) 


Hence, if we add (3.5.9) and (3.5.10), we see that (3.5.7) follows from 
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To obtain (3.5.8), we see that we must subtract (3.5.9) from (3.5.10). Thus, 
we need to determine 
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Applying (3.1.2) with q replaced by q° and z replaced by —q?, we find that 
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(0 ale a a se ale lx 
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where we used (1.4.8) in the last equality. This proves (3.5.8). 


The following three entries are, respectively, formulas (117), (118), and 
(119) in Slater’s paper [262], but with qg replaced by —q. The three formulas 
are also related, respectively, to formulas (80), (81), and (82) in Slater’s paper 
[262], which can be found in Rogers’s paper [248, p. 331, equation (1), lines 2, 
1, and 3, resp.]. Although results from Chapter 1 are required in our proofs, 
in light of the fact that the quintuple product identity plays a central role, we 
have placed these entries here. 


Entry 3.5.4 (p. 10). Recalling that f(a,b) is defined in (1.4.8), we have 


Le re : _ fa.) = af G2) _ (G5 d of (-7; -9") 
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Proof. We first apply (1.2.1) with h = 2, a= q/t, and c = —gq, and then let 
b,t — 0. Accordingly, 
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We now apply two representations in equation (81) of [262]. First, the right- 
hand side of (3.5.14) is equal to 


1 
= em ((- 0 PP 00 — (- 0, - 9°, 079 Poo) 
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rd Co 
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by the Jacobi triple product identity (1.4.8). Thus, we obtain the first equality 
n (3.5.13). The other representation of equation (81) in [262] yields from 
(3.5.14) 
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upon two applications of the triple product identity (1.4.8). 
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Entry 3.5.5 (p. 10). With f(a,b) defined by (1.4.8), 
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Proof. We apply (1.2.1) with h = 2, a = q3/t, and c = —q. We then let b and 
t tend to 0 to find that 


~ (—1)"qr?+2n _ se (- 1) yg" 249n 
(HB )nl-Gg?)n = (950? )n(—95 Q)on 
grhin+t)/ 
“ q’) oe) 
el Dy 
ae 
=i 5. 3.5.16 
50 De (G5 Qanti ( ) 


We now apply the two representations for S on the far right side of (3.5.16) 
given in equation (80) of Slater’s paper [262]. First, 
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by the triple product identity (1.4.8). This then proves the first equality in 
(3.5.15). Applying the second representation for S given in equation (80) of 
Slater’s paper [262], we find that 
1 
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_ (C51 oof (-9", -4") 
(PrP )of(Ps.a) ’ 
upon two applications of (1.4.8). This then completes the proof of the second 
equality of (3.5.15). 


Entry 3.5.6 (p. 10). Jf f(a,b) is defined by (1.4.8), then 


& (qtat)\n(—G 9 )nt1 (97; 47) 00 CP ohlC a) 
(3.5.17) 


Proof. Apply (1.2.1) with h = 2, a = q?/t, and c = —q?. Then let } and t 
tend to 0 and multiply both sides by 1/(1 + qg) to deduce that 


> (-1)rg'" f(a? g"®) - a f(@?, 0!) _ (079 oof (-a, -9°) 


oY )"qr 249n 1? 2 (—1)rgr’+2n 

a, “GP nv gs (9754? )n(—@?; dan 
Cees eer 
(Gi doo Ah (G L)n 


1 q” (n+3) /2 


= we =25. 


2 
—-q; q)25 n—=0 q)2n+1 


We now apply one of the equalities in equation (82) of Slater’s paper [262] to 
S above and also apply the Jacobi triple product identity (1.4.8) to deduce 
that 


S= Ge: DB (( q, a met ae oe _ q(—a’, -—¢?,.@”'; gles) 
’ ee) 


_£@.0°)-af¢.7") 
(Ct ss 


? 


which yields the first equality in (3.5.17). We now invoke the second repre- 
sentation for S given in equation (82) in Slater’s paper [262] to find that 


1 
S= Gaya FF Ti P ool 71g) oe 
foe) 
wae lela we 
oo i Nee 


) 
Nes, Coe’ aa Ne 
) 
) 


go (= 9 =e eo 
ot (a, —q®) 

(9759 )eaf(a?,g*) ’ 
upon two applications of the triple product identity (1.4.8). Thus, the second 
identity in (3.5.17) has been established. 
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3.6 Miscellaneous Bilateral Identities 


Entry 3.6.1 (p. 24). 


co a gr +n 


-~d + )\(-L@)ng™. (3.6.1) 


n=0 (Pn q’) = con w= 


(GW) es 


Proof. In light of the fact that, by (3.1.1), 


gain +n) 


(-—¢; q’)- = ( 1; Lng” 


we see that, with an application of (1.2.4), 


co Qn240n co co gan tn 


q 2 n? 
8:5) am t he ne” = x3 
or a | oe pg (me In 
1 . Qn?2+n 2n+2, 2 
= 74 mall Ge mabiart’ 
(=973 9" )oo 2 
1 oo eas eo] gm tm+2nm 
= ey 2, 2 
(—4°3 4" Joo Ze »» (3d )m 
_ 1 a gree co gi’ +2m+4nm 
(=¢ Loo os EO (9°39 om 


oe: 


\ 
T 
m=0 


a) 


(975 @7)om+1 


Invert the order of summation. Then replace n by n — m in the former sum 
and by —n — 1 —™m in the latter sum. Hence, 


1 oo grm +m oo byt, 
= m+n 
Pee. 2 Bier 2 > q 
) Oo Nip 


(-": 7) (9597 )am A 
oo qr +3m-+1 oo 
+e een a 
ni a *)om+1 
CO 8m(2m+41)/2 2 (Am-+1)(2m+2) /2 
_ s pon (SS = m+1)/ g(2mt2em+2)/ 
2, 2 
(-?: P)oo Joo n=—0o m=0 2m m=0 (q 4 Jom+1 


Now we apply (1.4.8) to deduce that 


g a= KEP x0 (- Fi To (G4 T)o0 5 q 
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oo genre 


om haces 


2 m(m+1)/ 
= de 
m=0 
as desired. 
Entry 3.6.2 (p. 24). 
oo n(n+1)/2 oo gr —n 


(a4:4")oo 5. 4 = 0 (-4:4?)ng™ "+ om . (3.6.2) 


2, 2 
n=0 (q ad )n n=0 
Proof. First observe that, by (3.1.1), 


2(—n)?—(—n) 
qd 2. 
=(—¢@ ag” 7. 


(-G9")-n 
We now proceed with the same steps that we used in the proof of Entry 3.6.1. 
We first use the equality above to write the right-hand side of (3.6.2) as a 
bilateral series. We next apply (1.2.4). Then invert the order of summation 
and replace n by n — m in the former sum and by —n — m in the latter sum. 


We again invert the order of summation and apply the Jacobi triple product 
identity (1.4.8). Accordingly, we find that 


oo ca —n oo gn 
q” bi qd a Ta 
pD nt De qn = 2 (-4:9")n 
1 == 2 
= aoe x a ee eae gl 
) OO p= 66 
= 1 s en - co or 242nm 
(-G9")oo nq, £2 (PP mn 
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oe. tC fam 2 (Coma 
_ aan ay) 
(—gid" las (A (eh am, 
oo gram +3m+1 aed on? 
| q no—n 
m=0 (9° q?)2m+1 psy 
_ a 3 penn > esi , 3s habia alles 
(-4; 1" oo p<, Jap (iG lon = I arg 


(=a; €*)c0(—49; a4) 00(443 a*)oo ie 
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as desired. 


We note that Entries 3.6.1 and 3.6.2 were first proved in [23]. 
Entry 3.6.3 (p. 27). Fora #40, 


(-1)™a™bp™g"/4 


ey = (60 
a Wd) oo 
n=—oo m=0 (qm 
11/4 7 gag 11/4 — 2 (n—1)/2 
x fao'g 2 ie q ee a" bg (1/b)n 


+ (bg/?) 56 (>: ul, I iraana ao. (3.6.3) 


n=1 n=0 
Proof. In light of the facts that, by (3.1.1), 


a-2(—) g(—n)?H(—) 


a ( LU i.e" ge 


(bq)—n 
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ed 2 (Ayr (al?/b)narrongh' 
a) eae 
we see that we may rewrite the right-hand side of (3.6.3) as 
oo —(2n+1)(2n+1)?/4 ie) —2n_(2n)?/4 
(a) DF Taye eo DT Em 


S- ag? /4(bgth/2) ,, =:S. 


n=—Cco 


Applying (1.2.4), we find that 


iS) ie) mpm _(m?2+mn) /2 
= , —n > (=) b qd 
= -* (Q)m 
n=—0o m=0 


is) (yay 


= 


3 g— (rtm) g(n+m)?/4 


m=0 (q)m n=—oo 
m mpm m?/4 
_ n gq” 21/4 c= 1) ab q 
= a ; 
Le = (q)m 


which is the left-hand side of (3.6.3). Hence the proof of Entry 3.6.3 is com- 
plete. 
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Entry 3.6.4 (p. 4). Recall that y(q) and w(q) are defined by (1.4.9) and 
(1.4.10), respectively. Then 


oo n?+n oe n? 
(4) (2 ; — 8y(q) ( im} =?(-q). (3.6.4) 


1 at ae 


Proof. On the right-hand side below, we replace m+n by m in the first inner 
sum, and by —m in the second. Therefore, 


Sen nn? n isan 
(=i) q /4+n/2 


n=—0o m=—oo 
ee) qv tm ee) ee) qr ee) 
= (m+n)? (n+m)?—(m+n) 
~ m Dd, 4 mat Do 
n=—0o l+q m=—oo n=—0o l+q m=—oo 
co n2+n co n? 
q 2 q 

= (4) = — 40(7) S> —a: 

Pare il a 


where we have noted that, in the penultimate latter sum on n, the sum over 
—oo <n < 0 is equal to that over 1 < n < oo. Thus, the left-hand side of 
(3.6.4) is equal to 2.5, and it remains to show that 


25 = y?(-g). (3.6.5) 
Now, also 
[oe] 2 love) 
(=1)"%@" /4+n/2 5 4 
995 =2 m*+mn+n* /4 
22 <a Que 
oO co aye a ae 
=2 _yymgm(m—2)/2 ( 
2 ) q 2» gr age 
fore) 7 co je 
2. ) q 23) ie ( ) 
By Entry 12.2.2 of Part I [31, p. 264] with c = —q~™, we see that 
3 (joes _ (q)2, 
n=—0o q” + q”" (=< oo (— 9" FY oo 
OF m(m 
= a2! ene, (3.6.7) 


Putting (3.6.7) into (3.6.6) and using (1.4.9), we conclude that 


78 3 Bilateral Series 


29 =2 one ego va 


(ge 


m=—co n=—oo q”" ar q’ 
(ae. — m m? 

~ (9) on 

= y*(—q). 


Hence, we have shown (3.6.5), and so the proof is complete. 


After stating Entry 3.6.4, Ramanujan remarks, “Generalisations simple 
and similar.” If we carefully examine the previous proof, we see that the same 
method of proof yields the following theorem, which we state as an entry, 
because it most likely is what Ramanujan had in mind. 


Entry 3.6.5 (p. 4). If k is any positive integer, then 


2k-1 oo 0 (Qkn+j+1)(Qkn+j)/2—kn?—jn 
_4)\J km? +jm q 
roe) 
= y*(-q)y(—a*). (3.6.8) 


The identity (3.6.8) reduces to Entry 3.6.4 when k = 1. 

We close this chapter with an entry that has close ties to the results in 
Chapter 12 of [31]. However, a nontrivial application of (3.2.2) suggests that 
we place it here. 


Entry 3.6.6 (p. 29). Recall that y(q) and wW(q) are defined in (1.4.9) and 
(1.4.10), respectively. Then 


3 (-G@)ng™ _ 1 y (-1)"(, 97) nq” 19a) (3.6.9) 


aS (Ae), 2 (PP 2 (9) 


Proof. We replace q by —q and a by i in Entry 12.3.4 of [31, p. 267] to deduce 
that 


ys Gna” mt a iis ee g)riet he " (—G5 g7) 0 (4) 
= a ere 2(-4?5q?)co | 
(3.6.10) 


By the product representations given in (1.4.9) and (1.4.10) and Euler’s iden- 
tity, 


(=G 7 )ooP(Q) _ (=4 9" oo¥* (9) 
(07507 Jc (00 eal = es 
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("507 Ja 
=v (3.6.11) 
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Using (3.6.11) in (3.6.10) and comparing the result with (3.6.9), we see that 
in order to complete our proof we must show that 


1< (-1)"(G@?)nq™ _ a Vea gree 
So ye =: (3.6.12) 
2 NA a. = 
Now by Entry 12.2.1 of [31, p. 264] with c= 1, 
(Po we CPt 1S (“DG ng 
> =.)> 3.6.13) 
Ds aye 2n — 2s p2\2 ( 
(PP leg A Le 2. a), 


Comparing (3.6.13) with (3.6.12), we see that it now suffices to show that 
ee) sad Qn2+n a, a (n+1)/2 

Ci d Joo fv ae )oo ee (3.6.14) 

(q?:4°) Soa re 


[o<) 
n=—Cco n=—cCco 


Replacing g by —gq in (3.6.14), we now see that we must show that 


oe n ,2n2+n Sa n(n 
(—G07)oo >> TS aye oo 
) ease 1+ q2” 5] BE cece 1+ q2” 
n(n+1)/2 
soRe » a , (3.6.15) 


where it is assumed that gq is real. 
We now consider (3.2.2) with a = —q/T, 6 = -i, z= y =T, and 6 = —igq. 
Letting 7 — 0, we find that 


irgrintt)/2 


4S a (00h, xy. 3 
1 =2 = 
(1+4) ys 1+ ig” (—@? P)oc p> l+q" 


Thus, 
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q _ (—G Ooo iq 

— ic — 
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= (q; q?) 00 Rss 1+ qn a= 1+ q2ntl 


( Leger) 


_ (GH )c0 3 7 
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since the second sum in the penultimate line vanishes, because replacing the 
index n by —n — 1 reveals that it is equal to its negative. Hence, we see that 
we have proved (3.6.15), which therefore completes the proof. 


A 


Well-Poised Series 


4.1 Introduction 


Among Ramanujan’s most far-reaching and striking discoveries are the Rogers— 
Ramanujan identities, given for |g| < 1 by [241], [31, Chapter 10] 


foe} q’ 7 1 
> (G@)n (G0 ela @ loo (4.1.1) 


and 
n2+n 1 


q 

Dated: (973 9°) o0 (935 Foo 
In the lost notebook, we find many identities of the Rogers-Ramanujan type; 
see, for example, Chapter 11 of our first book [31]. The vast majority of them 
can be proved as special limiting cases of Watson’s q-analogue of Whipple’s 
theorem [274], [151, p. 242, equation (III.18)]. If a, 6, y, 6, and € are any 
complex numbers such that Gyde # 0, and if N is any nonnegative integer, 
then 


(" ie re od bs aa qq” oe) 
mee N+1 39, — 
Ja, Ja, B ’ 7 ’ 5 > 2 5 Ad Bryoe 
a 
(aq)n ea By bot 
= e/N 
eee 493 aq aq deq N 124 . (4.1.3) 
N N 


5 € By? a 


(4.1.2) 


Although we cannot find a statement of this theorem in Ramanujan’s works, 
he recorded many deductions from it. In particular, see [54, p. 16, Entry 7] 
and the pages immediately following. 

The series g@7 in (4.1.3) is called very well-poised. The term “well poised” 
refers to the fact that the product of each column of entries is the same, in 
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this case aq. In the first column, a is to be paired with q, arising from (q; q)n, 
which is in the denominator of g¢7 but which does not appear in the notation 
go¢7. The adverb “very” refers to the fact that the second and third columns 


are 
qa, —qVa 
Va, —/a. 
Two lesser known, but highly useful, identities of this nature were proved 
by W.N. Bailey. They are [41, equation (6.3)] 


(113 9)n (p25 9)n(aq/F59?)n ( aq \= (ag/ p13 4) 00(44/ P23 9) 20 (1 


= (GOn(ag @?)n(a9/fs an \ pipe (ag; q)0(a4/(p1P2); Zoo 


ie (aq; 7) n—1(F3. 97) n (01; 2)2n (P23 Q)2n(1 — aq*”) ( a or) 


(P35 P)nlaP/Fi 7 )n(ag/p1; Dan(aq/p2; dan \ test 
(4.1.4) 
and [41, equation (6.1)] 
3 (0139) n(p25 G7) n(—aa/b; a) on @3) 
A= (97; @?)n(a?q?/b?; g?)n(—aq; dan \ pipe 
2 ye jpg 2 ye 72 
_ (a*G*/013 P)oo(a*G"/025 Too (4.1.5) 
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1+ r ay )n— 1( (0; 5Q)n(p134 lel Pare all — aq?”) (<4 ) 
n(aq/b; @)n(a?q?/p13 9?) n(a?q?/92; Gn \pip2b 


car 


We conclude this introduction by stating two limiting formulas that we 
use many times in the sequel, usually without comment: 


—N 
lim Gm )n = > 
N-00 (aq )n a” 
—N Nn 
lim (q )n = ( HegeW, 


4.2 Applications of (4.1.3) 


Ramanujan recorded many formulas that are direct corollaries of (4.1.3). We 
begin this section with the formulas that he published in [241]. Entry 4.2.3 
is the most general special case of (4.1.3) that appears in the lost notebook. 
Indeed, many of the subsequent entries are instances of Entry 4.2.3. We have, 
however, chosen for coherence and consistency to deduce each of the 14 entries 
in this section directly from (4.1.3). 
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Entry 4.2.1 (p. 41). For any complex number a, 


‘i a qd . _ = (—1)"(a)n(1 — aq? ") g2%qr(on-1)/2 
(Odeo dG, = 24 aay 
_ Sagal = o2at"*2) 

a aaa 


n=0 dn 


n=0 


PN A Se (4.2.1) 


These are the identities from which Ramanujan deduced (4.1.1) and (4.1.2) 
in his joint paper with L.J. Rogers [241]. 


Proof. The first line of this entry follows directly from (4.1.3) by letting a = a 
and letting 3, y, 6, «, and N tend to oo. This is precisely the argument used 
by G.N. Watson [274]. 

We now divide both identities in (4.2.1) by (aq)o., and so we need to prove 
that Ri(a,q) = Ro(a,q), where 


[oe} 


(=1)"(1= aq?”) 2n _n(5n—1)/2 
Ri (a, q) = <a 
ae » (q)n(4q")oc . 
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and 


_ 3 (—1)"(1 — a2g*?*?) a2rgn(ont1)/2, 
_ (q)n(ag™*1) 2 


We follow Ramanujan’s lead from [241]. Thus, 
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(1g ee OF (1) gre giientt/e 
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n=0 (q)n(aq"*" oo = (@)n(29"* Joc 
a2” ae — a2qt"t?) 
= -yf \n(ag?t!) 5. 
= alt q); 


which is what we wanted to show. 


Entry 4.2.2 (p. 41). For any complex number a, 
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a SS (-1)"(a n(l—a 
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aide | 
a2” grenrs)/2 ; 
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Proof. Replace a by ag in the first line of (4.2.1) and then multiply both 
sides by (1 — aq). 


Entry 4.2.3 (p. 42). For arbitrary complex numbers a, b, and c, 


(aq)oo es (—ag/d),ger he 
(—bq) n=0 ee 


fore) (—aq/b) n (— ag/eali ag?" tet gee h 
— (q)n(—bq)n(—cq) n 


Proof. In (4.1.3), set a = aq, y = —agq/c, and 6 = —agq/b. Then let @, €, and 
N tend to co. After multiplying both sides by (1 — aq), the result simplifies 
to the desired identity. 


Entry 4.2.4 (p. 28). Ifa and b are arbitrary, then 


(—aq) 3 (aq/b),b"gret)/2 
ae (Q)n 


= — (aq/b)n(—aq)n(1 + lie Ce call 
> (9)n(—b49)n 


Proof. In (4.1.3), let a = —aqg and 6 = agq/b, and then let G3, y, «, and N 
— oo. Multiply both sides of the resulting equality by (1 + aq) and simplify 
to complete the proof. 


It may be noted that the result above also follows from Entry 4.2.3 by 
replacing a by —a and setting c = 0. 


Entry 4.2.5 (p. 28). For any complex numbers a and X, 


ee) Argr 7 (\/a) nwa i(1 _ der? a n gr 
a y (n(aq)n am 3 (q)n(@q)n 


Proof. In (4.1.3), replace a by A, then set 3 = A/a, and finally let +, 6, €, and 
N tend to co. Upon algebraic simplification, the desired result follows. 


The following entry was recorded (with one misprint) by I. Pak [226, Equa- 
tion (4.4.2)] in his survey paper. See also Entry 1.7.10. 


Entry 4.2.6 (p. 41). Recall that w(q) is defined by (1.4.10). Then 


1 (-1)"(q5@) ng” 
| ay) )"(G 4" )ng 


4.2 Applications of (4.1.3) 85 


Proof. In (4.1.3), replace q by q?, then set 5 = q, next let 3, «, and N tend 
to oo, and lastly let a and ¥ tend to 1. After oe we arrive at 


a a 


ize oa Pe 


(4.2.2) 


Multiplying both sides by (q; eo Ke a. and invoking the product repre- 
sentation from (1.4.10), we complete the proof. 


We might note that in fact, one may deduce this result from (1.2.9), 
wherein one replaces q by q?, then sets a = q, b = q/t, and c = q’, and 
finally lets t — 0. 


Entry 4.2.7 (p. 41). Jf y(q) and wW(q) are defined by (1.4.9) and (1.4.10), 
respectively, then 
eel n n? 
eq?) _ ye (=D"G ng 
vq) < (a*)n 
This identity is given by L.J. Slater [262] as equation (25) with q replaced 

by —g. 
Proof. n (4.1.3), replace q by q?, let a — 1, then set 3 = —1 and 6 = q, and 
let y, «, and N tend to co. The result after pean is 


co n2 
1 a 9 a gr = - i co he qs *\40 
n=1 


on 


and this reduces to the desired result upon invoking vis and (1.4.10). 


The next entry is a corrected version of one of Slater’s identities [262, 
equation (6)]. 


Entry 4.2.8 (p. 34). We have 


(—4°) =p (=lig)ng™ 
P(—q) <4 (GOnl(GG?)n 
Proof. In (4.1.3), set 8 = ,/q and y = —,/q, let 6, €, and N — oo, and let 


a — 1. Hence, using the definition of f(a,b) and the Jacobi triple product 
identity in (1.4.8), we find that 
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by (1.4.9). 


Entry 4.2.9 (p. 34). We have 


[oe n2 
p(-g?) _ a (-a5a)ng 
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Proof. For each integer r > 0, we define 
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Hence, 


(2(1 que) = (1 zl q")) 


n+r+2 


(G3 @)n @ Clase 


n=0 


But clearly lim, f,(q) = 0. Therefore, the recurrence formula above implies 
that fo(q) = 0. Hence, by (4.2.3) with r = 0 and Entry 4.2.8, 


3 cet 2 3 (“dnd pig = ae) 
n=0 **’ 
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The following entry is due to Slater [262, equation (48)]. 


Entry 4.2.10 (p. 34). We have 


Proof. In (4.1.3), replace q by q?, then set 3 = q and 6 = —1, let ¥, €, and 
N — o, and lastly let a — 1. After simplification, we find that 
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Entry 4.2.11 was rediscovered by D. Stanton [269]. 


Entry 4.2.11 (p. 41). If f(a,b) is defined by (1.4.8) and w(q) is defined by 
(1.4.10), then 


Hae) _ 5 COG Pare 
v(q) (Gn 
Proof. In (4.1.3), replace q by q?, then set a = q?, 6 = —q?, and 6 = q, and 


lastly let y, ¢, and N approach oo. After multiplying both sides by 1+ q = 
(1 — q?)/(1 — q) and simplifying, we find that 


n=0 


yi + git tl) gan’ tae = Cae 3 (—1)" (45g?) ngrr*?) 
oe (9547 )o0o 4 (05 )n(—@75 9?) n 


and this reduces to the desired result by invoking (1.4.10) and noting that 


g3(-7-1)? +2(—n—1) - gat tant, 


Entry 4.2.12 can be found in Slater’s compendium [262, equation (22)] as 
well as Bailey’s book [44, p. 72, equation (10)]. 


Entry 4.2.12 (p. 34). We have 


Proof. In (4.1.3), set a = q, 8 = \/q, and y = —,/q, and then let 6, €, and 
N tend to oo. After multiplying both sides by 1/(1 — q), simplifying, and 
eventually using (1.4.10), (1.4.8), and (1.4.9) in turn, we deduce that 
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(9% 9) 0093; 9°)c0 
(—G;Q)co (9°; g®)oo 
(9; G00 (—43 Goo (433 G®)o0 
(alee (a°7 a )ealG a" Jeo 
(93 Doo Caryras te 
- ie (454°) 00 (9? 1° )o0(9°s 4°)oo 
f(-a,~4") 
y(-q) — 
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One can find the next entry in Slater’s paper [262, equation (28)]. 
Entry 4.2.13 (p. 35). We have 


f(a8) Ga (-@3@)nq 
—q) mee (454) 


n(n+1) 


p( Qn4+1 


Proof. Tn (4.1.3), we replace qg by q?, then we set a = q?, 3 = q, and 6 = —q? 
and let y, €, and N tend to oo. Multiplying both sides by (1 — q?)/(1 — q) = 
(1+ q) and simplifying, we find that 

ST Pia ng _ (<a Poo FA ganttancy 4 gently — a) 

» = ge) = a 

(G5 Q)ant1 (O30? oa: 9(—9") 


where we used the same calculation that we used in the proof of Entry 4.2.11, 


as well as (1.4.9). 


Entry 4.2.14 (p. 41). We have 


1 ec) : oo (—1)"(q; nq) 
=i n_3n*+2n 1 + 2n+1 = ’ ; 
vq) 2 ve ee se d Care 


Proof. In (4.1.3), replace q by q?, then set a = y = q? and 6 = q, and finally 
let 3, €, and N — oo. After multiplying both sides by (1+-q) = (1—q?)/(1—@) 
and simplifying, we find that 


oo 2. 2) 25 a —1)r 2), quirt2) 
S-(-1)" 24291 + 224) - (q 14 ) y ( ) (G4 ) q 


= (9; Goo Cate. 


and the desired result follows from invoking (1.4.10). 


If we replace gq by —q in the next entry, we obtain the analytic version of 
the first Gollnitz—Gordon identity [157], [159]. Observe that Entry 4.2.15 is 
identical to Entry 1.7.11, for which we gave a different proof. 


Entry 4.2.15 (p. 41). We have 


oo . qr 
ae q; Vag 


Vea 


Proof. In (4.1.3), replace q by q?, then let a — 1, set 6 = q, and let 3, 7, €, 
and N tend to oo. After simplification, we find that 


co 
S- qg’” "(1 +@") = “ = oe) we 7) a 


n=0 n=0 )n 


n2 
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Next we use the Jacobi triple product identity (1.4.8) to observe that 


2 
~ (FP) (=4°; g)o0(—4"5 4°) 009s F*)oo 


_— (GP )co (49? )o0 (Fi "oo 


(732 las (—0 0" l= 08 as 
(9a es Cage 
(G45) 00 (— 445 14) 00(95 4?) 00(—43 98) 00(—975 98) oo 
_ (PF oc 1 
(945 G8) 00 (—43 93) c0(—9"; 98) o0 (98; 48) 
— v(q') 
ae ica oy 


by (1.4.10) and (1.4.8). 


Entry 4.2.16 (p. 202). Let a and b be any complex numbers. Then 


ce ore n? 
(=aq)n(—b4)n 


_ By So (CD aba) n—1 (1 = abg?” Jaron gn@rtD/? 
trae (q)n(1 + aq”) (1 + bq”) 


n=0 


Proof. In (4.1.3), set a = ab, 3 = —a, and y = —b. Then let 6, «, and N tend 
to oo. The desired result then follows upon simplification. 


4.3 Applications of Bailey’s Formulas 


Entry 4.3.1 (p. 26). Let a and b be any complex numbers. Then 


3 (—29/0; q)nb™qrnth/? 


= a q)n(aq?; - 


2 
_ —bq; q) fore) ye "(aq; q’) n(— aq/b; q)an(1 = age erry +n 


(49; 4)o0 AG (97; g?)n(—bg; Q)on 


Proof. In (4.1.4), replace a by aq, set pg = —aq/b, and let f and p; tend to 
OO. 
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Entry 4.3.2 (p. 41). Ifa is any complex number, then 


argr(n+l)/2 1+.aq***)a 3n g5n?-+n 


= (a0? al 
ps (—aq?;q?)n = (=a973 07 yn 


n=0 : n=0 


Proof. Replace a by —a in Entry 4.3.1 and then set b= a. 


Entry 4.3.3 (p. 28). For arbitrary complex numbers a and b, 
3 (—bg; 9g?) nar grr t))/2 
<* (—aq?; P)n(—04; @)n 


_ s (=1)" (ag /b; P nla? )n(d + agin )arrbrgin + 
(—aq?; q?)n(—b9?; @?)n 


n=0 


Proof. In (4.1.4), replace a by —agq, then set pz = q and f = aq/b, and lastly 
let py — co. 


Entry 4.3.4 (p. 3). For |aq| <1, 


3 (eo end ).0""" re L)rargn ty), 
(—aq; Q)2n+1 7 ‘ 
n= 3 n n=0 


Proof. In (4.1.5), set py = a, p2 = q’, and b = —a. After simplification, we 
arrive at 


eet ~ =(1 + a) (: t >o( vrata), 


— aq; ae aAl 


and this becomes the desired result if we replace a by ag and then divide both 
sides by (1 + aq). 


Entry 4.3.5 (p. 28). Ifa and b are arbitrary complex numbers, then 


3 (=1)"(a7q" /8: @’),p8grrY 


(45) n(—493 Qant1 


= Chg 6 hes 3 (aq; a)n(o"a" 60") ,.(1 =a amare 


(a2; q” oo n= (4; @)n(bq?; 9?) n 


Proof. In (4.1.5), let b and po tend to co. Replace a by ag and then set 
p, = a7¢q°/b. Finally, multiply both sides by 1/(1+ aq) to complete the proof. 


Entry 4.3.6 (p. 28). Ifa is arbitrary, then 


»S —aq) Qn41 ~ = 


n=0 n=0 (—4q)n 


ngn(nt1) 


sid Bn gn(on+3)/2 
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Proof. Set b= a? in the previous entry and simplify. 


The next entry as listed by Ramanujan does not contain enough terms 
to completely determine each side. However, the following interpretation is 
consistent with what Ramanujan has written. 


Entry 4.3.7 (p. 26). Let a and b be arbitrary complex numbers. Then 


= eel 2) ,bngr tn 
n=0 —ad; q)2 2n 
_ (69° "0 > (agi aala’g” bee all =a garg 
(arq?s 2") (4; @)n(bq?; g?)n 


(4.3.1) 


Proof. In (4.3.1), replace 6 by a?q?/b and multiply both sides by (—aq;q)oo 
Then (4.3.1) is equivalent to the assertion 


L2(a) = Ro(a), 


where 
2n+1. 


Lo(a) = 3 (=1)"@i g?)n(ragh"* doo 


(97507 )n 


2n pongn +3n 


a ke (1 —¢a? qa Bnpg—nrger(n+1)/2 
(q;.9)n(a?q4/b; @?)n 


Ro(a) = (a?q4 /b;q”) > (aq; q 


(4q; 4) co 


We now rewrite Entry 4.3.5 by replacing b by a?q?/b therein and multi- 
plying both sides by (—aq;q).o. The revision of Entry 4.3.5 now takes the 
form 


L,(a) = R,(a), 


where 


2n+2 qd) 50 2” p-rgr{n+3) 


Ly(a) := 3 (=1)" (6) @?)n(=ag 


(a0 bn 


and 


é i _ (a? q* /b; q’) es 3 (aq; an wall gg et ahah ghnrn 2 
ee Co) ae cr (q;.9)n(a?q4/b; @?)n , 


Our object now is to prove that Lo(a) = Re(a) in light of the fact that 
L,(a) = Ri(a). 
First, 
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co —])” b; 2 n(—a anes so 2" b-” n(n+3) 
Ia(a) — agla(aq) = > ) ( q) ( t 34) qd 
= (97397) n 
x (1+ aq?"** — aq?"**) = Ly (a). (4.3.2) 
Secondly, 


(bs g2) n(a2g2"t4 /b: g2) oa3"b-Mgon(™+0)/2 
i = (G:9)n(a9"*4; q)oo 
x {(1 — a?g@*?) — g"(1 — ag?” **)} 
(Om alee he) a ge 
7 d (4; @)n(ag"*"; q) 00 
x {(1 — 9”) + ag?" "(1 — ag”t")} 
(bg?) n(a2g2"t4 /b: g2) oa3"b-Mghn(™+0)/2 
= 2s (G5 @)n—1(ag" "45 Q)oo 


n=1 
i s (b; ialag =): Pig yee pret 
rear (G @)n(aqr*?; q) 00 


fore) b: lta (arqtet? 1b: P cer ba eer 


se ( ’ 
= 2, (05 @)n (an?) @)isg 


n=0 
rn 3 (b; g”) n(a2q2"*4 /b; OP alahdes a la alia daa 
a (G5 @)n(ag"*?; q) 00 


2 (b; g2)n(a2q2"t6 /b; 2) 56 (ag)3b-Mgor(m+1)/2 
ay . Galo" ae : 
x feng — bg") + (1 -— a?q?"t* /b) 
yt OP) n((ag)? G48; G00 (1 = (ag)? q'”*?)(ag)*rb- Pret VP 
- ad, (45 g)n((ag)a"*#; g) x0 
= aqR2(aq). (4.3.3) 


Now, from (4.3.2), 
L2(a) = L1(a) + aq L2(aq), 


and by iteration we may deduce that 


co 


L(a) = S (aq) Ly (aq’). 


j=0 


We then proved in (4.3.3) that 
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R2(a) = Ri(a) + ag Ro(aq), 


and again by iteration we may conclude that 
= So (aq)! Ri (aq’) 
j=0 
But we know that R,(a) = L1(a) from Entry 4.3.5. Therefore, 


L2(a) = S(aq) Li (aq) = S\(aq)? Ri(aq’) = Ro(a), 


j=0 I= 


oO 


and this is the desired result. 


Entry 4.3.8 (p. 28). Ifa is any complex number, then 


je 2n _n(n+1) Pore pet gh (bihl) 72 


= ang _ n(l — a2q 
a ane > a, . (4.3.4) 


n=0 


Proof. Let us call the left- and right-hand sides of (4.3.4) Lg(a) and Rg(a), 
respectively. Thus, we need to prove that 


Lg(a) = Rs(a). (4.3.5) 
Also, let L6(a) and Rg(a) denote the left- and right-hand sides of Entry 4.3.6. 


In particular, 
ey Ne a2” grint) 


n=0 —aq) 2n+1 
Then, we see that 
2 32 oo \e q2rt2 n?+3n+2 
q 
=1-— Lsg(a). 4.3.6 
1+ aq ne ae 49) 2n-+42 a(a) ( ) 
On the other hand, since 
oe) (—q)n(1 _ ag hth genghats)/2 
Re(a) := 
dX (—aq)n 
we find that 
a2q? 
R. R 
a(a) + eae 6(aq) 
aed he) got galt ty /? 


= (—@)n(1 — a7¢ 


n=0 (—a9q)n 
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Be) Sere n(5n+9) /2+2 


a (—q)n(1 — aq q 
n=O (—aq)n+1 
_ 3 gy a 3n gn(5n+1)/2 co (=¢),ae? errant 
n=0 (— aq)n n=0 (—4q)n 
| 3 (—@)n g3n+2 gr(5n+9)/2+2 is (20). parr gnlon+3)/2 
n=0 (—4q)n+1 n=1 (—4q)n 


Now combine the first and fourth sums and the second and third sums on the 
right-hand side above to deduce that 


272 


aq 
Rs(a) ina 
= (—g@)n-nainghort/ 
=1+ (1 +9") 9") 
> (—aq)n 
2 (_g), gant2qgn(Sn+9)/2+2 
> (—4)na q 14 aq”*) _ 1) 
n=0 (—aq)n41 
= 1 + ' (= Q)n— ja gen? pe )n= a 
n=1 (—aq)n a (—aq)n 


Hence, using (4.3.6), Entry 4.3.6, and the last equality above, we conclude 
that 


a2 2 
Ls(a) =1—+ Tag holaa) 
a? 2 
=1- i Re(aq) 
a 


=1-1+ Rs(a) = Rsg(a). 


Thus, (4.3.5) has been demonstrated, as desired. 


Entry 4.3.9 (p. 27). Ifa is an arbitrary complex number, then 


oo 2 8n+2)q3n Tn? 


= (aq; q")n(1 — 074 q 
(295 4) ~ 2 aah q)n a q?) he aye 


(9397) 


The instance a = 1 of Entry 4.3.9 is identity (61) and the instance a = q? is 
identity (59) in Slater’s paper [262]. These identities also appear in Rogers’s 
paper [248], but the case in which a = 1 first appeared in Rogers’s earlier 
paper [247]. Our proof is based on the work of A. Sills [261]. 
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Proof. We define, for i = 1, 2,3, 
mee nn? +(3—i)n 
aq 
Si(a;q) = 
d (G5 @)n (09; 9?) n-+[(5—4)/3] 
First, by inspection, 
S3(aq*;q) 
Si(a;q) = ————.. 4.3.7 
1(4; q) fs aq ( ) 
Next, 
Cg ce al 
S9(a;q) — Si(a;q) = 
3 (4; @)n (aq; G7 )n+1 
co antlgn +3n+2 aq? 
= gags), (4.38) 
= ’ n ’ n+2 ~~ 
£4 (G @)n(aq; 4?) l—a 
and 
os (1 _ aq2”*1 =¢ “a ng 
S3(a;q) — S2(a;q 
a as » (459) n (495 G7) n+1 
7 > angr 7 > qngn +2n 
= (45D) n-1(4G @)n+1 = (9; Yn(49; 9?) n+1 
= n=0 
= = gh t2g(n+2)? 
“(G5 Dn (0G P)n+2 
a2q! 
a Si (aq q) (4.3.9) 


Iteration of the three functional equations (4.3.7)—(4.3.9) together with the 


initial values S;(0;q) = 1 reveals that these 
S;(0;q), 7 = 1,2,3. 
Next, we note that if [8] 


three equations uniquely define 


oo ete _ ag CPT) ght gear n nhl) ee 
Qk i(@; q) = ; 4.3.10 
on » (9; )n(ag"**) 20 ( 
then 
Qk, (a; — Qei-1(@ ) = aq" Qk ei (0G; Q). (4.3.11) 
Now define, for 7 = 1, 2,3, 

Q3,i (a; q°) 

Ti(a; q) = 

ee (aq; 9? )oo 


from which it immediately follows that 
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T,(a;0) = 1, 1<i<3. 


Using (4.3.11) with k = 3 and i = 1 and the fact that Q3,9(a; q) = 0, which is 
immediately deducible from the definition (4.3.10), we find that 
_ T3(aq?;q) 


Using (4.3.11) with q replaced by q? and with k = 3 and i = 2, we find that 


2 
aq 
Ta(a; 4) — Ti(a;q) = 7 aq nan q): (4.3.13) 


Lastly, using (4.3.11) with k = i = 3 and q replaced by q?, we deduce that 


2,4 


T3(a;q) — Te(a;q) = Ti (aq?; q). (4.3.14) 


1 — aq 


Thus, T;(a;q), 7 = 1,2,3, satisfies the same initial conditions and func- 
tional equations (4.3.12)—(4.3.14) as those satisfied by S;(a;q) in (4.3.7)— 
(4.3.9). Hence, for i = 1, 2,3, 


T;,(a; q) = S;(a;q). 


What is important for us is this assertion for 7 = 2, because the assertion of 
Entry 4.3.9 is equivalent to 


(aq; q)ooT2(a/G; 9) = (49; 7) 0 S2(a/q; q). 


Hence, the proof is complete. 


5 


Bailey’s Lemma and Theta Expansions 


5.1 Introduction 


Most of the entries to be established in this chapter were originally proved 
n [22]. That paper appeared before the discoveries presented in [24] were 
made. It is now possible to present these results in a way that makes clear 
their relationship to the hierarchy of g-hypergeometric identities growing out 
of Bailey’s lemma [41, equation (3.1)]. 

In Section 5.2, we prove the two central lemmas of [22] by means of Bailey’s 
lemma. These are identities (5.2.3) and (5.2.4). Section 5.3 is devoted to the 
corollaries of (5.2.3), and Section 5.4 to those of (5.2.4). 

The term “theta expansions” refers to the fact that (5.2.3) and (5.2.4) each 
involve partial products related to Jacobi’s triple product identity (1.4.8). 


5.2 The Main Lemma 


A pair of sequences {a,,} and {(,,} related by the identity 


n 


ae (— a (5.2.1) 


5a Q)n—r(@9)n+r 


is called a Bailey pair. For a Bailey pair {a,,} and {(,,}, Bailey’s lemma [41, 
equation (3.1)] is given by 


StordalPade( ag ) 6 


n=0 P1pe2 


_ (aq/Pp1)c0 al eales aq a 
ade =e wale ata: (4) el 


(aq/(pip2)) 


G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II, 
DOI 10.1007/978-0-387-77766-5_6, © Springer Science+Business Media, LLC 2009 
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Bailey’s proof consists in substituting the expression for 3,, from (5.2.1) into 
the left-hand side of (5.2.2), interchanging the order of summation, and then 
summing the interior series by invoking (1.2.9) with t = c/(ab). 

We now construct two Bailey pairs. First, with a = 1 and q replaced by 
q’, we set aj = 1 and 


an = (2% +47" )q¥’, N>1. 


Then, using (1.7.3) in the penultimate step below, we find that 


1 = (x? +a-")qr 
» ( 


+ 
(Pe )y  < (4754?) wr (9?s @?) N+r 


2N 

1 2N r—N (r—N)? 

==> y x 
(9°; @7)an << | r ie : 


—N_,N? 
cq = 
(—2xq 2N+1, 


(97; @?)on 
_ 247) n(-2*G @)N 
(97; @?)on 


Inserting this pair into (5.2.2) and recalling that q has been replaced by q? 
and that a = 1, we obtain Lemma 1 from [22], which is given by 


(p15 97) n(p23 77) n(—295 7 )n(—2 1G Pn ( a \" 
y aes 23) 
raz P59 )an pipe 


ta" para" \eelG" /P2t0" Jos 
(975 G7) 00(q?/(p102); 9? )oo 

=. (013 97) w (p23 2) w (aN + 2-%) pL py qh +2 
* (: : ys (q?/p1; 47) n(a?/p23 4g?) 


(Pp Pol @" [0230 ec 3 (913.97) n (p23) N (= e 


© (54?)o0(4?/(11P2); Joo y=, (PF / p15) w(G?/p25 4?) \ pipe 


=—Cco 


Next we construct a Bailey pair now with a = q and 


an = (a@Ntt 4 g—N) gh (N4))/2 N>O. 


Hence, using (1.7.3) in the penultimate step below, we deduce that 
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egret? 


N r+l1 
By = (1 5 +2 


r=0 (Q)n—r(Q)N4r41 


N 
“ —q) ae ae |e r+l 4 g)g r(r+1)/2 


r=0 
__!i > no d argh thle 
(Pon Lv? 
2N+1 
=; : s Pe ‘| a Ntrg(N=r)(W=r+1)/2 
T)2N r=0 


aN gM ANA SE BN $Y sao 
(q?)an . ; 


aN gN(N+0/2 


r=0 


( rq Non41 


(q?)on 
_ (©2)nai(-4/2)n 


(q?)on 


Inserting this pair into (5.2.2), recalling that a = q, and dividing both sides 
by (1 — q), we obtain Lemma 2 from [22] given by 


= L)n41( —q/Z)n (P1)n(P2)n ¢ : 
= (q)an+1 Co 


— (P/p1) (9? /p2) 6 = (p1)n(P2)n prtl 1 eo ca ‘ n(n+1)/2 
~ acl 0ipa) oo 24 (Flon(lan”  * aoe 


(5.2.4) 


5.3 Corollaries of (5.2.3) 
Entry 5.3.1 (p. 33). Recall that f(a, b) is defined in (1.4.8). Then, fora 4 0, 


3 (=a95 4 )n(—4/a5 @)n gant _ fag*, g*/a) 


= (97; 9? )on (975 9? )oo 


(5.3.1) 


First Proof of Entry 5.3.1. In (5.2.3), set « = a and let p; and pz tend to 
oO. 


In her thesis [225], Padmavathamma gave a different proof of Entry 5.3.1, 
independent of Bailey’s theorems. We need two preliminary results: one is a 
decomposition found in P.A. MacMahon’s book [216, p. 75], and the other a 
corollary of the g-Gauss summation theorem, Entry 1.3.1. 
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Lemma 5.3.1. If i and j are arbitrary nonnegative integers, then 


mm? 


(o7tg" ens “(esx jae 
+ 2 
( 


(@73 @7 yela7 39" )y = (0°07 \enral O38 sein 
=1 


(—aq; q?)i(—¢/a; q?); = 


j —m m? 
ori, (a 7") i+j@ 
= GQ )i+m(q? 5G )j—m 
Lemma 5.3.2. Jf |a| < 1, 
> angr —n _ 1 
n—0 (a)n(Q)n Case. 


First Proof of Entry 5.3.1. Letting b and c tend to 0 in (1.3.8), we immedi- 
ately deduce the desired result. 


If we replace a by aq in the last lemma, we obtain a classical generating 
function for the partition function p(n) due to Euler. 


Second Proof of Entry 5.3.1. Multiplying both sides of (5.3.1) by (q7;q7).o, 
we write the identity to be proved in the equivalent form 


Co 


F(a;q) = S(-a9; @) n(—4/0, P) nla"? PoP” = f(aq?, q3/a). (5.3.2) 
n=0 


Invoking Lemma 5.3.1 with i = 7 = n, we find that 


. a: (q?; q’) 2n (m,n A an 
(—aq; @°)n(—4/45 7) n = = Te 2) ey \a™+ae™), (5.3.3) 


m=1 


where 


D..0 m? 
5 (9 a Jand 5 (5.3.4) 
(Ge etl O° 0 lca 


fore) 2 fore) 
q” - 1 
=) p(njq?= ; 
(Gar 2,70) (q; 


rae Moo 


c(m, n) := 


Note that 


where p(n) denotes the ordinary partition function, and so 


Qn? 


2 7 q _ 
Jed, GPR =1. (5.3.5) 


Putting (5.3.3) in (5.3.2), inverting the order of summation, employing (5.3.5), 
recalling (5.3.4), replacing n by m+ k, and employing Lemma 5.3.2 with q 
replaced by q? and a = q*”+?, we find that 
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4n42. 2 
mi Joo Qn? 


CO 

(@7; 7 )on(a 

F(a;q) = » 2. 2)\2 
a (q?;q7)2 
foe) ji nm 
+ 0G"? 09?” S- c(m,n)(a™ + a-™) 
n=0 m=1 
oo gr 
= (¢°3¢°) 
* yi Caren 
foe) CO 
+ So (a™+a-™") > elm, n)(q*"*?; g?) 009" 
m=1 n=m 
iam (P30 )mtn(P3 V)n—m 
[o-e) é Co gr 
= (q°;q") (a™ ip me 
* aX A=m (9739?) n+m(9?3 97) n—m 
5 ie 3m? oe 2k +4mk 
=14+(¢3¢) (a™ +a-™)qr™ 
* aX d, (97; @ )om+n (Gs W Je 
oo (a™ +a m) gm? oo qtr + 2)k g2k(k—1) 
Cougar 


=14 (730 )oo >> <a 

= Agee len 4 
[o-e) 2 
7 6.3 (a™ + a-™)q>™ 
=14+ (150 )oo be (G2; @2) am (qe Fs qo 


m= 


S14 > (a™ + a-™)g3™” 
m=1 
= f(aq’,q°/a). 


Thus, (5.3.2) has been established, and so the proof is complete. 


The next entry is equation (29) on L.J. Slater’s list [262]. 
Entry 5.3.2 (p. 33). If f(a,b) and a(q) are defined by (1.4.8) and (1.4.10), 


respectively, then 
s (<4 0" )n nt _ Fe, a") 
“4 (GMan v(-9) 
Proof. First, observe that 
(5.3.6) 


co 
S- gb2ntd)?/2,2n+1 =, 
n=—oco 
Second, in Entry 5.3.1, set a = 7 and then replace q by ,/q. In the resulting 
sum on the right-hand side, we may replace n by 2n, because the terms with 
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odd index sum to 0 by (5.3.6). Consequently, eventually using (1.4.9) and 
(1.4.8), we find that 


3 (-—4; @ je n? 1 3 6n?2 -2n 
= q” i 
(9; Q)2n (GF Q)ce 


n=0 n=—0oo 


~ (Goo le 
Cave 
(—4®; 4° )00(G Woo 
Cae Gemma ay ee Gee 
(=; 9°) 00(—4?5 9? )00(G5 97) 00(9?5 9?) oo 
10.7) 
(95 4) 00(935 94) 00(94; a4) 00 
f(a") _ f(q?,q*) 


f(-4,-48) = H(-@) ’ 
by (1.4.10). 


Entry 5.3.3 (p. 33). If f(a,b) and w(q) are defined by (1.4.8) and (1.4.10), 
respectively, then 


q 
(P50 Jan v(q) 


Proof. Set a = —1 in Entry 5.3.1. Using (1.4.9), Euler’s identity, (1.4.10) 


o] 


and (1.4.8), we find that 


ee an? _ FG) 


(—4°; 9°) 00 (975 9?) 00 
— (GP) (P73 P)oo(=G Dow 
(P59 )oo — (—935 4? )oo 


(=6; 97 )co(—9": 
- v(q) 
— £a@) 
XQ) 


The next entry is kindred to two identities of Slater [262, equations (124) 
and (125)] but does not appear in her list. 
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Entry 5.3.4 (p. 33, corrected). If f(a,b) and f(—q) are defined by (1.4.8) 
and (3.1.3), respectively, then 


aa 3. 6 : a: 


Ramanujan’s function x(q) is defined by 
x(q) *= (-459" )oo 


Thus, the last factor on the right-hand side of (5.3.7) can be written as y(—q°). 
There does not seem to be any advantage to expressing (5.3.7), or any other 
identity in the early chapters of this volume, in terms of y(q), however. 


Proof. First note that 


: 3. 46 
(err _ (q al Vn (5.3.8) 


G0 )n(e 
and that, by (1.4.8), 
fee" -6 2" r\= (e ae @ Vas (e area, les (gas 


ae ee Joo (5.3.9) 


In Entry 5.3.1, set a = —e?7*/3, Hence, using (5.3.8), (5.3.9), and (1.4.8), we 
find that 


oo 3. 46 . 
d. aan on ee pO ee) 
meas Cae 
(EE Ge Vex 
_ Mee ecla ee esl Teal ea eal a0 leo 
7 Cav emcee 
f(-aq-4@°) 


— 9, ,18 


The following entry can be obtained from a result in Andrews’s paper [15, 
p. 526, equation (1.9)] by replacing q by q’, setting b = —aq, and setting c = q. 


Entry 5.3.5 (p. 33). If f(a,b) and ¢(q) are defined by (1.4.8) and (1.4.10), 
respectively, and if a #0, then 


SS (=a9; 9? )n(—a71G5 nn? _ f(aq?,@?/a) 
= GPG n - w(-q) 
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Proof. In (5.2.3), set = a and p; = —q, and let pp — oo. Consequently, 
after simplification, 


foe) 
(—aq;9q7)n(—@7'G5 97 )n m2? (- ae les N en? _ f(aq?, q’/a) 
> ing So avg — Lente) 


(GP )n (ats a4 PT les. v(-a) ’ 


by (1.4.10) and (1.4.8). 


Different proofs of Entries 5.3.1-5.3.5 were devised by Padmavathamma 
[225]. The next entry can be found in Slater’s paper [262, equation (4)]. 


Entry 5.3.6 (p. 33). If f(—q) is defined by (3.1.3), then 


> (£1): )n gn? _ f(+q,+¢") 
<4 (Gn Jia") 
Proof. First we consider the case in which we take the minus sign. Here 


replace gq by —q and then set a = —1 in Entry 5.3.5. Thus, using (1.4.10), the 
Jacobi triple product identity (1.4.8), and (1.4.9), we find that 


3 (=1)"(-4;7)n 2 _ F(-7,-@?) _ g(-@) 


agen OG) SC) 
_ (975 9" oo 

(—9?; 4?) c0(—45 94) 00(—99} 94) 00(44; €*) 00 

(97397 Joc (45 Qoo f (=a) 


(—G dol a)o (G44) — f(-a*)’ 
by (3.1.3). Since f(—q) = f(—q, —q”), the proof of the first case is finished. 
The case for the plus sign follows from a special case of paury 4.2.3. Namely, 
divide both sides of Entry 4.2.3 by (1—aq), then replace gq by q?, and footy set 
a=1/q?, b=1/q, and c= 1. Multiplying both sides by (—q; ¢”)00/(@?3q7) co; 
simplifying considerably, and using (1.4.9) and (1.4.8), we find that 


= Gee = (14 2d pre) 


(=; 4) 00(9°5 9" oo 

(975.07 )eal=97} 9" Jaa 

(—G5 9)00(975 G*) 00 

peal 1" Jes 

(—9; 7 )o0(—97; 47) 00(473 G7 Joo 
(4; a4) 00 


3 
i 
oO 
i 
Q, 
ons, 
| 
SPs 


which is what we wanted to prove. 
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Entry 5.3.7 (p. 33). If U(q) is defined by (1.4.10) and f(—q) is defined by 
(3.1.3), then 
3 (=4:0")n r2ton _ VG") 


= (a43q4)n f(=07). 


We include this entry in this chapter because of its similarity to Entry 
5.3.6, even though its proof is based on an identity in Chapter 4. Observe that 
in Entry 4.2.11, recorded eight pages earlier in his lost notebook, Ramanujan 
wrote Entry 5.3.7 in a slightly different form. 


Proof. In Entry 4.2.3, replace q by q? and set a = 1, b = q, and c = 1. Multiply 
both sides by 1/(1+q). Then multiply both sides by (—q; q?)00/(q7; 7) oo. After 
simplification and using (1.4.8), we find that 


co 2 co 
—44 ) 2 
yee \n q” 249n _ ( = ee yi Big a gig +2n 


n=0 


Caan Olea ele 30 las 


($4 doo AGO Vela’ a Vos 


2 Vealg?}@” Jes 


by (1.4.10). 


Entry 5.3.8 (p. 33). We have 


~ (— gq a ne v(-@) 6. 12 
d Pn? ~ og ot Je 


n=0 
Proof. In Entry 5.3.5, set a = e27'/3, Observe that 


(—e27i/3 —2ni/3 


GP )n(-e gyn _ (=9759°)n _ (039 )n 
(er a (Ge ene). Pe an 
and, by (1.4.8), 


fle kee e7 271/392) — (= greg. Care (= me re q) 0 (94; a*) co 
— (859 )00(G4s Joo 
(—473 g*)oo 
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Using the calculations above in Entry 5.3.5, we find that 


o (<0 0m on? fern 6 rer) 
<4 (P37 )an v(-9) 
— P51" )o0 (0 Toe 
(—4@)(—4?; @*) 
(—¢ 
= a giao 
by (1.4.10). 
Entry 5.3.9 (p. 33, corrected). We have 
o° : 2 
oe a ae _ v(q) (9°: ¢ 2) 50 


2(q4;q4)n  (-4) 


Proof. In Entry 5.3.5, set a = e™*/3. Using calculations very similar to those 
of the previous proof, we find that 


= (ie aa flet/3g2, e—Ti/3q2) 
x GP) )n w(—9) 
(eT 3g?s G4) o0(— 7 74/3 qs G4) 00 (44s @4) 00 
- v(—q) 
_ (G59"*)o0(a*s 4") 
v(-@) (4; @*) 
2 
my (ge iss 
by (1.4.10). 


A. Sills has pointed out that Entry 5.3.9 is, in fact, a specialization of 
the qg-analogue of Bailey’s theorem [15, p. 526, equation (1.9)]; namely, one 
replaces q by q? and then sets b = qe?™*/3 and c = q to obtain Entry 5.3.9. 
In addition, Sills notes that Entry 5.3.9 can be obtained by taking equation 
(109) minus q times equation (110) (corrected) in Slater’s compendium of 
Rogers—-Ramanujan-type identities [262]. 


Entry 5.3.10 (p. 33). Formally, for a 4 0, 


[oe} 


ye =a G)n(=a/a;P?)n _ f(=a9,—4/a) (5.3.10) 


(a4; q7)n 2y(q?) 


The series on the left-hand side of (5.3.10) is divergent for all g. However, 
if we set py = q and py = —q in (5.2.3), we see that term by term, the left 
side of the resulting identity coincides with the left side of (5.3.10). 
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Proof. We interpret the left-hand side of (5.3.10) as 


“ (=1)"(—aq; @7)n(—G/a; 97) n 
» (Cetin 
=. (11597) (p23 77) n(—G 7 )n(—a- 1G @7)n ( a \” 
eee (93 2) n(—@ @)n(q4s G4) n ( ) 
im (@ 101" )o0(G? [025 g*) 20 

Prd (975 )oo(9?/(P1P2); 9?) oo 


p2—> 


tee n(p2i@2)n(a®¥ +a-%) | oe a N242N 
«(14d Xu Pes @) (9? /p2; ?)N Ge : 
_ (q? 17 Ps - = NQN N2 
~ 2(q4 doo ,! ee" 
= f(-aq, —q/a) 
2g?) ” 
by (1.4.8) and (1.4.10). 


n=0 


p27—-q n=0 


Another formal argument yielding Entry 5.3.10 was devised by Padma- 
vathamma [225]. 

We have seen in this chapter many beautiful representations for quo- 
tients of theta functions by q-series. In particular, several representations for 
f(q*, @’)/v(q) for various a and b have been proved. D. Bowman, J. McLaugh- 
lin, and A. Sills [94] have recently found a gq-series representation for 
f(q,¢°)/v(q@ that Ramanujan apparently did not discover. 


5.4 Corollaries of (5.2.4) and Related Results 
Entry 5.4.1 (p. 34). Fora 40,-1, 


1 fore) 
nj ,n+1/2 —n—-1/2)_ n(n+1) 
gi aya Dk 1)"(a a a 
n=0 


co 


= UY)" (= 49)n(=9/4)m inintry/2, 


A=0 (G4) n+1 


First Proof of Entry 5.4.1. In (5.2.4), let « = a and p, = q, and then let 
p2 — oo. After simplification, we find that 


- 1)” ad) n G/4)n nin 3 = n n —n n(n 
(1b a) 9 Oat rota = ay (att 4a) gr, 
n=0 mh n=0 


(5.4.1) 
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If we now divide both sides of this last equality by (1 + a) and then multiply 
the numerator and denominator on the right-hand side by a~!/?, we obtain 
the desired result. 


Padmavathamma [225] has also proved Entry 5.4.1 as well as the following 
entry. Since her proof of Entry 5.4.1 is quite different, we provide it here. 
We need two preliminary results: Lemma 5.3.1 and a corollary of Heine’s 
transformation (1.1.3). 


Lemma 5.4.1. For 0 < |b] < 1, 
~ (b)n2rqr Vi? (b)00(=2) 00 = (c/b)mb™ 
Ds, (c)n(Q)n - (C)oo 0 (—2)m(q)m_ 


First Proof of Entry 5.4.1. In Heine’s transformation (1.1.3), replace a by 
a/d, set t = dz, let a = 1, and let d tend to 0. 


m= 


Second Proof of Entry 5.4.1. Setting i=n and j =n +1, replacing q? by q, 
and then replacing a by a,/q in Lemma 5.3.1, we find that 


UG m »~m(m-+1)/2 ntl —m ,~m(m—1)/2 
hopa am 
= (Gaon Gn = (Q)m4n(Q)n—-m41 
m=0 m=1 
(5.4.2) 
For brevity, set 
m(m-+1)/2 
c(m,n) = (Qon+19 


(Q)n—m(@)m+tn4i : 
Observe that c(m,n) = c(—m — 1,n). Thus, we can write (5.4.2) in the ab- 
breviated form 


n 


(—aq)n(—1/a)n41 = S> e(m,n) (a + a7"). (5.4.3) 


m=0 


Multiplying both sides of (5.4.1) by 1+ 1/a, we find that it suffices to 
prove that 


~ n n —n— n(n i Gee n 1/a n n(n 
SoC (a + art) gn = YO gut 
n=0 n=0 (q )n-+4 


(5.4.4) 
Using (5.4.3) in (5.4.4) and inverting the order of summation, we now find 
that it is sufficient to show that 


So(-1)" (a® 4 er) quer) 
n=0 
= UP elim) a + a) neon a 
(gq? )n41 


m=0n=m 
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Hence, it suffices to prove that for each nonnegative integer m, 


= (=1)"e(m, n)qgrrt/2 mam(m 
a (@’41)n41 =" peer (5.4.5) 


Now, setting t = q’*! below, we find that 


(—1)"e(m, n)qrrt/2 7 ‘im oo (—1)*e(m, m+ k)qg(™ th) mtk+1)/2 
in a rane > (grr) 


” m+k+1 

= (—1) qr +1) = (—1)* @)omcacaig™ tg /* 

k=0 (Q)e(Qemeeea(Q™ tl a pad 

= aa x (HT) Fg gg Ue 
(grt) nat a (q)n(q2™*?);, 


: (mgr) me (=1)" (epee gh? 
- (t)m-+1 d (q)a(t?)x 


Apply Lemma 5.4.1 with b = t, z = —t, and c = ¢? in the last line above and 
then invoke (1.2.3) to deduce that 


Co 


3 (—1)"e(m, n)qrirtb/2 7 (peg (t)2, oo tm 
= (qr )n4a (t)m+1 (too A=6 (Gm 
= (a1) gh Gs ® = (a1) eyes), 


because, since t = q’*!, 


The next entry was first discovered by F.J. Dyson and proved by Bailey 
(40, p. 434, equation (E2)]. 


Entry 5.4.2 (p. 34). We have 
eee le 
Fo Daan guinea = 0g, 


—  (Ga)an4t 


Proof. In Entry 5.4.1, set a = —e?7*/3 = e~7*/3 and observe that 


qrti/2 + q7?—1/2 ” qrtl +a7" 1, : nm = 0 (mod 3), 
aij? gat 1 = 40, if n = 1(mod3), 


me 
. -1, ifm =2(mod3). 
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Hence, from Entry 5.4.1, 


[oe} 


lo) co 
s Gale gee a > aces 3 n(n-+1) 
Cr 7 : " 
n=0 ‘ an+1 n=0 n=0 
n=0 (mod 3) n=2 (mod 3) 
lee) co 
= s gor t3n = _ gor +15n+6 
n=0 n=0 
co —co 
= oa a +3n _ x, hg +3; 
n=0 j=-1 
= f(¢",0°), 
where in the antepenultimate line we set n = —j — 1. 
u 


Entry 5.4.3 (p. 4). Formally, 


L\ SS (-1)"(—aq39)n(—a/a3)n 1S aes 
= 1)"(a” n n(n 
( . :) x (G59?) n41 2 d )"(a" +a Jaq 


(5.4.6) 
As in the case of Entry 5.3.10, the left-hand side of (5.4.6) does not con- 


verge for any value of g. We show that the left-hand side of (5.2.4) reduces 
term by term to the left-hand side of (5.4.6). 


Proof. Setting x = 1/a in (5.2.4), we see that 


(: | ~) 3 (=1)"(—aq; g)n(—4/439)n 


a} (9347) n41 
lore) -] 2 = 7 - . 2 n 
= lim Se /@)n+1(=4q)n(P1)n(P2) ( q ) 
a ee (q)ant1 Pip2 


(q?/ 01) 00 (9?/p2)o0 


2 
an 2 
Pr, (DoolG?/(P1P2))oo 
= (P1)n(P2)n —n-1 n ( ¢ ) n(n-+1)/2 
x a +a —])q 
2G), ie ) pip2 
_i1 — n(~n , ~—n—-1),n(n+1)/2 
= 5 1a? + a Nght VP. 


n=0 


Entry 5.4.4 (p. 15). Fora 40, 


| L = (aq; ¢7)n(q/a; 9) n n = —1)"(4a" qo" t n2+n 
( | 2 (—4q; @)2n41 = 1)"(a" + )q . (5.4.7) 


5.4 Corollaries of (5.2.4) and Related Results 111 


While this entry is certainly appropriate to this section, we have not found 
a proof that is a direct corollary of the identities in Section 5.2. 


Proof. In (1.7.3), set n = 2N, a = 1, and replace qg by q?. Then set b = 
aq~?N*! and replace the index of summation by N — j. This yields, after 
enormous simplification, 


Co 


(agg?) (a7 'a@?)w = D7 faa (-1)fa-F gr" 


=, Fae , (-1)faiq’, (5.4.8) 


j=-00 


where in the last step we replaced 7 by —j and used the symmetry of the 
g-binomial coefficients. Hence, using (5.4.8) and the q-analogue of Pascal’s 
formula for binomial coefficients, we find that 


a (1 | ~) 3 (245 g?)n(a/aia?)n ” 


(—4; @)an+41 


= q" = 2n | 
= | (-1faig 

do q; Q)2n41 2s Fo q 

= 2n | 1)? 
= (-1)%a7g* 
S71 
a 4 

oo Sect oo g” 2n aa Qn | 
= =| JqJ J ee ; = 4 

ps Hen Bie G Qon+1 (1, “ m= 715 


We first examine the inner sum on the far right side of (5.4.9) for 7 > 0. 
To that end, 


_— ( “-e-4 2.) 
ae ie N—JJ Qo n—Jj-I) 
Cit n(n ee )) 
7 =e Q)2n+1 (975 7) 9975 Fn get 
2j+1) 


= = (7 1d *on(1 —T ger =—¢ 
(95 @onsnla" 107 nO? 7a" asses 


co 


_ (1 S q2itt) s- (q; Q)2n q” 


n=0 Ct ger (ged goes Te 
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[oe} 
(G5 Q)ant2i ua 
=(1- gi*) grts 
» (97; 9?) n(q?; Q )npog41. 


GD2j1 se (Cube eC mae oe ” 
#0" a5 ie hGr ig hn 
) ) 


2j+1 7 q; Nes 
ee eae g 


279+2 


2j+3. 
co 


( 
( 
(a. Q2j+41@ (¢ 
Craigs Pree dedi gp or ap ee 
( 


=_, (5.4.10) 


where in the antepenultimate line we applied (1.2.9) with q replaced by q?, and 
then set a = q?/+1, b = q7+?, c= qt4, and t = q. Thus, the contribution of 
(5.4.10) to the sum S of (5.4.9), i.e., the terms for 7 > 0, is equal to 


So(-liaig’ 4, (5.4.11) 


which indeed does give us part of the right-hand side of (5.4.7). 

Now if we replace a by a7! in the left-hand side of (5.4.7) and then multiply 
by a~', we see that the left-hand side of (5.4.7) is invariant. Consequently, 
the coefficient of a~4~! on the right-hand side of (5.4.7) is the same as the 
coefficient of a7. Hence, using (5.4.11) and the observation that we just made 
n (5.4.9), we conclude that 


= 1 - (aq; 97) n (q/a; q’) n gq” = j -—j-1 pag 
s=(1+2)> = Via tag, 


n—=0 (— q; q)2n41 


=0 


as desired. 


If we divide both sides of (5.4.7) by (1+ 1/a) and let a + —1, we deduce 
the identity 


= (-459°) = 
2j+1)q7 19, 
d, (—@?;@)n(1 + FF = 2 


which should be compared with Jacobi’s identity 


(a?:47)8. = Do(-1)7 (29 + 1a? 4. 


& 
ll 
oO 
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Partial Theta Functions 


6.1 Introduction 


In the lost notebook we find a number of identities involving sums of the form 


CO 


bee gabe (6.1.1) 


n=0 


Inasmuch as this sum consists of the terms with positive index taken from the 
classical Jacobi theta function 

co 

S- grin +Bn _ (=297?: OP eka > he ewes P) oo, (6.1.2) 


n=—Cco 


we have chosen to name the series in (6.1.1) partial theta functions. We have 
chosen the designation partial theta functions, in contrast with L.J. Rogers’s 
“false theta functions” discussed in Chapters 9 and 11 of our first volume [31, 
pp. 227-239, 256-259]. The false theta functions are instances of the full series 
in (6.1.2) with z specialized to +q* for some real number a but with a sign 
pattern inconsistent with a specialization of (6.1.2). In general, then, partial 
theta functions are not the same as false theta functions; however, most false 
theta functions are a sum of two specializations of partial theta functions. 
Formulas such as those in Entry 6.5.1 might be regarded purely as false theta 
function identities; however, their proofs rely on earlier results in this chapter. 
Consequently, it is natural to include them here. 

The majority of results in this chapter first appeared in [21] and [28]. Sub- 
sequently, R.P. Agarwal [4] made a major contribution in placing the main 
lemma in [21] within the standard hierarchy of the theory of g-hypergeometric 
series. Most recently, S.O. Warnaar [273] has discovered a truly beautiful iden- 
tity connecting the sum of two independent partial theta functions. Warnaar’s 
work elucidates some of the more recondite partial theta function identities. 

As in other chapters, such as Chapter 9 of [31] on the Rogers—Fine identity, 
we need central theorems, such as Theorem 6.2.1 in Section 6.2 and Warnaar’s 


G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II, 
DOI 10.1007/978-0-387-77766-5_7, © Springer Science+Business Media, LLC 2009 


114 6 Partial Theta Functions 


theorem in Section 6.6, which are not stated by Ramanujan but which yield 
most of the results in this chapter. After proving Theorem 6.2.1 in Section 6.2, 
we devote Section 6.3 to deducing results on partial theta functions. Section 
6.4 is devoted to the examination of several entries on a particular partial 
theta function. Various extensions of Euler’s identity are the focus of Section 
6.5. In Section 6.6, we prove an expansion theorem for the product of partial 
theta functions [38], and from this result we deduce Warnaar’s theorem. We 
then consider implications of Warnaar’s theorem. Finally, after all of these 
developments, there remains one recalcitrant formula of Ramanujan, which is 
proved in Section 6.6. 


6.2 A General Identity 


After [21] appeared with its laborious proof of a central lemma, Agarwal 
[4] showed how the result is implied by one of D.B. Sears’s three-term 3¢2 
relations [256]. We follow Agarwal’s elegant account. 


Theorem 6.2.1. For any parameters A, B, a 40, and b, 
3 (B)n(—Abq)n q? = (B) .0(—Abq) oo . (1/A)m (=) 
(—aq)n(—ba)n A(—44) 00(—b9) 00 v=o (—B/a)m41 a 


n=0 
09 (—1/a)m41(—ABgq/a)m m 
ee d. (—BJa)m 1 (AbG/@)m1' i 


m=0 


Proof. The relevant identity of Sears [256, p. 173, equations II(a)—(c)] is given 
by 


cme (<<) > (a)n(b)n(C)n (i )’ 


abc — (q)n(e)n(f)n \abe 


xo (€/a)o0(F /a)oolef /(be)) (€/)n(f/P\n(@n —-n 
> (b/a)ac 25 CTEM CHICOM 


(2) 00 (€/b)oo( f/8) oo (ef /(4C)) 00 = (e/a)n(F/a)n(b)n q” 
(a/b) 0 = (a)n(bq/a)n(ef/(ac))n~ 


Replacing a by q, we deduce that, after simplification, 


(l=¢/g)(l= ef /(beq)) = (b)n(C)n = = = (e/b)n(f/b)n n 
(1 — e/q)(1 — f/q) 2 (e)n(f)n cc - d 4, (@ 2/b)n(ef /(be))n” 


(1 = 6/9) (€/b)o0( F/b) 00 (Goo (ef /(€4)) =e (e/q)n(F/Q)n a” 
(ef /(bc) oo (€/d) 0 (F/G) 00(4/b) ce n(ef/(cq))n 


n=0 


+ 
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_ (e/b) n (f/b)n q” 

~ 20 ib aleF bern 

(1 = b/9)(€/b)oo( F/b)oo(€)oo ¥> (€/)n (4) 
(ef/(be))o0(€/G)oo(4/P)oo AH (en \a/ ¢ 

where we have transformed the second sum on the right-hand side using 


Heine’s transformation (1.1.3). Now replace b by —q/a, and then replace f 
by Abq?/a, e by —Bq/a, and c by —ABgq/a. Theorem 6.2.1 now follows. 


—- 


6.3 Consequences of Theorem 6.2.1 


Entry 6.3.1 (p. 40). We have, fora #0 and any number b, 


[oe} 


a" 1 = jer —m—-1pym_m(m+1)/2 
= a bg 
» (—aq)n(—bg)n — (—€q) 00(—b9) ov paiee 
+ (14 +) se =1) m ord m(m-+1)/2 
(—ba)m 


m=0 


Proof. In Theorem 6.2.1, set A= B =0. This yields 


Co 


a" 1 m+1.—m—1pm_m(m+1)/2 
= 1 b 
2 -a),o; Gacee 4 
+ (1+) S)(-1/a)m+i1(—b)™ 
m=0 
1 — m+1_—m—1pm_m(m+1)/2 
= aan 2 | 1)" a bq 


Tl lo) (21g pagel 
+(1+ ) 
( a » (—bq)m 


where we applied (1.2.9) with a, b, and t replaced by —q/a, g, and —b, respec- 
tively, and then let c— 0. 


m=0 


B. Kim [189] provided a beautiful bijective proof of Entry 6.3.1 and so 
successfully solved a problem posed by I. Pak [226]. 


Entry 6.3.2 (p. 37). Fora 40, 


CO 


arm Q)n(— 


(1 ue a) gg ere Gg. 2 ag 
dX a DE 


Co 


1 
(—4aq)oo(—4/4) 


( Lee ge, 


n=0 
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Proof. In Entry 6.3.1, replace a by 1/a and then replace b by a to find that 


oo 1 £9 ng2ntl n(n+1)/2 
2 Cag ae: (=a) o0(—G/a) oc DI 1) q 


oo (a1) gern)? 


+(1+a) >> 


m=0 (—aq)m 
ie qznti n(n+1)/2 
(—aq ee xe 
(1 +a >> ae"q peat att sagt), 
n=0 


by Entry 9.4.1 of [31]. 
Entry 6.3.3 (p. 40). For ab 4 0, 


i. (—1)"aro-Mgr(n+1)/2 1\ (—1)"a-Pprgrin+0)/2 
1 14 
( > = a 
) 


a0 (—aq)n 
(; ‘) (aq/b)o0(b4/@)o0(4 
boa (—aq) 0 (—bq) c6 


Proof. Subtract Entry 6.3.1 from Entry 6.3.1 with a and b interchanged. 
Consequently, 


1 (1) Q™h-” n(n+1)/2 1 (1) gr hr n(n+1)/2 
ee, ae ee 


n=0 (—aq)n es 


n=0 
1 ts a? ee Sees 
(—aq)co(—bq) 00 So (1)? (a®b-78 = a P18?) grin D/2 


1\ & (—1) "apn )/2 ( 1) °° (—1)a-Porgnrin+))/2 
= (14 14 


n=0 (—aq)n ws 


n=0 
1 ~ TEs = Te — nin 
(Cagalcbae » (—1)"arpr—rhgrn4 0/2, 


Now from (1.4.8), 


[oe} 


Ss Cie = * f(—aq/b, —b/a) 
= + (29/8) o(6/4)2o() 
= 5 (1-2) (ca/P)o(0a/a)acld) 


_ (F _ ~) (ag tba Acla\nt 
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Thus, using this last representation in the foregoing identity, we deduce that 
1 (1) q™h-” n(n+1)/2 1 (1) "gH n(n+1)/2 
0 (13 yo! )"a q (14 >> )"a q 
b n=0 (—aq)n _ n=0 (—ba)n 


(; ~) aes Cal tos a 
boa b=) xo U0) ac , 


This is equivalent to the desired result. 


Early in the twenty-first century, several further proofs of Entry 6.3.3 were 
independently given, sometimes without knowledge that the theorem can be 
found in the lost notebook. D.D. Somashekara and S.N. Fathima [264] used 
Ramanujan’s ;w, summation theorem and Heine’s transformation to establish 
an equivalent version of Entry 6.3.3. 5. Bhargava, Somashekara, and Fathima 
[83] provided another proof, which is a slight variation of that in [264]. Pro- 
ceeding from scratch and using the g-binomial theorem, T. Kim, Somashekara, 
and Fathima [193] gave a much different proof of Entry 6.3.3. P.S. Guruprasad 
and N. Pradeep [170] also devised a proof using the g-binomial theorem. 
C. Adiga and N. Anitha [2] devised a proof of Entry 6.3.3 along the lines of 
M.E.H. Ismail’s proof [184] of Ramanujan’s ;v, summation formula. Berndt, 
S.H. Chan, B.P. Yeap, and A.J. Yee [71] found three proofs of Entry 6.3.3. 
Their first, using the second iterate of Heine’s transformation and the v1 
summation theorem, is similar to that of Somashekara and Fathima [264]. 
Their second employs the Rogers—Fine identity. Their third is combinatorial 
and so completely different from other proofs. As a corollary of their work, 
they derive a two-variable generalization of the quintuple product identity. 

S.-Y. Kang [188] constructed a proof of Entry 6.3.3 along the lines of 
K. Venkatachaliengar’s proof of the Ramanujan ;7~; summation formula [3], 
(54, 32-34]. She also obtained a four-variable generalization of Entry 6.3.3 and 
a four-variable generalization of the quintuple product identity. 


Theorem 6.3.1. Suppose that ab £ 0 and that c and d are any parameters, 
except that c,d #4 —aq—",—bq—", for any positive integer n. Let 


vecd) = (14. LY Sh DMG. 6 cd /(ab))n (1 + cdg?” /d)arb—r gre 9? 
phate (: : ps (—aq)n(—c/b, —4/B)n1 | 


n=0 


Then 


pa(a,b; ¢; d) — pa(a,b; d; c) = (; ") a 


boa d/a, —d/b, —c/a, —c/b, —aq, —bq) oo 


Note that if c= d= 0, Theorem 6.3.1 reduces to Entry 6.3.3. 
Z. Zhang [290] also found a three-variable generalization of Entry 6.3.3. An 
earlier attempt [289] to generalize Entry 6.3.3 evidently contained a mistake. 
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Theorem 6.3.2. [fa and b are not equal to 0, and aq, adq, bq, bdq 4 —q~", 
n > 0, then 


OO ff _4\n a arb” n(n+1)/2 
(1+ j) army a 
) a+ aa) 


(—aq, —adq)n 
i 
ee (a eee 
( va 2 (—bq, bq) 


_ (; *) Cm 


) 
(=1)" (abd) ,a-" ig?) 
boa aq, —bq, —adq, —bdq) oo 


Z.-G. Liu [205] has also generalized Entry 6.3.3 in the following theorem. 
Theorem 6.3.3. 


 (q/be, acdf; q)n SS (q/bd, acdf; q)n 
d bd)” —c bc)” 
2 (ad, df; q)n+1 ve dX (ac, cf; q)n41 re 
_ (¢,4d/c, c/d, abcd, acdf, bcdf; q) 2 
— (ac, ad, cf, df, bc, bd; q) oo 


If we set b = f = 0 in (6.3.1), we deduce Entry 6.3.3. Taking b = 0, we obtain 
Zhang’s extension in Theorem 6.3.2. 

Lastly, we remark that W. Chu and W. Zhang [130] have not only extended 
the results of Kang, but they have even extended Andrews’s original result 
(21, Theorem 6] as well. 

Although we have mentioned only a few applications of Entry 6.3.3 and the 
two generalizations recorded above, all of the papers that we have cited contain 
applications of the main theorems. In particular, some offer applications to 
sums of squares. 


(6.3.1) 


Entry 6.3.4 (p. 37). Ifa 40, then 


q a n? saa | aqe” ) 
n=0 ( aq; q \n41(— q/4a; q? adi =0 


Co 


1 
( Large, 
(—49; 4? )oo(—4/45 q?)oc dX 


Proof. In Theorem 6.2.1, replace q by q?, then set A = B = 0, and finally 
replace a and b by q/a and aq, respectively. Upon multiplying both sides of 
the result by g(1 + aq)~!(1+ q/a)~*, we find that 


or 


<> (—49; 9?) n4.1(—4/43 9? )n+1 


grtt 


= iL - y? q2ntt ger) 
(—aq; 9?) oo(—4/a; 97) eee 
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+a mi —aq;q")m(—aq)™. (6.3.2) 


To conclude this proof, we apply (1.2.9) with q replaced by q?, and then with 
a, b, and t replaced by —aq, q?, and —aq, respectively. Then we let c¢ tend to 
0. Accordingly, 


ol —aq;q") m(—agy™ = 50 
m=0 


foe) 
_ ; : 3n4+1_3n?42n Qn+1 
— a q (1 — aq ys 


Lee gee) 


—a9; 7 )m+1 


by Entry 9.5.1 of [31]. Using the identity above in (6.3.2), we complete the 
proof. 


Entry 6.3.5 (p. 5). For any complex number a, 


= (aq; @? nq” = ie qa” gery 
y eetett 25 


n=0 

; i oo 1g) 

TAGs Joo (4G; Too Fa 
OL eee) 4 (a9; 9? )n41 

Proof. We begin by applying (1.2.5) to the left-hand side of this entry with 

t =q, a replaced by aq, b= q, and c= 0. Hence, after simplification, 


gn 


— (a9; 7 )ng” = 
d n 
n=O G3 4)n oo me (aq; ¢? 
oo quer 
+ (gq; q’) oo (aq?; q’) 
( - 2G 2 )m-+1 (aq?; q 2) m 


Now by (1.7.6) with q replaced by q?, we see that the first expression on the 
right-hand side of (6.3.3) has the representation 


CoO 2m [oe} 


q non n(n 
(¢73 2) 00(097; q7)oc a Cara — i S°(-1) aq ( +1). 


m0 m(aq; q )m n= 


Consequently, to conclude the proof of this entry, we must show that 


(9; 4? )o0(a9"; 4") oc x 


=0 (q; qd ag re Cone a en 


= So(-1)ra"gr*) — (4; @?)o0(a93 @”) a= 


n=0 n=0 


2m+1 


(6.3.4) 


ager) 


(aq; - )n-+1 
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But this last assertion sollowe immediately from Entry 6.3.1, as we now demon- 
strate. Replace q by q?, replace a by mg and then set b = —aq. Multiply both 
sides of the resulting identity by ¢(q°; q7)o0(aq?; q7)oo and simplify to deduce 
(6.3.4). 


Entry 6.3.6 (p. 8). Ifa 40 and f(a,b) is defined by (1.4.8), then 


(: ~) 3 CRs ne alate 
a}  (—a9q; 9? )n+1(—-4/4; pe 
= =i eg gnn yA 3n gr +7 eq" : 
» CRT sda ) 


Proof. In Theorem 6.2.1, replace q by q? and then a by q/a; then set B = 0, 
b = aq, and A = —a~‘'q~?; and lastly multiply the resulting identity by 
1+1/a)(1+aq)~'(1+ g/a)~*. Consequently, 


( 
lyr oe. 
(1 :) 2 (—aq; 47) n41(—9/4; 9?) n41 


n=0 
_ (9; P)oc — ay a St OG FP) m= 29)” 
($895 9 )oo(- 4/43 Foc 2s eG, = (—aq?; q?)m 
(Gao < ne ns  (—aq; 9") m(—aq)™ 
~— f(aq,4/a) a ae py (—aq?5q?)m 


where we applied the Jacobi triple product identity (1.4.8). 
Thus, to complete the proof of the entry, we must show that 


<> (=49; ¢?)m(=ag)” _ > vp 
= 1y*e% gr? 6.3.5 
y (—aq?; g?)m d (6.3.5) 
and 
So (-a;¢ jane ee yr 3n?2+n (1- a2 go), (6.3.6) 
m=0 n=0 


To prove (6.3.5), invoke (1.7.1) with q replaced by q?, and a = —aq, 3 = —aq?, 
and 7 = —aq to find that 


co 
> (— aq; q) 25 Qn gr a t=a7"") 


m=0 (— aq? q) n=0 


= So(-1)ranghto/2 


n=0 


To prove (6.3.6), apply (1.7.1) with q replaced by q? and a = —aq?, 3 = 0, and 
7 = —a, and lastly multiply both sides of the resulting identity by (1+). 
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Entry 6.3.7 (p. 2). Recall that f(a,b) and w(q) are defined by (1.4.8) and 
(1.4.10), respectively. Then, for any complex number a # 0, 


(: ate ~) 3 =Car" 
a) (4G; P )n+1 (9/45 7 )n41 


_ ¥(Q) ol a)rgrirHt/2 _ 5 *(—a)ngnrt), 


f(-aq, —q/a n=0 n=0 


Proof. In Theorem 6.2.1, replace g by q? and then a by —q/a; then set B = 
—q, b= —aq, and A = —a~'q7; and finally multiply both sides of the result 


by (1+ 1/a)q(1 — aq)~1(1 — q/a)~1. Consequently, 


(1+ -) % (—4; dong 


£4 (49; 7) nti (9/4; Pn 
© (aq; G) 004/43 9?) 00 


2n+1 


(1 + a)(—4; 4) 00 3 (—aq; q7)m(—aq)™ 


(—a; q?)m41 


m=0 


y (aq; F )m(G 7")m(aq)”™ 
A (=49?5 9? )m(—49; @?)m+1 
By (6.3.5), we see that the first expression on the right-hand side of this latter 
result is equal to 


Cae 5 age ye 
(9; 9?) 00(9?; 4? )o0 (49; 7?) 00 (9/45 Goo 


= w(q) = a)” n(n+1)/2 
5 \"q ; 


f(—aq, —q/a m=O 


by (1.4.10) and the triple product identity (1.4.8). Therefore, to complete the 
proof of this entry, we must show that 


g:= s a a (q; 7 )m(aq)”™ = Yeager. (6.3.7) 


—aq?; q?) m(—aq; q?)m+1 


m=0 n=0 


Now apply (1.2.1) with k = 2, with a replaced by aq, and then with b = q, 
c= —aq’, and t = aq. Thus, 


1 se (aq; q”)m(4; 4)2m(aq)™ 


— L+aq (q2; 2) m(—aq?; q)2m 


m=0 
_— FD x(V Pi Poo Yr (495) m(4G P)mg” 
(—49; 0) 0 (93.97) 00 (G0) ( 0767397), 


m=0 
=(ennerim ay, ae ae 


(4; ¢)m(4q; d)m 


m=0 
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We apply (1.2.1) once again, but now with a, b, and c replaced by —,/aq, 
,/aq, and aq, respectively, and with t = gq. Multiplying both the numerator 
and denominator by 1 + ,/aq, we find that 


(93 9) 00(497} 9”) 00 (44; 4) 00 >. (Jag; antag)?” 
(aq; d)oo (4; Doo L (= 4G m4 


=e i getty, 


where we applied (1.7.1) with a = —,/aqg, 8 = q,/aq, and t = ,/aq. Hence, 
(6.3.7) has been demonstrated, and so the proof of Entry 6.3.7 is complete. 


S= 


Entry 6.3.8 (pp. 7, 13). We have 


2n+1 


~ (- G3 Vand 1 - n n(n+1)/2 1 - n n(n+l1 
> = gig Lene ES ce ayraner 


aC ee 05 ar 


Proof. Set a=1 in Entry 6.3.7 and note that 


0@) 09) _ (P57 )o0(=4 Doo 1 


i-E-q) ~ e(-@) GPx (Go (Ge) 


9 


by Euler’s identity. The desired result now follows. 


Entry 6.3.9 (p. 29). Fora 40, 


(CAC AX a 1 
> ’ =(l+a a Rhee )/2 
& (-aq?; q?)n(—4?/a; 4? )n ( du ) 
a(q;q°) 2 n 3n24 ar n+ 
a( 3 qg 2 q ty, 


(=a9";¢@" )oa(— 72/057) 


Proof. In Theorem 6.2.1, replace q by q? and a by 1/a. Then set A = 
—a~'q"', B=0, and b =a. Consequently, 


ar ae 
= (—aq?; q?)n(—9?/a; q?)n 


ara 


Co 


= agg a q ) » aq; ¢° )m(—aq)”™ 


(—aq?; 97) 00(—4?/45 9? )oo 4 


+(1+a) “S —a;¢")m41(—- ay” 


= (—49;¢?)m-+1 


To complete the proof of Entry 6.3.9, we must show that 
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| ~aq; q) = Soa 3n? at = ag?) (6.3.8) 
m=0 
and so a 
—a, or \m-+i —a)™ n_ n(n+1)/2 
a —a : 6.3.9 
ee =a; 9? )m-+1 d me cee 


To prove (6.3.8), apply (1.7.1) with q replaced by q? and then with a = —aq 
and T = —ag. Letting 6 — 0, we deduce (6.3.8). Invoke (1.7.1) once again, 
but now with a = —aq?, 6 = —aq?, and r = —a. Multiplying both sides by 
(1+ a)/(1 + aq), we find that 


sad . 
S- (—a;q° )m4i(— = Soo 2n? +n 1— ag") 


(—aq; q?)m+1 
= =e ra (n+1)/2. 


Thus, (6.3.9) has been shown, and hence the proof of Entry 6.3.9 is complete. 


m=0 


Entry 6.3.10 (p. 29). We have 


OO ef coe ae 2n ee 
» ( v4 Jd _— Oe ee ie 


ror a ae a er 


wee bax 1)Pgi2n*+8n(1 4 gint4), 
: % n=0 


Proof. In Entry 6.3.9, assume that q is real and replace gq by —q. Setting 
a =i, we find that 


= (=G 9) nr _ Ref — 1/2 
S- (1+) So(-i peerale (6.3.10) 
= fi pe BAY 
(ania s a 
a( GG" )oo = 3n( 3n?+2n Qn+1 
=a (=o) ae) 
Oe ete 
First 
Re {1 Ay i) Soran} _ » quest) _ x git DQn+1) 
n=0 n=0 n=0 
ay (gh. (6.3.11) 
n=0 


Second, 
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Ref g3n+1(_g)3n?4+2n(7 +g) 


n=0 
> ee ce _ Sipe ees 
n=0 n=0 
- ae \"q 12n? +8 (1 4 gnt4), (6.3.12) 


Substituting (6.3.11) and (6.3.12) into (6.3.10), we complete the proof after 
observing that 


(G7) (Gi )eoliees  . (eile _ va) 


(—i@ic- Pale Gia elGi lan (Gahan 


by (1.4.10). 


Entry 6.3.11 (p. 4). Fora 40, 


= (oad = (n+1)/2 
= l+a —a cae n 
4 (—aq; 7)n(—9/4; d)n re) 24 ) 
a9; 9?) 00 7 ie az” ger), 
(—aq; 4) co(—4/43 10 ea 


Proof. For ease of notation, we shall prove the identity above with q replaced 
by q?, in which case it may be rewritten as 


3 (957 )n(-—G Png” =i ASX a)ngnnt 
n=O (—aq?; @?)n(—@?/a; @?)n ay 


[oe) 


1d 0" ea 0) 0" oc So(-1yrarn genre), 


(—aq?; q?)oo(—4?/a5 9?)oo — 


Now in Theorem 6.2.1, replace q by gq’, a by 1/a, and b by a. Then set B = q 
and A =a~'q7!. Thus, 


ar, (9397 )n(—G ng” 


<> (— 497; 4?) n(—4?/4; 9?)n 
(-4 


_ A959? )oo(=G5 4? oo (095 9?) (ag) 
7 (—aq?; 7) oo(— re yy (—aq; 97) m44 


Co 


2. oe (—a)™ 
+(1+a) “mt u(— 05 4 6.3.13 
ier —ag; ¢?)m+1(4q; 97 )m41 ( ) 
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Apply (1.7.1) with q replaced by q?, and then with a = aq, 3 = —aq’, and 
7 = aq. After dividing both sides of the resulting identity by (1+ aq), we find 
that 


ee) . 2 m See 
> (aq; qd )m (aq) = So (pra enit), (6.3.14) 


(—aq;97)m4+1 


m=0 


Next, invoke (1.2.1) with h = 2, q replaced by q?, and a, b, c, and t replaced 
by a?q?, —a, aq’, and q*, respectively, to deduce that 


m 


Gia 2 (—a; q?)m+41(—47; G7) m(—a@) 


(—aq; 97) m41(4q; G7) m41 


m=0 


oy a ig) sts © inka)" 


~ T= aq OE? i 


__ (ta)? .. a. 57 aig" )n(— a5 Jana 
(1 — a?q?)(—a; q?)oo(a7q°; G4 )oo A=) (G45 g*)n (07475 @?)an 


—a: A —a 2's ag An 
Saga lt @ sa (aid n(ag sd ng (6.3.15) 


(a4 a" )n(@? ats Gn 


To the far right side of (6.3.15), we apply (1.2.1) with q replaced by q*, h = 1, 
and a replaced by —a. After this, we set b = —aq?, c = a?q*, and t = q* to 
finally arrive at 


(—aq?s 9") o0(—aq4s q*)oo _ q*)n(—aq?)” 
BSG olde es 
( ool ) Car re Cie aire a —aq*;¢ oF 
= » ae"g An? aren = aq*" +?) 
= -ajtgn™, (6.3.16) 
n=0 


where in the penultimate line we applied (1.7.1) with q replaced by q*, a by 
—aq’, 3 by —aq*, and tT by —aq?. 

Substituting (6.3.14) and (6.3.16) into (6.3.13), we complete the proof of 
Entry 6.3.11. 


Entry 6.3.12 (p. 1). Ifa, b, andc 40 are complex, then 


2. (—ag)n(—bg)ng@t? — Zi (-1/e)n(ab/e)-tqnint+)/2 
x (—¢q)n 7 > (aq/c)n(bq/e)n 


( ~ ol tales SI (ab/c?)"— 1g? 
(aq/e)n(bg/e)n- 


n=1 
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Proof. In Theorem 6.2.1, replace B by —Bq and A by A/b. Then let b — 0 
to deduce that 


= (—Bq)n(—Aq)nq” _ ( ae bal Ns ale (Aq/a) ym 
2 Cale a Ba) anc 
at oe m(m-+3)/2 
oo (Bq/a)m+1(Aq/a)m41 : (6.3.17) 


Next, in (2.1.1), replace a, b, c, d, and e by q, 1/7, 1/T, Bq?/a, and 
Aq’? /a, respectively, and then let t — 0. After multiplying both sides by 
(1 — Bg/a)~'(1 — Aq/a)~1 and simplifying, we find that 


oo (AB n~n2+2n co A n 
ar /a*)"q = we _Ag/a)” — (6.3.18) 
= (Baq/a)n+1(Ag/@)n+1 n=O (Bq/a)n41 

Therefore, we may substitute the left-hand side of (6.3.18) into the first 
expression on the right-hand side of (6.3.17). After multiplying both sides of 
the resulting identity by g, we arrive at 


 (—Ba)n(—Agng"t? _— (—Ba)co(—Ag)oo Sa (AB/a?)"“1q™ 
2, (—aq)n a(—4q)oo a (Bq/a)n alan 


>, =1/ a), can n(n+1)/2 
(Bq/a)n(Aq/a)n 


and this is the desired result upon replacing A, B, and a by a, b, and c, 
respectively. 


Entry 6.3.13 (p. 30). [fa #40, then 


oo —1)" cq aa pn glee 
epgy « = 
a (—cq/a)n41(—b9)n 
7 (cq) nd | (cq) oo °° (—1)"a-"1prgn(r+9)/2 
& (=a9)n(—b9)n — (—@9)o0(—B9) 00 (—cq/a)n-+1 


Proof. In Theorem 6.2.1, set A = 0 and B = cq. Thus, 
Kesd e q-?- long n(n+1)/2 


= (cq)nq” a a i 
> (—aq)n(—bq)n a (- aq =e 


(—cq/@)n41 


+(14 ve eal 8 


n= (—cq/@)n+41 


To conclude the proof, we must show that 
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lee n+1 = (—cq/a)n41(—b@)n 
n=0 


which follows from (2.1.3), after replacing a, b, d, and e by q, cq, —cq?/a, and 
—bq, respectively, and then multiplying both sides by (1+ 1/a)/(1+cq/a). 


Entry 6.3.14 (p. 3). Ifa 40, then 


= (-1)"(qg7ng™ Ld (GP nent! 

d Ca Pala. pe, (—aq; Q)2n+1 
—(GP)o SS _(-1)"a™ 
© (=493 Goo a (—@?/a3q?)n 


Proof. In Entry 6.3.13, replace q by q?, and then replace a, b, and c by aq, 
a, and 1/g, respectively. Multiplying both sides of the resulting identity by 
q(1 + a)/(1 + aq), we complete the proof. 


Entry 6.3.15 (p. 29). We have 


3 ne ang” -3 18n? +3n/ — gi2n+3 +4 qi8nt6 = qoor+15) 
na q°; q°) 


1 (9; doo ~ 3n? +2 Qn+1 
1)"q ni +2n 1+q?7"* : 
2 (48; G)oo DI ( ) 


Proof. In Entry 6.3.13, replace q by q?. Then set c = 1/q, a = —w, and b = 
—w?, where w = e?7'/3, Consequently, after simplification and rearrangement, 
we find that 

n, n_n(n+1) 


= +7)2n ee 1D) oo — 1)"w 
y > a a ore as )nw"q 


<= (95 )n (9°39 oo 4 (G/W5 9?) n41 


= cee _ w) > — qd sgh a 


 (q/05 Png (w7Ps P)n 


In order to conclude the proof of Entry 6.3.15, we may assume that q is 
real and we must show that 


man(n+1) 1 iSaod 5 
Re (0 -1 = )- = 5 | 1g as 4g?) (6.3.19) 


= ue ‘are = 


and 


_ SS (=1)"(G @?)nwrgrertD 
Re (-» ‘d-w) >> TD) 2 A2 


= erg ga rg ln 
n=0 


3 2 
ae ~ ge Hae | gOS eget gets). (63.90) 
n=0 
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First, by Entry 9.5.1 of [31] with a = —w7!, we see that 


1 w" bing -1 q? 249 1,2n+1 
- ie n nq 4 wl n 
wy a = Dani ae ( ) 


n=0 


Hence, assuming that q is real, we find that 


ged ye w” grin+t) = 1 5 1) "3" +2" = d 3 gor tant 
n=O ie q) n+l 2 na 2 iar 
1 ioe) 
= - (—1)%q3?"4+2"(1 +4 Gr), 
n=0 
which establishes (6.3.19). 
i | 2. and then 


Secondly, for (6.3.20), we apply (2.1.3) with q replaced by q 
with a, b, d, and e replaced by q?, q, w7q?, and wq?, respectively. Accordingly, 


we find that 


wo (L = w) SS (=1) "(G5 Pn qnert 
re( ager ener | 


1—w?q 
_rel aot) JW WEL nwo" 
— (« a, (w?q?; q?)n : 


Next, we apply (1.7.1) to the right-hand side above with q replaced by q?, and 
then with a = w?q, 8 = w?q?, and tT = w2q. Thus, 


Re { #2 (t= 4) 2 (=1)"(G5 7) nwt grrr) 
- (7 q?).¢") 4 (w7971 07) a 


l—w*q = 
=Re (0 2s Sah 2n? cil + w? ey) 
n=0 
3 — Qn2+n 3 — 2n*+n 
“2S ged yg 
n=0 n=0 
n=1 (mod 3) 


co 


3 = 2Qn?43n+1 3 Qn?+3n+1 
ts 2. 8 = y pe A 


n=0 n=0 
n=1 (mod 3) n=2 (mod 3) 


3 ~ n? mr TL Tr Tm 
_ ye +n (1 — gl2nt3 4 glént6 _ g30n+15) 
n=0 
Hence, we have demonstrated the truth of (6.3.20), and with it the validity 
of Entry 6.3.15. 
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The final entry in this section is probably the most speculative in this 
chapter, because at the bottom of page 4 in his lost notebook, Ramanujan 
wrote down only the left-hand side of the following result; no right-hand side 
was given by Ramanujan. We think that our interpretation of Ramanujan’s 
intention is accurate, because it too is a special case of Theorem 6.2.1. How- 
ever, in light of the fact that no partial theta series appears, Ramanujan may 
have decided not to write down the complete result. 


Entry 6.3.16 (p. 4). We have 


> (—@?: q4) nd 


<< (-4 @)ant1 


2n4+1 es) 


2039 q)2nq” 


4\ tl 


SS 


Proof. In Theorem 6.2.1, replace q by qg? and then set A = —iq~?, B = —ig, 
a =1,and b = q. Finally, multiply both sides by ¢g/(1+¢q). After simplification, 
we find that 


aoe pee 


-—4q 
a eee 


Saw __a(-34') ey (i975 9?) n(—i@)” 
<4 (-GQanti = (tg 9? nt 
ay q)onq” 
n=0 “)n+1 


To conclude our proof, we must show that 


2n?+2n(1 =) 


3 (ig?5 g")n(=ig)” _ 3 (=a*5 @*)ng 


n=O (iq; qd ers) n=0 (—q Q*)n41 


gre) 


However, this last result follows from (1.7.1) by replacing q by q?, then setting 
a= iq’, 3 =igq?, and tT = —ig, and lastly dividing both sides by (1 — iq). 


6.4 The function ~(a, q) 


In this section, we collect together some results, mostly from page 38 of the 
lost notebook, connected with the partial theta function 


=> a"q n(n+1)/2_ 


Note that w(1,¢) = w(q). In some ways, these results fit reasonably and 
naturally into several other locations in our development. However, they seem 
most appealing when exhibited independently. 
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Entry 6.4.1 (p. 38). If w = e?"*/, then 
(a, q) + wa, wg) + w?e(a,w*q) = 0. 


Proof. The proposed identity easily follows from the facts that there are no 
powers of g congruent to 2 modulo 3 and that for each index of summation n 
modulo 3, the sum of the nth terms of the three series is equal to 0, because 
the sum of the three cube roots of unity equals 0. 


Entry 6.4.2 (p. 38). If w = e?7’/3, then 
(a, q) + w*p(a, wg) + wp(a,w?q) = 3aqy(a*, q’). 


Proof. We have 
w(a, q) + w*h(a, wg) + wrp(a,w2q) = 3 > gegen? 
Ail o= Gnd 3) 
=8 get Seren)? 


n=0 


sag) 04 9n(n+1)/ /2 — 3aqy(a3,q°). 


Thus, the proof is complete. 


Entry 6.4.3 (p. 38). For any complex number a, 


9 (—1) a2” Gee 


pS 


n=0 


3n gent (3n+1)/2(4 az goers 
mang) n+l 7 v= ) 


7 2 > {p(a,9) _ 3aqie(a’, q)} . 


Proof. In Entry 9.5.1 of [31], replace q by q°/? and a by aq~'/? to deduce 


that 


CO ( Ly 2n ~n(3n+1) /2 


= ad = n_3n(3n n 
S- = aging ag") (6.4.1) 


4 (—49; 93) nti 


o— 


= S- ager _ » gigi? 
n=0 n=0 
n=0 (mod 3) n=1 (mod 3) 


On the other hand, 


1 gn 3n(3nt1)/2 2 6n+3 1 3°29 
24 gir 2nt1)/2(1 — 92g MY) + 5 {v(a,9) — 3aqv(a",a")} 
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[oe} 


1 1 
eas n~n(n+1)/2 = n_n(n+1)/2 
a 
n=0 (mod 3) n=2 (mod 3) 
ix n n(n 3 — n n(n 
2 a gq ie 
ues baad) 
= > grrr? _ >. argon, (6.4.2) 
n=0 n=0 
n=0 (mod 3) n=1 (mod 3) 


Comparing (6.4.2) and (6.4.1), we see that Entry 6.4.3 has been established. 


Entry 6.4.4 (p. 38). For each complex number a, 


oo (Stat ere: 


De 


3n gn Se a Ge az gr) 
= (—aq?; @?)n41 she 


~~ 2 * {p(a,9) _ 3aqis(a’, q)} = 


Proof. Replacing a by aq in (6.4.1) and multiplying both sides by aq, we see 
that 


oo (21) eye eee 


_ be gigantea) 27 _ age" +?) 
n=0 


ma (—aq?; @)n41 
= me eee = yy ar gnrh: (6.4.3) 
n=0 n=0 
n=1 (mod 3) n=2 (mod 3) 


On the other hand, following the argument used in the proof of Entry 6.4.3, 
we find that 


5D anarnemsnvea— aba) — 5 (¥l0r4) ~ Sansa a)} 


1 << i < 
= n n(n+1)/2 = n_n(n+1)/2 
or ie 
n=0 (mod 3) n=2 (mod 3) 
1< n n(n 3 — n n(n 
—Fdrarqnerna gS Sy gngnintty 
n=0 n=0 
n=1 (mod 3) 
_ ys ere _ ¥ age, (6.4.4) 
Satiad 3) =o Gnd 3) 


Substituting (6.4.4) into (6.4.3), we complete the proof of Entry 6.4.4. 
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Entry 6.4.5 (p. 39). For any complex number a, 


n=0 —aq; q°) n4+1 n—0 —aq 2°) n41 


\ a2” gr Bn+1)/ \e q2rti n+1)(3n+2) /2 


-_ 3 eget = arg’), 


n=0 


Proof. Add together Entries 6.4.3 and 6.4.4. 


Entry 6.4.6 (p. 4). Fora 40, 


(1+ =) 3 (—1)"(—093.9) (0/034) n = 1 5 fara ee. 


ear (G7) n+1 ae 
(6.4.5) 


The series on the left-hand side above is not convergent. Thus, we need to 
introduce a certain type of summability to give meaning to (6.4.5). We shall 
prove an identity for 


(1 :) > (=aq; 1) n(—4/a; Dn(=t)” 


CP gor (G59? )n41 


and when we let t — 17, the right-hand side will be seen to converge to the 
right-hand side of (6.4.5). 


Proof. After applying (1.7.3) below, we replace the index 7 by N+n+1. 
Thus, after some initial rearrangement, we find that 


(1 ~) . (ag; @)n(— 4/45 a) n(=1)" 


n=0 (q; qd Veith 

= 3 (=#)narn gD (—ag-" @ant 

n=0 (q; Q?) n+1 

oe n,—n—-1_n(n+1)/2 co 

=x! (4597 )n41 on j 

n= ames 
= 2 aN . en an +1 iN tnt L(N+n)/2-n(N+n+1) 

wo 4 GOA, IN ed 


ss aN gN(N+1)/2 re n(—t)” 


Na=_00 = al n(q; aoe 


co 


SS og Cn): (6.4.6) 
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where we note that, for N > 0, 
Cy(t) = C_n-1(t). (6.4.7) 


Hence, we shall now evaluate C(t) for N > 0. 

To that end, we first replace n by n+ N and then we apply (1.2.9) with a, 
b, c, and t replaced by —qX*1, qX*1, q?N+?, and —t, respectively, to deduce 
that 


co 232 - —t nt+N 
n=0 Gd)n(G @)n+2N+1 
— (Pa) w(-t)® SS (a th a)n(—aN tts @)n(—t)” 
(G@ant1 (G5 d)n(Pr*?sa)n 
_ (PsP )w(—t)™ (Q**; Do0(=ta**"s Doo 
(4; Qan41 (Nasal tas 
% a.@ err 
<4 (G9)n(-taN ths gn 
_ (-a;a)n(-ta"**; aoo(-t)% 3 cade ae 
(—t; 9) 00 <4 (G@)n(-taNt*; @)n 


2 


Hence, we deduce immediately that 
1 
lim Cy(t) = =(-1)*. (6.4.8) 
t1- 2 
Also, using (6.4.7) and (6.4.8), we deduce that 
1 
lim C_y(t)= lim Cy_i(t)=—=(-1)”. (6.4.9) 
i1= to1- 2 


Letting t — 1~ in (6.4.6) and using (6.4.8) and (6.4.9), we obtain the right- 
hand side of (6.4.5), as we promised immediately after the statement of Entry 
6.4.6. 


We note that Entry 6.4.6 is identical to Entry 5.4.3 in Chapter 5, where 
an entirely different method was used. 


6.5 Euler’s Identity and Its Extensions 


The identity of Euler to which we refer is [18, p. 19, equation (2.25)] 


iy as _ oS (6.5.1) 
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In this section we prove a number of identities from the lost notebook that are 
slight variations on (6.5.1) and fit naturally into this chapter. The remainder 
of the results in this section are so closely related in form that it is appropriate 
that they should also appear in this section. 

In the first entry and in others as well, we record a pair of identities, 
because their proofs are inextricably intertwined. 


Entry 6.5.1 (p. 31). We have 


12n? ba | pa 
Soke | 
n=0 
2 
+4 OF go ls a _ ger) (6.5.2) 
n=0 
and 
12n? sary 14n+7 
=o") 
venng> 
2 
4 V > gi?” eG i gt, (6.5.3) 


n=0 


First Proof of Entry 6.5.1. We put a = 7 in Entry 6.3.2, assume that q is 
real, and take the real parts of both sides to arrive at 


-~ ot = Re -=Ref +4 i) x peer +4 ey! 
nS n=0 


we i ger eg 4) Foye. i aie, ila A ee accep 
n=0 n=0 


Let f(q) denote the left-hand side of (6.5.2). Then 


oo 2n 
Ln, a cr 
fq ) sy (—@: Pon 
is ee 
~ 2 dX (—9?397)n 
1 
= 5 (h(a) + h(a) 
— Even part off Soc-aranonn A go) 
n=0 


+4 Soyer a aa) 
n=0 
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co co 
_ 24n?+2n 24n?4+34n+12 
=e 
n=0 n=0 
lo e) co 
ai y. grin’ +14n+2 = ys gzin’ +46n+22 
n=0 n=0 


Replacing q? by q in the extremal sides of this last equality yields (6.5.2). 
Let g(q) denote the left-hand side of (6.5.3). Then 


; oo gant 
aga’) = > ——-— 
- 4 (—@?; anti 
_l 3 (l= (1)? 9” 
2 eta 


n=0 


= 5 (h(a) — h(-a)) 


= Odd part off S(-ayraronrn on gr) 


n=0 


-_ So (H1) ger tVGn+2) (1 ait 


co Co 
= 24n2+4+26n+7 24n?+10n+1 
ee +8 


n=0 n=0 
Co Co 
24n?+38n+15 24n?74+22n+5 
_ x q “1 ‘> q : 
n=0 n=0 


Dividing the last set of equalities by g and replacing q? by g, we complete the 
proof of (6.5.3). 


Second Proof of Entry 6.5.1. We prove (6.5.2), as (6.5.3) can be similarly 
proved. 
Replacing g by q? in (6.5.2), we obtain the identity 


fe ae oo ; as ; 

S- I = egg 3 gran tlda(y — g20n+10) 
n=0 (—q 74 Jon = oe 

(6.5.4) 

The left-hand side generates partitions A = Aj,...,A, into an even number of 


odd parts with weight (—1)01—)/?, Clearly, \ is a partition of an even number. 
By Sylvester’s map [26], such partitions have a one-to-one correspondence with 
partitions into distinct parts. For a partition A of an even number 2N into 
odd parts, let w = p1,...,{4s be the image of A under Sylvester’s bijection, 
which is a partition of 2N into distinct parts. Note that Sylvester’s bijection 
preserves the following statistic: 
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Ay-1 
&(A) + - = /1, 


where £(\) denotes the number of parts in the partition A. Since (A) is even, 
we see that 


(<j = (-1)". 


Thus it follows that 


Co Qn 


Loan 255 oe PO-D/2gQQn — a Se 1H @2h, 


= N=0 A€O2NnN N=0 n€ Don 
(6.5.5) 


where Ogyn and Doan are the sets of partitions of 2N into odd parts and dis- 
tinct parts, respectively. We now apply the involution for Euler’s pentagonal 
number theorem [18, pp. 10-12], in which we compare the smallest part and 
the number of consecutive parts including the largest part. Note that in the 
pentagonal number theorem, partitions 7 have weight (—1)“("). However, the 
involutive proof still works for our setting, since we move the smallest part 
to the right of the consecutive parts or subtract 1 from each of the consecu- 
tive parts in order to add the number of the consecutive parts as a new part. 
Thus only the partitions of the even pentagonal numbers survive under the 
involution in our setting, too. It is easy to see that 


n(3n + 1)/2=O0(mod2), ifn =0,1(mod 4), 
n(3n — 1)/2=0(mod2), if mn =0,3 (mod 4). 


When n = 0,1(mod4), the surviving partition of n(3n + 1)/2 has parts 
2n,2n —1,...,n +1. The largest part of the partition is even. When n = 
0,3 (mod 4), the largest part of the partition of n(3n — 1)/2 is odd. Then, 


3 So (peg (6.5.6) 


N=0 p€ Don 
fo) oo 
= (3n+1)/2 n(38n—1)/2 
= 2 © - de 4 
n=0 n=1 
n(3n+1)/2=0 (mod 2) n(3n—1) /2=0 (mod 2) 
oo oo 
2 2 
= > go” sear = go) a gv > "eek a _ ge 
n=0 n=0 


Hence, by (6.5.5) and (6.5.6), we complete the proof of (6.5.4), and hence also 
of (6.5.2). 


The second proof of Entry 6.5.1 is taken from a paper by Berndt, Kim, 
and Yee [73]. Likewise, a bijective proof of Entry 6.5.2 can also be found in 
the same paper. Another proof of Entry 6.5.2 can be found in a paper by 
W. Chu and C. Wang [129]. 
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Entry 6.5.2 (p. 31). Recall that y(q), f(—q), and f(a,b) are defined by 
(1.4.9), (1.4.11), and (1.4.8), respectively. Then 


= q” 1 ( S 12n?-+n — i 
= q -q> a4 (6.5.7) 
n=O (q)an — 9(—4) parks 


5 43 —< 
rc 059 
and 
~ a _ sca ( s- gin? +5n _ q geno) (6.5.9) 
n=0 ™ eres Pac 
ce 
Seer (6.5.10) 


These four identities are included in this one entry, because their proofs 
are intertwined. L. Carlitz [98] represented each of the two series on the left- 
hand sides as infinite products, from which it is easy to prove each of the four 
assertions. However, we proceed from scratch. 


Proof. This proof completely parallels the proof of Entry 6.5.1. However, the 
key result at the beginning of the proof is more elementary in the proof at 
hand. 


Let = 
’ 3 q” 1 
= = > 6.5.11 
ay) (P57 )n (GE )oo ( 


by (1.2.4). Let c(q) denote the left-hand side of (6.5.7). Then, by (6.5.11) and 
by two applications of the Jacobi triple product identity (1.4.8), 


oe 2n 


aCe leD Se, 4 


(P34 )an 


= a ((- 49") 00 (- F714) 0005 TM) 
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n=— Co n=— Co 
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= 1 s got +2n _ Cri 
(OP en oe fe)" 
which is (6.5.8) once q? is replaced throughout by q. 

Now, by (1.4.8), Euler’s identity, and the product representation for y(—q) 
in (1.4.9), 


GEE) EOE rl Oe ol ss 
f(-4) (45 Doo 
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~(—-@) 
CH gree ee Can ae Caves Cale 
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_ gen =m] _ ge), 
9(—4) 


where in the last step we applied the quintuple product identity (3.1.2) with 
q replaced by g® and with z = —gq. It is easily seen that this last identity is 
equivalent to (6.5.7). 

Now let d(q) denote the left-hand side of (6.5.9). Then, by (6.5.11) and by 
two applications of the Jacobi triple product identity (1.4.8), 
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1 
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© (Ps Pye ( d 4 = 2-0 
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Divide by g throughout the display above and then replace q? by q to achieve 
the identity in (6.5.10). 
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Now, by the Jacobi triple product identity (1.4.8), the product represen- 
tation for y(—q) given in (1.4.9), and Euler’s identity, 


o] 
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where in the penultimate line we applied the quintuple product identity (3.1.2) 


with g replaced by g®, and z = —q°, and where in the last line we replaced n 
by —n — 1 in the second sum. 


The final entry in this section requires some auxiliary results that are 
closely related in form to the series appearing in Entry 6.5.1. 


Lemma 6.5.1. For each nonnegative integer N andd#0,q°",1<n<«o, 


ae _ ay a= An 5 a” 
(da), @N*1(dg). (Dn 


n=0 


n=0 
Proof. Apply (1.2.9) with a = 0, b= q, c= dg, and t = qN*! to find that 


S git tte - 1—d oS d” 
— (dn 9 1g) 4 Gh), 


(1 —d)(q)n oe qrtNrt 
qN+1 


n=0 (Q)n+N-+1 


_ _ (@n a= A(On 5 d” 


= AN+1 (dq) oc qNt1 


where the last line follows from (1.2.2). From our application of (1.2.9), it is 


required that 0 < d < 1, but this condition can be relaxed by appealing to 
analytic continuation. 
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Lemma 6.5.2. For each nonnegative integer m, 


a we (=U _ Sh _(-1)"@"” 
(q; qd Jm Da (G3 @)n a » at ae nen 


Proof. Denote the left- and right-hand sides of the lemma by L,, and Rm, 

respectively. Clearly, [9 = Ro = 1. We show that L,, and R,, satisfy the 

same two-term recurrence relation, and this suffices to prove the lemma. 
First, for m > 0, 


Lee == 9 (Ger in (> — : —_— 


n=O GQn (Gi d)am+i (G5 d)am+2 


g?mt 
= (1 = gr Le Als (qq a Gl = OX ——— 
(45 Qam+2 
‘ ‘i grt 
= (1 Legg a 6.5.12 
(9759? )m41 ( ) 
Second, for m > 0, splitting off the term for n = 0, we find that 
m+1 2 
(—1)"q" 2m+2—2 
fae L= Fagen = 1 1 qd me me 
es z Ce Ove a ( )) 
m m+1 n(n—1)* 
= ¢ ce 4 gat SS ern oe ay? 
(q?; g?)m+1 2 ii— n 
gent i 
= oe Rn 6.5.13 
(975? )mt1 ( ) 


Hence, from (6.5.12) and (6.5.13), we see that Ly, and R,, satisfy the 
same recurrence relation. Thus, by mathematical induction, L,, = R,, for all 
m> 0. 


Entry 6.5.3 (p. 21). For any complex number a, 
n &S n,2n7 


- 
q aq (95 4" )oo 
—?2 G Jna™q” . 
er P aan (aq; @") = In 


= (-Ga)n(aqsg?)n 


Proof. By (1.2.6) and Lemma 6.5.1 with N = 2m and d= —1, 


<4 (-4 Dn (09; 97)n 
co 


1 q" i 
=, Dee (gre als 


(a9; 9? )oo 4 (—G59)n 


es) q” es) ie q™ ge 2419nm 


6.6 The Warnaar Theory 141 


ma~m_m? — gemrin 


=. —— (-1)™a™q 
ea as S 


Ls (P50 )m = (-G 9) 


_ 1 oS (— 1)y™a™gr (q; q)2m 2m (—1)” 
© (49g; ¢?)oo x (9754?) (ade * dam (q | 
(GP)oo > i tte 
= 7 (-1)"(49")ma 
(a9; 9? )oc a a 
_2 ¢ ange (ly 
© (0G; P)oo a a erm 


by Euler’s identity. Next, apply Lemma 6.5.2, replace m by m+n, invoke 
(1.2.6) again, and utilize (1.2.2) to find that 


(q;q°) oo 2 
S= mm 
(aq; G2) o0 mag 


2 


2 = nm 
eo ee 
ce m=0 
Co 


_ (5 oo ae 1)(q3q2)maq 


love) 
m=0 


9 co 6 (—1)™a™tngm?+2mn-+2n? 


Cerare 


co 


= (45d oo yi 1)"(q3q2)maq” 


love) 
m=0 


2 
G37 Joo m mm? ce 
ea 7 (-1)" (45.47) ma"g +27 


) (a 
co m=0 n=0 q q) 


When a = 1, the latter series on the right-hand side of Entry 6.5.3 is one 
of Ramanujan’s fifth order mock theta functions, namely ¢(—q). 


6.6 The Warnaar Theory 


The final objective in this chapter is to prove the fourth identity on page 12 of 
the lost notebook, Entry 6.6.1. The proof given in [21] is, at best, cumbersome 
and unenlightening. Warnaar [273] has developed an extended and beautiful 
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theory of partial theta functions. Consequently, he was able to provide a much 
more coherent proof of Entry 6.6.1. 

Warnaar’s starting point is the following striking generalization of the 
Jacobi triple product identity [273, p. 367, equation (1.7)]. 


Theorem 6.6.1. For any complex numbers a and b, 
co 


(ab/q)anq” 
(2)c0(4@)0(B)oo ‘= il 


Thus, Warnaar has transformed the sum of two independent partial theta 
functions into a single g-hypergeometric series. 

We shall not follow Warnaar’s original proof of (6.6.1) but shall instead 
deduce it from the formula for the product of two independent partial theta 
functions given in the following theorem [38]. But before commencing with 
this proof, we mention two further related approaches to Theorem 6.6.1 made 
by A. Berkovich [50]. First, Berkovich deduced (6.6.1) from a formula of 
G. Gasper and M. Rahman [150], [151, p. 235, equation (8.8.180)] for a prod- 
uct of two 2, series as a sum of two ¢¢s5 series. Second, he showed that (6.6.1) 
is equivalent to the identity 


n Co 


~ nt y" n(n—1)/2 __ a an 
—1)"——4 Sg ) 
LV) idee I 2s @ Galva Gila 


which had earlier been discovered by A. Schilling and S.O. Warnaar [251, 
Lemma 4.3 (first line of the proof)]. 


Theorem 6.6.2. For any complex numbers a and b, 
— oa 

(ool M)oo(B)oe 2 CG) @al8)n 
= (M)n( 
gee a a” ge on (So-nrvrarene) . (6.6.2) 


n=0 


ia 


As we shall see, identities (6.6.1) and (6.6.2) are equivalent. However, a 
direct proof of (6.6.2) is a tiny bit smoother than that of (6.6.1), and (6.6.1) 
is easily deduced from (6.6.2). An elegant combinatorial proof of (6.6.2) has 
been devised by B. Kim [189]. 


Proof of Theorem 6.6.2. Let us use the notation 


lz” 3 Anz — A 


m=0 
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Identity (6.6.2) is equivalent to the assertion that 


9 cn a wee ; 7 = 
[am ][b ](q)oo Joo dG = ( jeg 1)/2+N(N 1)/2. 


= n(b)n 


(6.6.3) 
If we denote the left-hand side of (6.6.2) by L(a,b), then noting that 
(%)oo/(Z)n = (@q")oo and invoking (1.2.2) twice and (1.7.3) once, we see that 


[a] [bY] L(@, b) = (—1)"**(q)o0 
yo. 1 gt rh aT) eM) Maa ee Nat) fen) 
n=0 j=0 (4) 5(Q)n—5 (4) m—3 (9) N-5 


Invert the order of summation, replace n by n+ j, and use the corollary of 
the qg-binomial theorem (1.2.3) to deduce that 


[a™ [ob] L(a, a (-1)"*" Qo 
a J A+M+N—J)+35(§-1)/2+(M—Jj)(M—Jj-1)/24+(N—-Jj)(N-J-1)/2-5 
j=0 (9) 3(q)m—3(Q) Nj 


14+M+N-j) 


q” 
Re: (q)n 
= a 


x 


- 
JA+M+N—j)+j(§-1)/24+(M—Jj)(M—j—-1)/24+(N-J)(N—-J-1)/2-5 


. Te (9);(9) m—5(@) ns (GTM TN I) 00 


Now use the easily established identity 


(Q)n—3 = gri-iG-D)/2(q-™),,” 


0<j<n, 


with n = M,N, M +N, and after an enormous amount of simplification, we 
find that 


(—1)!*9 (9) pp q@ MD /24N(N-1)/2 


[a™ |[b ]L(a, b) = (6.6.4) 
()u(q)n 
min(M,N) , _y, = . 
: (gy ™“);(q7™ 5° 
=~ (a)s(a-¥~%); 
— (Sg ere (6.6.5) 


where we applied the second form of the g-Chu-Vandermonde summation 
theorem (1.3.4). The evaluation (6.6.4) is what we wanted to demonstrate in 
(6.6.3), and so the proof is complete. 
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Proof of (6.6.1). We observe that 


co 


(ab/q)2nq” 
(4) 00 (4) 0 (b) oo dX (q)n(@)n(b)n(ab)n 


ate +> (1 = ab/g) (abq")n—19" 
= (4) oo( Joo Pood (a).(a)n(0), 


Qa win = 4"))(abq")n—1a" 


= L(a,b) — ab(q)0(a)o0(b)oo ¥> ae 


= L(a,b) — abL (aq, bq), (6.6.6) 


where in the penultimate step we replaced n by n + 1. 
On the other hand, by (6.6.2), 


L(a,b) — abL (aq, bq) 


= (do-nrerrn”) (Se-orvrrene) 


n=0 n=0 
= (Sr 1y%a?g? vn (Zareren) 
n=1 n=1 


=1+ 5001 yrangrr-D/2 4 ye ep gien. (6.6.7) 


n=1 


If we employ (6.6.7) in (6.6.6), we complete the proof of (6.6.1). 


We now restrict our considerations of Warnaar’s work to those portions 
necessary to prove Entry 6.6.1 below. We point out, in Warnaar’s words, that 
this is “just the tip of the iceberg.” Many further results are obtained by 
Warnaar in his 33-page paper [273], including applications of Bailey pairs to 
produce elegant multiple series identities for partial theta functions. Warnaar’s 
theorem below can be found in [273, p. 370, equation (3.7)]. 


Theorem 6.6.3. [f abc 4 0, 


~ ig (@" Ge) gd” — (b)n(C)n aq? 7 
= CoesGll PPnlP/on 2 @/Pnl@2/0) ) 


= ata = ee " a” gee 


(q/@) oo 


oo (- 1)" (b Vn (C) rg r(r—1)/ ge r 
2 (q?/b)r(q?/¢)r = ( be 


T=—-cC 


n 
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Before commencing our proof, we note that if we replace a by —a, set 
b = —q, and let c > co in Theorem pt.t4, we deduce Entry 6.3.11. 


Proof. We follow the development in [273, pp. 369-370]. First, we replace 
a by aqg™t! and b by bq” in (6.6.1). After multiplying the numerator and 
denominator on the right-hand side by (a),+1(b),(ab)2r41, we find that 


1+ Sey ve ((aq’*4)” +4 (bq")") 
n=1 


1 — abq?” _ (ab) ang” 
1—ab (q)n—r(abq)n+r(@)n+1(0)n 


n=Pr 


(6.6.8) 


= 7 "(4)x0(@)c0(b)oo 
Second, observe from the Jacobi triple product identity (1.4.8) that 
(0/8) @clG/Dacldes= S| gh dee, (6.6.9) 


n=—cC 


If we now add and subtract the series 


Sayer ee 


n=1 


to (6.6.9) and rearrange, we find that 


(<i gt? (: a So (rg? ((ag”**)” +4 )) 
n=1 


= (9/6)" (B)es(@/b)e(@)es 


+4 So (-"*" cage _ (q/b)*q@—"he—r-H/2) : 
n=1 


Hence, using this last identity in (6.6.8), we deduce that 
(q/b)" (0) 00(4/b)o0(4)c0 


+4 So(-)r*" tage ae = (q/b)rqr—"ke-r-0)/2) 
n=1 


1 — abq?” = (ab)onq” 
1—ab (q)n—r(abq)n4r(@)n41(8)n 


n=r 


= (=1)"g"—9?(q) 0 (@) 00 (B) 00 


We now multiply both sides of this last identity by a sequence f,, to be spec- 
ified later, and sum over all nonnegative integers r. Hence, assuming that f, 
satisfies suitable conditions for convergence, inverting the order of summation, 
and dividing both sides of the resulting identity by (q).o(@)oo(b)oo, we find 
that 


146 6 Partial Theta Functions 


(ab)ang" Ss (=) frag PPL = bg") (q/d)oo S/ jyr 
n=0 asin (Qn—r(ab) n4r+1 ()oo d(a/ ) fr 
(lye gerulster 2 oo 


= q” ia pat /b)” ‘ jes] 
()0(@)o0 (Dov > ( , a/b)” So 


n=1 T=—0o 
(6.6.10) 


We now specialize (6.6.10) by replacing b by g/a and then taking 


7 (b)-(€)r g “ 
ame CUDECIEE (5: | ee 


Observe that for each nonnegative integer r, 


(<1) igeera? 
br+1(q/b)r+1 


Replacing b by q?/b above, we find that 


()-r-1 = 


ake i ie 
(q?/b)"**(b/q)r+1 
Dividing the penultimate equality by the last equality and simplifying, we find 
that 
(b)—p-1 (4) ___ (b)r (ZY 
Cet) b (q?/b), b 


Replacing b by c above and multiplying the two equalities together, we deduce 
that 


(q°/b)-r-1 = 


f-r-1 = fr. (6.6.12) 
Furthermore, with f,. defined by (6.6.11), we find that 


gaye tga 24 
7r=0 (Qa @ niet 


1 OxOla™PMO0)" A=) 6 15) 


(Q)n(Q)n+1 — (q?/b)r(q?/e)r(a"**)n 


We now apply (4.1.3) to the right-hand side of (6.6.13) with 6 = aq/y, and 
then with a = q, N =n, 6 = b, and « = c. Accordingly, upon simplification, 
we conclude that 


(Da (q?/b)n (q?/c)n 
Lastly, we utilize (6.6.12) and put (6.6.11) and (6.6.14) into (6.6.10). After 
simplification, we deduce the identity of Theorem 6.6.3. 
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Entry 6.6.1 (p. 12). For any complex number a 4 0, 


] gtr"), q” co fede 
(1+ a ie q” q” n 
Lec 
ee) 
a > | fate” dag. 


(—4q) 00(—4/4) oo 


Proof. In Theorem 6.6.3, replace a by —a, multiply both sides by (1 + a), 
and let b and c tend to oo. Consequently, 


T — s (ge) a" (1 a) 3 ijfarg et) 
n=0 (—a9)n(—4/4)n r=0 
_ n n(n+1)/2 r 3r(r—1)/2+(n+3)r 
Eee Yow (n+1)/ 2a" git —D/2+(n+3) 
1 . = 38n+v _(38n+v)(38n+v+1)/2 
(4) 00(—@)oo(—G/4)oc paps 
x ys (1 ge Neer 
1 = 2 
_ 3n4+v (v(v+1)/2+3n"+2nv 
(4) 00(—€9)o0(—G/4)oc pap2 


x y Gla ee, 


Tr=—c 


Recall from (1.4.12) that f(—1,q°) = 0. Thus, the sum on r vanishes when 
v = 0, and otherwise the sum is equal to (—1)"(q)o. by (1.4.8). Thus, we find 
that 


Co 


1 bi q3nty qh et h)/2+3n* +2nv 
eae >> ei 


v=—2n=1 


~ (—aq) oo 


1 ~ 2 — 2 
x Igy +2n S 5 (-1)7a8"+2q8” a 
(—4q) c0(—9/@) oo » n—0 


_ E AG (aac v1 i ae” gr tet eget), 


This therefore completes the proof. 
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Special Identities 


7.1 Introduction 


A few of Ramanujan’s identities do not fit naturally into any of the previous 
chapters. In this chapter, we have gathered two groups of such results. The 
first four identities to be examined have previously been proved [20] by relat- 
ing them to the theory of Durfee rectangles [13]. We provide an alternative 
development based on functional equations in Section 7.2. 

The three identities in Section 7.3 are among the more surprising identities 
in the lost notebook. They were first proved in [25]; however, the proofs there 
provide no significant insight into the reasons for their existence. In [36], the 
fundamental idea lying behind these results was exposed in Proposition 2.1 
(Entry 7.2.4 below). Subsequently, Andrews and P. Freitas [35], G.H. Coogan 
and K. Ono [138], and J. Lovejoy and Ono [213] have exploited this method 
and given some further interesting applications to evaluations of L-series. In 
[35], Proposition 2.1 of [36] was placed in the context of Abel’s Lemma and 
greatly generalized. S.H. Chan [119] derived an identity in the same spirit of 
Ramanujan’s identity, but with arbitrarily many qg-products. To effect this, 
he employed Sears’s general transformation formula to derive a power series 
identity with the requisite g-products, and then proceeded on the same path 
as previous authors by applying the operator lim,_,)- a to both sides of his 
identity. 

Section 7.4 concludes the chapter with a couple of innocent formulas that 
require two completely different representations of the very well-poised j9¢9 
to effect their proofs. This seeming mismatch between simplicity of statement 
and complexity of proof is among the more mysterious aspects of the lost 
notebook; hence this section is named Innocents Abroad. 


G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II, 
DOI 10.1007/978-0-387-77766-5_8, © Springer Science+Business Media, LLC 2009 
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7.2 Generalized Modular Relations 


In his enigmatic list [85], [32] of 40 modular relations for the Rogers— 
Ramanujan functions 


2 


G(q) _ 3 gq” aoa H(q) _ 3 g” +n 
n= (Qn , n=O (Q)n ’ 
Ramanujan asserted that 
Gl) GUa!) + aH) H(a") = Pa. (7.2.1) 
G5 9 )oo 


G.N. Watson, in addition to proving (7.2.1) in [277], also proved in [280] that 


G(—q)¥(@) — G(ay(-4@) = 2gH (q*)v(q’) (7.2.2) 


and 
H(—q)9(q) + H(ge(—4@) = 2G(q*)4(¢?). (7.2.3) 


These three modular relations all turn out to be specializations of formulas 
from the lost notebook, as we shall see. 


Entry 7.2.1 (p. 27). For any complex numbers a and b, 


3 a®hrgr = (=1)"a2"b%q2"” 3 (=1) "92041 prt gan? an+1 
& (=aq)n(—ba)n — <4 (—a9)n(—ba)on AX (= 0g) n(—ba)2n+1 
(7.2.4) 


Entry 7.2.1 was proved in [13], where the proof was based on Durfee rect- 
angles. We first give this proof and then provide a different proof. 


First Proof of Entry 7.2.1. Replacing a and b by —a and —, respectively, we 
prove the equivalent identity 


2 co 2 
og” 7 alias a ae +3n+1 


SO a hg” 7 oo | 
» (aq)n(ba)m ey edatan 2 


n=0 (aq) n(bq) 2n+1 


(7.2.5) 


When a = 1, the coefficient of bg” on the left-hand side of (7.2.5) is the 
number of partitions of n with exactly m parts. For general a, we further see 
that the coefficient of b'a"q” is the number of partitions of n into m parts 
with largest part equal to r. 

Our objective next is to identify the right-hand side of (7.2.5) as precisely 
the same generating function. Consider a Ferrers rectangle of n rows and 2n 
columns of nodes. To these 2n? nodes we attach a partition 7 (to be read by 
columns) on the right side with at most n dots in each column, while below 
we attach a partition 7) with at most 2n dots in each row. We note that the 
total number of parts in the entire partition is 
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n-+ the number of parts of 72, 
while the largest part of the partition is 
2n + the number of columns of 7. 


The generating function for all such partitions with this Durfee rectangle is 


b"q@2” gr 


(aq)n (bq) 2n : 


where the exponent of b gives the number of parts of the partition, and the 
exponent of a yields the largest part of the partition. If we sum over all n, 
0 <n < o, it appears that we obtain all such partitions and thus obtain a 
new representation for the left side of (7.2.5). This is not the case, however, 
because we have omitted from consideration a large class of partitions, namely, 
all partitions 7 with a node in the (n+ 1)st row and (2n + 1)st column, and 
which are not counted in partitions associated with the next-largest Durfee 
rectangle, i.e., the one of size (n+ 1) x (2n + 2). These omitted partitions 
attached to the n x 2n Durfee rectangle are generated by 


(7.2.6) 


prtig2ntl (n+1)(2n+1) 


qd 
(aq)n (bq) 2n41 


If we now sum both (7.2.6) and (7.2.7) over n, 0 <n < oo, then we obtain 
the generating function for all partitions in which the coefficient of b’a"q” is 
the number of partitions of n into m parts with the largest part equal to r. 
Consequently, the two sides of (7.2.5) are equal. 


(7.2.7) 


Second Proof of Entry 7.2.1. Let us denote the left-hand side of this entry 
by f(a, b) and the right-hand side by fr(a,b), where 


fr(a,b) = Ty (a,b) + To(a, d), (7.2.8) 


with T\ and T> being, respectively, the two sums that appear on the right side 
of (7.2.4). We note that fr(a,b) and fr(a,b) are analytic in a and b around 
(0,0), where each takes the value 1. Furthermore, 


lee) a +2n4+1 
a,b) =1 
en Le +1(—b9)n41 
= (1 + aq)(1 + bq) fi (aq, bq), (7.2.9) 


and by iteration we see that f,(a,b) is uniquely determined by (7.2.9) and 
analyticity at (0,0). So to conclude the proof of this identity, we only need to 
show that fr(a,b) satisfies the same functional equation as (7.2.9). 

Now, 
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Hert g2nt2pn+l g2n? +4n+2 
(a,b) =1+ 
ee —aq)n+1(—bg)an+2 
abq co (—1)"a2"+1 pr g2n?+4n+1 


a (1 + aq)(1 + bq) a (—aq")n(—bq?)on41 


and 
T>(a,b) _ abq os \* ow 2n? aioe dl + ag?t") 
Ne ga P)n(—bq?)2n 
abq 
= ar 1 
(1+ aq)(1 + bq) ( ) 
4 a*b 3 (—1)"a2rprg2n’ +4n42 
(1 + aq)(1 + bq) ah (—aq?2)n(—bq?)on 
Hence, 
b (1) Mg2ntlpn Qn24+4n4+1 
fr(a,b) =1 ws so! ) _ . 
= = n\— 2n+1 
(1+ aq)(1 + bq) 4 (—aq?)n(—bq7) 
abq 
Ti (aq, bq 
(1 + aq)(1 + bq) ( ) 
a*b (= 1)a2npr gen’ +4n+2 
” (1+aq)(1 + bq) 2 (—aq?)n(—bq?)on 
abq abq 
= 1 T: a me) a a Jb 
(1 +.aq)(1 + bq) u(aq, bq) + (ences) T2(aq, bq) 
abq 
ais fr(aq, bq). 
(1 + aq)(1 + bq) A ) 


There is a further representation of fr and fr required subsequently, 
namely, 


Ng qa” q” 


fi(a,b) = fr(a,b) = fo(a,b) = 1 Doe (7.2.10) 


Clearly fo(0,0) = 1 and fo(a,b) is continuous in a neighborhood of (0,0). 
Furthermore, 


abq b Sen 1a ye 
b)=1 + 
fota,?) 1+bq 1+bq 2d (—bq")n 
abq a 
=1+ 1+ bq Tv 1+ bg (1 fo(a, bq)) 
=1+a———fo(a, bq). (7.2.11) 


1+ bq 
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On the other hand, 


ie ag’ (1 +b 
fo(a, 6) + bfo(ag, 6) = 1 soy os i 
é ang” 
=1 b 
“oe a n—-1 
i° ere 
=1 a ees Ee ee 
=1+b+ orn (i202) 


Hence, 


b 
fo(a,b) =1+b- fo(aq, b). (7.2.13) 
1+ aq 
We now replace b by bg in (7.2.13) and then substitute the resulting identity 
into (7.2.11) to deduce that 


a bq 
fo(a,b) =1+a— The (1 + bq — fea? ua) 


_ abq 


Thus, fo(a,b) satisfies the same functional equation and initial conditions as 
fi(a,b) and fr(a,b). Thus (7.2.10) is proved. 
Finally, we also require the values 


1 
-1)= -1)= 1) = 2.14 
f(a, ) fr(a, ) fo(a, ) (—aq) xo (7 ) 
These immediately follow from the fact that 
> (=1)"a"q" (—aq) 1 
fo(a,-1) =14 = = ' (72.15) 
2d (Qn d (dyn (—49q)o0 
by (1.2.3). 
Entry 7.2.2 (p. 27). Ifa and b are any complex numbers, except that a # 0, 
then 
ath” n2/4 © —_2m_m? oo npn (n+1)?/4 © ~—2m—1_m?+m 
s: ao" s a q dh, > ao" a q 
<i (Gn fm (Od) m (Gn (Od) 


n-1 


ae a" n?/4 (c=) yoaa me dice bi ; 


n=— Co 
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Proof. Noting that 1/(q)-n = 0 for n > 0, we may equate coefficients of a, 
—oo < N < o, on each side of the desired identity. Hence, we must prove 
that, for every integer N, 


co HN +2m g(N-+2m)? 4m? co HN +2m+1 g(N+2m-+2)?/4-+m?-+m 
m=0 (q)N+2m(0¢)m : m=O (q) N42m+1(0q)m 
gh?/4 
, if N <0, 
(bq) co 
= gh’/4 so B (7.2.16) 
S(t" ys, EN SO, 
(bq) o0 > (9); 
We distinguish three cases in the proof of (7.2.16). 
Case 1. N = —2v, where v is a nonnegative integer. Replace m by m+ v 


throughout (7.2.16). Accordingly, the left-hand side of (7.2.16) becomes, with 
the use of (7.2.15), 


3 H2m gam? +2mv+v" oo p2m+d g2m*+3m-+1+2mv+v*+v 
\ 
m=0 (4) 2m(09)m-+v aa (Q)2m+1 (09) m+v 
q’ 
= fr —bq", —l 
(bao ( ) 
qv. 1 qv gh?/4 


(bq)v (b9°+" )oo (bq) oc (09) c0 | 
and thus (7.2.16) is established in this case. 
Case 2. N = —2v—1, where v is a nonnegative integer. Replace m by m+v+1 
in the first sum in (7.2.16) and by m+ v in the second. So, the left-hand side 
of (7.2.16) becomes 


co Hamed g(2m-+1)* /4+(m+v-+1) co p2m g(2m+1)?/4+(m+v)?+m-+v 


(q)2m+1(09)m4v-+41 m=0 (Q)2m (0d) m+v 


gq’ te+t/4 ea (bq’)2™Q2"™ (1 _ (1 _ q™)) 
(bq) (q)am(bq’t")m 
oo (bq”)2™M+1 g2m? +3m+1 ( * bg@tytt ) 
: (q)am41(bq’**)m Lig rin 
= oe fr(—bq’, -1) 4 ger a (ak a 
(bq)v (bq)v (q)2m—1(bq’ t+) m 


oo (bq”)2™+2q2(m-+1)? 
0 (Q)am4i(bq’t ) m44 


m=0 


m=0 


m=0 


m=1 


m= 


(v+1/2)? 1 gh’ /4 


(bq), (bg’**) oo (6G) 00’ 


_ 4 
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by (7.2.10), (7.2.14), and the fact that in the penultimate expression, the series 
inside curly brackets cancel when m is replaced by m+ 1 in the first sum. 
Hence, (7.2.16) is established in the second case. 

Case 3. N > 0. Using (1.2.3), we find that the right-hand side of (7.2.16) is 
equal to 


=(i=8\g a 
(b¢) 00 ay, (i (bg) 4G (5 | Fy C(@)s-1 
N2/4 1 ‘ bi gi EY 
(bg)0 “=i (@ 
N?/4 big! bN 
- @; @ 
jonqi V5 AYN 
= gh’ /4pN + bi-N gi 
(an jot ()5-N 
7 gh’ /4pN 3 bi gN+s 
(Qn aaa 
N?/4pN 
ae f=, a") (7217) 
(qn 


by (7.2.10). On the other hand, the left-hand side of (7.2.16) is 


gh? /4oN co p2m gNm g2m* eo] peti gN(m+1) gram +3m+1 ! 


(q)Nn m0 (N+! )om (bq) m m=O (QN+1)om+1(bQ) m 
N?/4pN 
=4 fr(—b,-@”), (72.16) 
(Qn 


by (7.2.4) and (7.2.8). In light of the fact that fr(a,b) = fo(a,b), we see, from 
(7.2.17) and (7.2.18), that the two sides of (7.2.16) are identical in this final 
case. 


Entry 7.2.3 (p. 26). Fora 40, 
CoO Nn n? /4 co —2n ,n? co n (n+1)?/4 co —2n-1,n?+n 
Soon ee 
n=0 dn n=0 Gn n=0 Wn n=0 Gn 
1 
> aq” 2/4. 


~ (co n=—0o 


Proof. Set b= 1 in Entry 7.2.2. 
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In the middle of page 26 of the lost notebook, we find the claim, upon 


changing to more contemporary notation, 
arg /(28) es —ns gn’s/2 


: yo 


n=O (Q)n n=0 q) n 


as g— 1?? 


We note that this is the first expression on the left-hand side of Entry 7.2.3 
when s = 2. Ramanujan provides no indication either why this is of interest 
for arbitrary s or what the asymptotics should be. 


Entry 7.2.4 (p. 26). Fora #40, 


aq n? /4 — (= iP! 
[Ser 


n=—0o n=0 
—2n—1 g(2n+1)?/4 


_ = Ngrgr 214 = ag? 4 = = a 
(yo sa es Dn Aa) Ga, 


n=—oo n=0 n=0 


Proof. Clearly, the left-hand side of this identity is an odd function of a. 
Consequently, the coefficients of all even powers of a are equal to 0. 
The coefficient of a~?~—! on the left-hand side is 


ae 


n=0 


\@ q” 2 /44+(—2N—1—n)?/4 Oe (—1) 2N-1 rgn? /4+( 2N—1—n)?/4 


(Q)n aa (Q)n 
(—1)%qr(nt))/2+Nn+QN+1)?/4 


7 2 (q)n 


2 
= Bg PN rl) gl pees ee 


by (1.2.4). We see that we have obtained the coefficient of a~?%~1 on the 
right-hand side of Entry 7.2.4, and so the proof is complete. 


Entry 7.2.5 (p. 30). Ifa 40, then 


(14 2) “ala n(n+1)/2 4 ie (=1)°(6/9) 2g oP? 
n=0 (—b@)n a n=0 emer 
"ela n(n+3)/2 
+e Chee (7.2.19) 


Proof. Multiply both sides of (7.2.19) by (—bq)oo to obtain the equivalent 
identity 


(1 + =) SHV)" /a)"ghert D2 (—ag"#4),, 


n=0 


7.2 Generalized Modular Relations 


157 
1 oS (=1)" (hfe ial 
= b we CO 
= ae (bg?) 
— (—1)"(b/a)rqr(r+9)/2 2n+1 
7 > (—aq)n aes 


If we now expand each infinite product appearing above by (1.2.4), and then 


compare coefficients of bN on each side, we find that the proof of Entry 7.2.5 
is reduced to proving that, for each nonnegative integer N 


d 


(1+ -) 3 (—1)"a-" 7 N (1) hare 9) (gt gh) 
a 


n= (q)N—n =O (—aq)n(q)Nn—n : 
or equivalently, 
N N 
—1)\"qa-” —1)"qrrtl n(N—n) (4n —-1,N—n 
ee Be ra = na" ia ia aa ee 
n—0 (q)N—n =O (—a@)n41(Q)N—n 
(7.2.20) 
Clearly, 
Io By =i, (72.21) 
Now, 


N I N —n,—N+n 
gee a a cl a Nt 


— (Q)n 


en (7.2.22) 


N 
7 (=1)t greta (-1)"—-ag ete») 
Ryn ta Rit = t 
dX (—4)n41(Q)N—n 


A=0 (—4@)n41(Q)N=n 
(1) gg 


N=1 (gg 
w= (—4)n41(¢) N—n-1 


n=0 (—a@)n41(Q)N—n-1 
OF yee aes a 
n=O (—4)n+1(9)N—n fr! (—a)n41(G)N—n 
‘ (1) tag? tg et n=) 


n=0 (=a) n41(@) N—n-1 ; 
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where we used the fact that 1/(q)-1 = 0 and where we added the second and 
third sums term by term. Adding the first and second sums term by term, we 
find that 


N (=1) —n n(N—n) N-1 (<1) ge 


ar (-a n(Q)N—n aa (—a)n41(9)N—n-1 
1 | N-1 (1) tga igh De) 
(q)n = (—a)n+i1(@)N—n—1 
> (—1)"a n 1 gle 1)ON n—1) 
2a eal aware 
iL 
=o (7.2.23) 


Thus, since Lo = Ro by (7.2.21), and since both sides of (7.2.20) satisfy 
the same inhomogeneous first-order recurrence by (7.2.22) and (7.2.23), we 
can conclude that 

Iy = Ry. 


This therefore proves (7.2.20), and thus the proof of Entry 7.2.5 is complete. 


In concluding this section, we note that (7.2.1) follows immediately from 
Entry 7.2.2 by replacing q by q+, setting a = b = 1, and invoking the two 


formulas 


co n? 


q 
G(q) = (-4759")oo 
a) = ) irs 
and 
co n2+2n 


H(q) = (-q°34 Joo Ds gn" 


both due to L.J. Rogers [248]. Identity (7.2.2) follows from Entry 7.2.3 when 
we replace a by 1 and q by q*, and then multiply both sides by (—q?; q?)oo- 


Identity (7.2.3) follows from Entry 7.2.3 if we replace q by q*, then set a = q?, 
and lastly multiply both sides by g(—q?;q)co- 


7.3 Extending Abel’s Lemma 


The main results in this section, Entries 7.3.2 and 7.3.3, are rather natural 
corollaries of the following generalization of Abel’s Lemma [36, p. 403). 


Theorem 7.3.1. Suppose that 
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f(z) := 5 Anz” 
n=0 


is analytic for |z| <1. Let a be a complex number for which 


> |a — an| < +00, (7.3.1) 
“lim. n(a — pn) = 0. (7.3.2) 
Then = 
jim £0-9f() = Steen). 


Proof. We recall Abel’s Lemma [14, pp. 190-191, Theorem 14-7]. If lim,_... An 
= L, then 
lim (1 — Anz” = L. 7.3.3 
Jim (1-2) dX 7 (73.3) 
In the first step below, the insertion of z in the denominator introduces an 
extra expression that is equal to —a@ by Abel’s Lemma. Thus, we must com- 


pensate for this insertion by adding a. Consequently, assuming that a_; = 0, 
we find that 


lim Bis Day = lim a z) +a 


z—31- dz z1- dz z 


= lim > —n(a@— An)Z” + ‘2 n(a — one] 


n=0 n=—-1 
foe) 
+ lim S "(a an)z" +a 
came ~ n=0 
Co 
= ~ jim (1 —2z) Dune = An)z" — a 
[oe) 
+ li = - 
jim Yio On)z” +a 
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=— Jim (1 —2z) Be —a,)2”+ Jim (a — Qn)z” 
=0+ lim Sila — An)z” 

2 n=0 
= Sa — Qn), 


where in the penultimate line we applied (7.3.3) and (7.3.2), and where in the 
last line we used (7.3.1) and the fact that the series converges uniformly for 
O0<z<1l. 


We may now apply Theorem 7.3.1 to a couple of instances relevant to 
Ramanujan’s work. The following theorem was first proved in [36, p. 397]. 


Theorem 7.3.2. For |a| < |t| and a £0, 
- (too = (t)n _ ~ (q/a)n ay" 
y (Ge we) Lame 
Oe fot to tg” = tg” = at 1g” 
© (@)o0 (>: 1—q" pos oe 2, 1 tg” 2D oor] 


n=1 n=0 n=0 


Proof. Using the g-binomial theorem (1.2.2), we can easily check that the 
conditions (7.3.1) and (7.3.2) of Theorem 7.3.1 are fulfilled for 


After employing Theorem 7.3.1, we add and subtract terms in the sum on the 
right-hand side so that we can apply Ramanujan’s ;W~, summation (3.1.4). 
Then in the “added” sum, we make two applications of the easily verified 
identity 
—])” n(n+1)/2 
6,57", ai 
c"(q/e)n 

In the third step below, we termwise differentiate the two series in powers of 
1/z and simplify. Accordingly, for |a/(tz)| < 1, we find that 


Co 


(a0 Om) = tim 45 Onn 
aaa om ga 25 @, 
= lim a uy — (t)n on 7 (q/a)n (a\” 
a ( Gu d (q/b)n a 


= d ; (q,a/t, tz, q/(tz); doo), ~ (G/@)n (a\” 
~ ah a )(eoeatarae) 2s (q/t)n e 
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_ (q)oola/t)oo ( d (t2)o0(9/(t2))oo ww (G/a)n (a\” 
~ ()o0(q/t) o0 (<. Coe aie di (q/t)n (7) 
— (too [4 og tq at ~tq" 
= (a)oo ier Ds t lgn >; 1 — tq” os) 
= (q/a)n (ay” 
+ Gs (7) 
as desired. 


Theorem 7.3.3. For 0 < |b] <1, 


X*\(qeol(eoo (an 
_ (@)c0(b)oo q ag” SN (¢/b) nb 
(q)o0(€)oe (> 1—q” » 1 — aq” 2 (a)n(1 = | 
Proof. We apply Theorem 7.3.1 when 
_ (a)n(b)n 
An = lanlel. (7.3.4) 


We must check that the conditions (7.3.1) and (7.3.2) hold. First, we check 
that (7.3.1) holds. For brevity below, define 


(—|al; lal)oo(=l; lal) oo 
(lal; lal)oo(lels lal)oo 


Hence, using the definition above and the g-binomial theorem (1.2.2) twice, 
we find that 


K(a,b,¢,q) = 


Co 


(2) 20(B)oo (a)n(b)n 


] 
Dele eal— rs (x(x (Dale 
lal faloo(—ks la 1 — ele 
S Tals lal)ao(Tel: Tal) (00 ox (50" 


= K(a,b,c,q) > 1 ‘s (ala) 3 (c/b)sb°q”® 


n=0 r=0 (q)r s=0 (q)s 


oe) lo) (q/a),(c/b) a” b8gr('ts) 
= K(a,b,c,q) ¥> be 
n=0 r,s=0 (Dr(@)s 
(r,8)A(0,0) 
— (= la/al; lal) r(—le/bl lal) shal” lol 
< K(a,b,c,4q q\" 
(aoa) Dla” De (al: lal)- (lal Tal) 


(r,s)A(0,0) 
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K(a,b = —|q/al; |q\)(—|c/b|; lal) s lal” |b] 
_ K(a,b,6,9) 5 (=|a/als lal)r(—le/O1 lal) slal" I on 
De |el:. , sy (lal; lal) (lal: lal)s 
(r,8)4(0,0) 


where in the penultimate line we used the fact that |q|""t*-) < 1, since 
r +s > 1. This then proves that condition (7.3.1) is satisfied. 
To prove (7.3.2), we first note that if |q| < 1, then lim, .. nq” = 0. Hence, 


; (@)c0(b)oo 
lim n(a—a,) = lim ng” ——— 
ca te a 


x = (q/a),(c/b),a" be qrrts—-D 
», (q)r(q)s 


(r,s) (0,0) 
Now, the expression inside parentheses above is bounded in absolute value, 
since we showed in our proof above that condition (7.3.1) holds. Since 
limn—oo ng” = 0, we see that we have shown that condition (7.3.2) is valid. 


Hence, applying Theorem 7.3.1 with the value of a,, given in (7.3.4) and 
using Heine’s transformation (1.2.1) with h = 1, we find that 


= (b)c0(@) oo = q” 2 aq" 

7 (C)co(G)oo & 1— q” dX 1-— | 
(B)oo(A)oo Sa (C/b) nb” 
(C)c0(@)co ps (a), (1 — q”)’ 


as desired. 


We now come to three entries in the middle of page 14 of the lost notebook. 
The first of these is perhaps more appropriate for Chapter 1; however, it would 
be unfortunate to separate it from its central relationship to the remaining 
two entries in this section. 


Entry 7.3.1 (p. 14). We have 


oo n(n+1)/2 


> Cae =1+¢> /(-1)"(@)nq”. (7.3.5) 


n=0 n=0 


The function defined in this entry is quite remarkable. The coefficient of 
q” is equal to the difference of the number of partitions of n into distinct parts 
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with even rank and the number of partitions of n into distinct parts with odd 
rank. In [32], we further discuss this function when we examine Ramanujan’s 
contributions to ranks and cranks in his lost notebook. It has been shown 
[34] that almost all of the coefficients in the power series expansion of this 
function are equal to 0; however, every integer appears infinitely often as a 
coefficient in the power series. A charming introduction to such phenomena 
has been provided by F.J. Dyson [148). 


Proof. Applying (1.2.9) with a = —q/T, b = q, c = xq, and t = T, we find 
that 


ae i Oe oa aor” 


= lim 
rh 2 (galean 
= (1-2) So (=4/2)n2” 
n=0 
=1+5°( —q/f)nx” ~ 2 —4q/L)n— 12" 
n=1 n=1 
= 14 S0(-4/2)n12"¢"/2 
n=1 
=14+Ca/2)n0"4". 
n=0 
If we now set « = —1, the desired result follows. 


Entry 7.3.2 (p. 14). If S := (—q)oo, then 


CO n(n+1)/2 S seed oO n 
Saar -2(§ +> (8 =(-a@)n) sy). 
n=1 


n=0 n=0 


Proof. In Theorem 7.3.2, set t = —1 and let a tend to 0 to deduce that 


A(=@) ce —1+2 ye (ges _ (=O a-i) 


n=1 


CS _n(n+1)/2 eae n 1 
qd q 

=> 4:2-@0 | 2 Ho +5), 

2d (—@)n ( S t= q” ;) 

or, equivalently, 
scans & n CO n(n+1)/2 
qd qd 

B2 SO Han) 28) 4 =) a 

n=0 n=1 q n=0 ( q)n 


as desired. 
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Entry 7.3.3 (p. 14). Let S :=1/(q;¢7)oo. Then 


CO _n(n+1)/2 G = 1 = 2n 
qd qd 
a, =2 + ) S ) 28 ) = 

= =9(5 amr ( (9597) n41 1g 


n=0 


Proof. In Theorem 7.3.3, replace q by q?, then set a = q?, b= 0, and c= q’, 
and lastly multiply both sides by 1/(1 — q). Consequently, 


foe) 1 7 1 co (—1)r-lgn?+2n 
2 (s ee GEO 2»: (97; g7)n(1 — q2”) 


ee 
~ (4 We (5 : Dall — n) 
| yy crane : >) 
7 eae a (aes “) 


which can be deduced from (1.3.1) or which can be found in N.J. Fine’s book 
(149, p. 14, Equation (12.42)]. Providing the details for the former derivation, 
n (1.3.1), we replace g by q?, set a = z and c = zq’, and let b — ov to find 
that 


iesd 2 n(n+1) 2. 42 
~o q)nd = (id oo (7.3.6) 
a n(2P3@)n (24754? Joo 


Differentiate both sides of (7.3.6) with respect to z and set z = 1 to deduce 


that 
ke ( ie gee) ie g’” 


d (25 47)n(1— a") » ee al 


n=1 n=1 


Next, we apply (2.1.1) with a = b= q/7, c= —1, and d = e = ~4q to the far 
right side above and deduce that 


* : 1 sy 1 q/T, —T, 4 
S — lim @ ( eds -r) 
2s ( (q; a) 2(45@2)o0 70 (—G3 Doo ** \ —4, —aT 


n=0 
1 1 cs q2” 
+ ! 
(959? )oo ( 2 d, — 


7.4 Innocents Abroad 165 


1 QQ gnr(mtl)/2 1 1 oo 2n 


oe iD 
2 “= (-Gd)n (GW oo oor 


Multiplying throughout by 2, we obtain a result equivalent to the asserted 
identity. 


Theorems 7.3.2 and 7.3.3 and Entries 7.3.2 and 7.3.3 are also discussed 
in Ono’s monograph [224, pp. 168-174]. Further identities arising from The- 
orems 7.3.2 and 7.3.3 can be found in [224]. R. Chapman [121] has devised 
combinatorial proofs of several of these identities. W.Y.C. Chen and K.Q. Ji 
[123] have devised beautiful combinatorial proofs of the last two entries. 


7.4 Innocents Abroad 


In order to prove the two results listed in Entry 7.4.1 below, we must collect 
a number of esoteric results. Of these, the three identities for very well-poised 
1099's seem especially as though they ought to be unnecessary. 


Lemma 7.4.1. For each nonnegative integer m, 


dt 2m (—1)" 7 m (—1)"q"" 
@ : }m » (a; Q)n(4; Doma _ » (¢; hia OG q)n ; a) 


The case a = 0 appears as Lemma 6.5.2 in Chapter 6. The case a = q 
reduces easily upon the use of (1.7.3) to a famous formula of Gauss for the 
Gaussian polynomials. This formula was used by Gauss [152] in his famous 
elementary evaluation of the quadratic Gauss sum. For further details, see 
the book of either H. Rademacher [232, pp. 85-88] or Berndt, R.J. Evans, and 
K.S. Williams [72, pp. 20-24]. 


Proof. We set 


DOV ee a a = ae (7.4.2) 
a“. (=1)"q"" 
a 2d (Pe ne \5” ved 


Our lemma follows immediately by mathematical induction once we prove 
that each of Ly,(a) and R,»,(a@) satisfies the following initial conditions and 
recurrences: 


fo(a) =1, (7.4.4) 
1 _— qeam+l1 gent 


(l= @) Jmda(a) — tm(aq’) = aoe (7.4.5) 


CA 
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Clearly, Ro(a) = Lo(a) = 1; so (7.4.4) holds for each of L,,(a) and R,,(a). 
Next, 


l= 
Li tal@) s 


2m+2 n 2m _4)n 
= (e28mn (S a 4 So ( o 


n=0 n (q; d)2m—n+2 n=0 (a; @)n42 (q; q)2m—n 
2m 2m 
2 (sip ue 
=(\G5d Jm+ 
( ) ' (= (a; @)n42(G; qam—n dX (a; Q)n42(G q)2m—n 
1 1 
2 
=(G5d Jm+ 
aves (ree (i= eae) 
(q: @’)m+1 Wm+2 
— 1 1l-q 
(1 — a)(45 ¢)2m-+2 )~( ) 
grt —a 


(l= a\(P52)mt1 
Thus, (7.4.5) holds for L,,(a@). 
Finally, 


Rm(aq?) 
1—aq 


mo nn? m+2—2n 
= (=1)"9 1 bag 
(7; @") 7? OO T= agent 


mid—n Og qd Vn 


(1 a a)Rm+1(@) ae 


mt+1 (—1)"qr" (q2m+2- 2n _ qyg2ht1 4 g2g2ntl —a) 
ee: (97; 4? )m41—n (093 G7 )n4t 
qa aq 
7 (q75q7)mt1 (1 — aq)(q?5q?)m 
Oe (bra (gent? — ag?) + a g?t! — a) 
| » (47; g?)m-+1—n (0G; 9?) n+1 
Cilia aq 
(73)m+i (1 — 09)(975 9? )m 
i: ‘ (ag ie Gags) 
= (97 G7) m+1—n (0g; G? )n+1 
ER (ra? (ag?43 — ag?! + a2@"+1 — a) 
a 2d (975 q?)m+1—n(0G; G7 )n41 
grasa PM Rnlag’) { aq 
(739? )m-+1 1—aq (1 — aq)(q?5 47)m 
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:S (—1)"q”" (ag?™t3 — ag2"t! + a2q 2n+1 —a) 
= (4759? )m41—n(0G; 9?) n41 


Consequently, to show that R,,(a) satisfies (7.4.5), we need only show that 


the expression above inside the curly brackets is identically equal to 0. To that 
end, 


aq ‘ (—1)"qr (age@ts — aq?ntl +aq 2n+1 —a) 
(L—aq)(@75q?)m (475g?) m-+1—n (09; 9?) n+1 


aq 
(1 = aq)(q?; qm 


m+1 n,n 2n+1 2m—22n+2 2n+1 
» ( ) qd ( qd ( qd = ox qd )) 


= (Cie mica (gio nat 
= OS (—1)%qget)? 53 (-1)"q"" 
4 (P35 P )m—n (0G; Yn (97; @?) m+1-n(0g; g?)n 


m (—1)"q+)" m (-1 1)rqirtv? 
= ay) ( + 2s 


(P35 P)m—n (0G; n+ 4 (975.9? m—n (09; G?)n+1 
=, 


Lemma 7.4.2. For each positive integer m, 
2m—1 


(G@)m >> a oa - (1 =) 


n=0 ’ on Cp qd 


— (-1)"q™" 
D, (9g?) @° 


W=T ¢ lezen Ps ; 


Proof, Following in the wake of Lemma 7.4.1, we see that 
( “)S Crime rmertan Cake) | cr orem cree, 
=( Set’ C a 


l-a/q@e ig 
~ (G@) Le 


m p> a = alone yn! 


where we have used the definitions of L,,(a@) and Ry»(a), given in (7.4.2) 


and (7.4.3), respectively, and where we have appealed to Lemma 7.4.1. This 
completes the proof. 


In addition to these two lemmas, we require three identities for the function 
10%9 (see (2.1.2) for this notation). The first two were given by W.N. Bailey 
[41, equations (6.1), (6.3)] and are given by 
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a, /a, —9x/4, b, 71, —11, 72, —r2,¢ *,-g™ ag 
Jim 10P9 (ja, <+/Gi, a os og _ OF agNt). —qqNth& 7 >a 
T71 Tr” ie 7 
_ (0? @?) 20 (a? irae 
(a?q?/T 7; G) 00 (a?q?/13; @) oo 


x 3 (733g?) n (735 G7) n(—agq/d; Q)2n (55). (7.4 6) 
£4 (P50? )n(a?q?/0?; g?)n(—4G5 Dan \rirs 
and 
ag a; —F 4, Pi, Prd, D2, D2q, fg? ON : abgiN+3 
dim 1009 og” 8 G0 a Oe eee pant eae 
aq aq 
awe Pi’ Pi’ Pe Pa’ ~° ane 


_ (44; G)00(44/(P1P2): Doo F> (Pri Dn (P2; Dn (a9/f577)n ( aq 
(aq/P1; Q)oo(aq/P2; Qoo = (GO)n(agg?)n(ag/fi an \pip2) 
(7.4.7) 


The third is the case k = 3 of a generalization [17, Theorem 4] of equation 
(12.2.1) of our first book [31, p. 262], namely, 


( a, qv/a, —q/a, bi, C1, b2, C2, b3, 3, q7 eg 
1099 


aq aq aq aq aq aq N+13 Y, <> 
a, a, ? - ? F . és a 
va Va by C1 bo C9 b3 C3 qd by b9b3c1C2C3 


_ (aq; 9)n(aq/(bse3); @) 
~ (aq/bs;q) Nn (aq/c3; DN (7.4.8) 


2 (aq/(b1¢1); @)m, (aq/(b2c2); Gms (b23 Qn, (C23 Dn 


(95 4) oma (93 @) m2 (aq/b1; 9) my (aq/C13 Gms 


x 


mi,m2=0 


(b3; aetna (c3; d)m1+ms (o-"; Q)m+ms (ag) igherms 
(aq/b23 @)my-+mz(@q/C23 4) mi+ms (b3e3q—N /a; @) mi +m (b2e2)™ 


Entry 7.4.1 (p. 25). We have 


ead =) n grhin+1)/2 Pad ( gree ed ( 1) n qr 
= 2 (7.4.9) 
a = ‘Dn a) err a es 
iSocd grint1)/2 & (= a iSoes ( 1) n gr 
12 (7.4.10) 
Oe ly Cee PL Cae 


We follow closely the proof in [23]. Unfortunately, this is currently the only 
known proof. 


Proof. Instead of proving each of these formulas independently, we prove the 
following two formulas: 
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(—@; 47 )an 


5 @)oo o (n+1)/2 2 (1)? 9" n(n+1)/ oe gle 
ree os p> (-a qh 2, 
" (ra) 
iS gr n oS npn(n iad n ,2n? 
oe +1)/2 (gee os ey Ce 


= (oo, = 
To obtain (7.4.9) from the latter two equalities, merely subtract (7.4.12) 
from (7.4.11) and divide both sides by 2. To obtain (7.4.10), add (7.4.11) and 
(7.4.12), recall (1.4.9), and divide the result by 2 
We now prove (7.4.11). Using (1.2.4) twice, setting N = m+n, invok- 
ing Lemma 7.4.1, inverting the order of summation on N and j below, and 
replacing N by N + 7, we may write the left-hand side of (7.4.11) as 


m(m-+1)/ CO (_4)m,m(m-+1)/2 
q™ ie | ( 1) q m+1 
5 1I)oo T S qd 1 Doo 
ene ais er ae ) A (Gam ( ) 


co 6000 git 1)/2tn(n+1)/2+mn (1)? + (-1)™) 


ss 


(G5 doo A= (—44)m(GQ)n 


a gh iN+n/2 3 (epee ei) 


(—9;q) w—n(@ @)n 


6 


n=0 
gh @N+) i 
—G; Doo cane Ye q)2n- =e Qn 
9 Se ae N eae 
NEED ce wn 5 Pie )w—s(-5 0) 5 
2 CO (HL) Fg NFI)AN+25+1) gi? 


-aey 


(—45 Doo 5 Amy (975 97) 1(G 7) 45 (97 PF) 


=0 
_ 2 Oo (1g ti g2N?+N+4N5 
~ Gv) on Die PP) (GP); yy (@2; q2) n(q2)+1; q?2) 
an A Ger 
_ (—43q)oo » (—¢?: ©); (CH 2), S1(j). (7.4.13) 


We now transform $)(j) by rewriting it as a limit of a certain 2) and using 
the second Heine transformation, Corollary 1.2.4, to find that 


Si(j) = iim 291 Ge q eee) 


“im (PMP a TOPs 4 (Mal oo 
~ 0 (GIL Gon (T2QUT Pao rghit? 74°79 
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(q2it2: 2) _n?+2jn 
5G )nd 
ay =. Cran : (7.4.14) 


Putting (7.4.14) in (7.4.13), simplifying with the use of Euler’s identity, and 
lastly using (7.4.8), we deduce that 


1 CO m(m-+1)/2 ices — ym m(m-+1)/2 
| og a) 5 4 ae yee es 


fm (HG) m 
SS (=D) (07s Png rtd #29459 
(47; a7) 5 (475g? )n(—9?: 47); 

= 2(1— gq) lim 


€1,62,c2,b3, N00 


q,q°/*, —q°/?, —q, c1, ba, C2; bs, 97, Q7 > 


$44 43 48 eer 
) qe, q, e ? : 5) : 5) 2 ON aad c1b2c2b3 
Cy bg C2 b3 
=2(1—-q) lim (7.4.15) 


f,r2,N—00 


2N+6 


q,9°!?,-9/?,-4,¢, f,72,-12q, 7 8 , —q Nt gtNt4 
109 1/2 1/2 2 go oe 2N+3 2N+2 o, ed 
q > »7d54, ) ) 5 >74q fré 
fore r2 
where we set c, = f, b2 = r2, C2 = —req, and bg = —q~?N*!. Observe that 


each j9¢9 has five upper-row parameters tending to co and five lower-row 
parameters tending to 0, while the other parameters in both upper and lower 
rows remain unchanged. Next, in (7.4.7), set p, = q and let po, f, and N tend 
to oo. Hence, 


dp tes 109 
ag Va, — 9 Va, 9,9", P2,P2q, fg, gq ON » aigiN+! 
7 Ja, —Va, aga, ee OF agQN +2 gg2N rif a 
p2 po f 
aaron eae 
~ l-a = (aq; G7) n = 


Replace q by —q in (7.4.16) and then set a = q. Lastly, replace the identity 
that we thus obtain in (7.4.15) to conclude that 


1 oo grimtl)/2 m oO zie sated 7 
ae oor y= (-a""*; a)oo 


(4; doo (—G9)m ict! 
ie (n+1)/2 


m=0 


=2) 
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This then finally concludes the proof of (7.4.11). 

To complete the proof of Entry 7.4.1, we now prove (7.4.12). The steps 
are like those in the proof of (7.4.11). Using (1.2.4) twice, setting N = m-+n, 
invoking Lemma 7.4.2 with a = —q, and inverting the order of summation on 
N and j below, we may write the left-hand side of (7.4.12) as 


1 ead gitimtl)/2 = ice 1 m gin{m-+1)/2 m 
SL ae. ) (gaan 
(—@d)oo | = (-G4)m Ky (Gam 
7 1 ss 5 grit 1) /24n(n+1)/2+mn ((—1)" _ (=1)") 
(45 doo M4, (—4G4)m(G@)n 
oo N n —n 
eee ae? N(N-+1)/2 > ((-1)" — (-1)**) 
a q 
(—q; d)oo N=0 0 ( q; q)n—n(4; d)n 
[ove] 2N+1 * 
_? gN+DQN+1) > (—1) 
(-G Goo <= <* (-G Q)anti-n(G @)n 
4 20 g(N+1)2N+1) N (—1)it1 gt” 


(—Gd)oo Ky (GPa (PP )w-y(-GP)j41 


J+ 1 g(N+5+1)(2N+25+1) g(G+1) 


4 ee 
-— ee 


(—45 Woo 4h Kay (HGP) jG Pt s+1(Gs Pw 
4 Sse 1)I+1 30? +5542 oo gen? +3N+4N5 
~ (=G3 9) o0 Die G5 4) 5-41(9; F541 —. (975 22) w(q24+8; Gg?) w 
2= N=0 
oo 1)i+1 get +5j+2 
= So(j). (7.4.17) 
—4; Doo oer -GP cae P51 


As in the proof of (7.4.11), we transform S2(j) by rewriting it as a limit 
of a certain 2; and using the second Heine transformation, Corollary 1.2.4, 
to find that 


E 2 T 
S2(9) = lim 261 (13% so gi) 
ina Cea ert od Nes Gi? ,q/7_ 2 di+2 
7=10 (q25+3; g?) 00 (T2q4F*3; Gg?) oq rq! tenes 
1 = (PG ie ya 
~CgPIt8 Ga, dX Cotes 


(7.4.18) 


Putting (7.4.18) in (7.4.17), employing (7.4.8), and using Euler’s identity, we 
find that 


1 sess giimtl)/2 m oO da grimtl)/2 m 
Car = eames 


(—G doo | A=) (-9d)m coast Gd) 
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3s 3 (—1)74"+1(¢?, @?) ja nq tay +27" +394242G-40) 
— 4 ! 
<= (4; 47) 541(475 97) 5 (975 9?) n 
4 2 t= 3 
_ _4¢° = 4") lim 
1 + qd €1,62,C2,b3, N00 


—2N 


5 Ab nb 25 ig q 
109 q3/? __ 93/2 72 3 "4 Gq 4 4d aN+559 5-7 a 


ee q -N,b,r2-400 


@,q?, -q"/?,b,¢7, -@, 72, -72, 0028 , —g ON (fht 
109 3/2 3/2 3 3 Ff @ 2N+5 net a 
q > 4 095-G ,—_—,-—_5, 7d >—q br5 
T2 T2 b 

4@(1—9?)_ 1 e ees 

Lang besgh 2 (0? 0" ae 
oo ae 1 grint+h)? 
‘Be 2\on+2 
oF i gr 
=4) one (7.4.19) 


where in the antepenultimate line of (7.4.19), we applied (7.4.6) with q first 
replaced by q?, then with a = q? and r; = q?, and lastly with b, r2, and N 
tending to co. This finally completes the proof of (7.4.12). 
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Theta Function Identities 


8.1 Introduction 


Theta function identities are ubiquitous in Ramanujan’s notebooks [243]; in 
particular, see Berndt’s books [54] and [57] for several hundred such identities. 
Theta function identities are also prominent in Ramanujan’s lost notebook 
[244]. Several of these identities are intimately connected with the Rogers— 
Ramanujan continued fraction, and so these were examined in Chapter 1 of 
[31]. However, other chapters in [31] contain theta function identities, with 
Chapters 4, 18, 15, and 17 being exceptionally fruitful sources. Readers hav- 
ing read the first seven chapters of the present volume have seen how theta 
functions make perhaps unexpected appearances in q-series identities. Read- 
ers who continue to read the remainder of this volume will observe that theta 
functions and their identities are inextricably intertwined with Eisenstein se- 
ries. What is rewarding and refreshing about Ramanujan’s identities involving 
theta functions is that he often discovers types of theta function identities 
that were previously unknown to us. His identities are also frequently surpris- 
ing, both in their forms and in their appearances with other mathematical 
objects. 

In this chapter, we offer some of these beautiful identities, most of which 
were first proved by S.H. Son [266], [267]. Indeed, we follow precisely Son’s 
beautiful proofs in [266] and [267] in the first two sections. For the convenience 
of the reader, we begin by reviewing some relevant notation, definitions, and 
theorems of Ramanujan that we need. 

Ramanujan’s theta function f(a, b) is defined by 


fa,b= S$) are ep ny, lab] <1. 


Perhaps the most important property of f(a,b) is the Jacobi triple product 
identity. 


G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II, 
DOI 10.1007/978-0-387-77766-5_9, © Springer Science+Business Media, LLC 2009 
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Theorem 8.1.1 (Jacobi Triple Product Identity). For |ab| < 1, 
f(a, b) = (—a; ab) oo (—8; ab) 46 (ab; ab) oo. (8.1.1) 


The three most important special cases of f(a,b) are defined by, in Ramanu- 
jan’s notation, 


(9) = f(a.a -> q”’ (8.1.2) 
b(q) = f(a.4 = Soar cere (8.1.3) 
f(-@) = f(-a,-@) = SO (-1)7q? 9? = (GQ) oo: (8.1.4) 


where the last equality is Euler’s pentagonal number theorem, an easy conse- 
quence of the Jacobi triple product identity. 

We use the following three basic theorems [54, pp. 48, 34, 80] of Ra- 
manujan. One of them is the quintuple product identity, which we previously 
recorded in (3.1.2) and in Entry 3.1.1, and which we restate for convenience. 


Theorem 8.1.2. Let U,, = a™"+))/29r(™—-))/2: and V, = a™™—))/2pn(m+1)/2 
for each integer n. Then 


n—-1 
i= Soot (Ge _, et) (8.1.5) 


Theorem 8.1.3. For |ab| < 1 and each nonnegative integer n, 
f(a, b) = aP@t))/2pn("—1)/2 F (a(ab)”, b(ab)—”). (8.1.6) 
Theorem 8.1.4 (Quintuple Product Identity). For |\xv3| <1, 


f(—2?, —Ax) f (—Az3) 
f(—2, —Ax?) , 


The following theorem of Son [265], [31, p. 14, Lemma 1.2.4] is also needed. 


f(—A*a?, —Aa®) + wf (—A, 72°) = (8.1.7) 


Theorem 8.1.5. Let |ab| < 1, let 7 and k denote arbitrary integers, let p be 
a prime, let ¢ := exp(27i/p), and let x= s,0<s <p, be a solution of 


(G+k)a+ 7 =0(modp). 


Then 


P 


I] f(-¢*"e, -¢*"8) (8.1.8) 


n=1 
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Pa org a) 
_ f (—aP(st1) pps, —gp(p—s—1) pp(—s)) ? 
pray) FOO 
f(—arbr) 


if j+k#0(modp), 


if j+k=0(modp). 


We also utilize an identity established to prove a formula in Ramanujan’s 
notebooks [56, p. 143], [55]. 
Lemma 8.1.1. 
f3(a°d®, a®b?) 4 afb’, a°b®) 4 a a Cora a®b?) 
_ FB) F(ab) 4, fa? B)F(—a") 
~ Fay a) 
If g = exp(—7/n), for some positive rational number n, the Ramanujan— 
Weber class invariant G,, is defined by 


Gy = 2M Ag M4(— Gg?) 0. (110) 


(8.1.9) 


In his notebooks [243], Ramanujan recorded many values of class invariants; 
see [57, Chapter 34] for proofs of most of these values. 

Lastly, we record the famous Rogers-Ramanujan identities, which we have 
previously recorded in (4.1.1) and (4.1.2). 


Theorem 8.1.6. For |q| < 1, 


n=0 
and 
q” n(n+1) 1 
= Jn (9734? )oo( 975 G?)oo 


See Chapter 10 of [31] for Ramanujan’s discussion (and our discussion of 
Ramanujan’s discussion) of these identities in his lost notebook. 


8.2 Cubic Identities 


It will be convenient to define 


Pye = fla 00° 6"); (8.2.1) 
Fi: =af(b*,a°d°), (8.2.2) 
Fy: =b f(a, a®b*), (8.2.3) 


and 


w: = exp(27i/3). 
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Lemma 8.2.1. For |ab| < 1, 
Fo + Fy + Fy = f(a, b). (8.2.4) 


Proof. In (8.1.5), let n = 3. Then apply (8.1.6) and thereby deduce (8.2.4). 


Theorem 8.2.1. For |ab| < 1, 


3 f(a’, 8°) 

326 673 3 926)\~ _ 3a. @2b3 3 £33 679 
(F(a°88, 0°69) + 0.f(0°, 0°") = Fs apm F(a, 076%) — 8 f(a, a°6?). 
Proof. In (8.2.4), replace b by w”b for n = 0,1,2, and then multiply the three 

identities together. We therefore find that 


f(a, b°) 


(Fo + F,)? + ra = f(a, b) f(a, wb) f(a, wb) = f (a3, a8b9) 


f*(a,a°b*), 


by Theorem 8.1.5, with p = 3 and s = 0. Using (8.2.1)-(8.2.3), we complete 
the proof. 


The proof of the following theorem is similar. 


Theorem 8.2.2. For |ab| < 1, 


f(a?,b°) 


Fae awe t (ae ab) _ Perr, a®b?), 


3 
(2.003, 2°09) +b f(a?,a56%)) = 
Proof. In (8.2.4), replacing (a,b) by (w’a,w"b) for nm = 0,1,2, and then 
multiplying the three resulting identities together, we deduce that 
FR e (Fi - F,)° al f(a, b) f (wa, wb) f (w?a, wb) 
f(a, b*) 


3792.2 
= F(a308, oops) 4 (ab*, a“b), 


by Theorem 8.1.5, with p = 3 and s = 1. Again, using the definitions (8.2.1)— 
(8.2.3), we complete the proof. 


Theorem 8.2.3. For |ab| < 1, 


f(—b?, —a3b) 
f(b, ab?) 


f?(ab?, a7b) — b f?(a, a7b?) = f?(—ab). 


Proof. In (8.1.7), replace (A,x) by (—a,—w"b!/3) for n = 0,1,2, and then 
multiply the three resulting identities together to deduce that 


f(- — —aw"b'/) f (—ab) 
“I 


3/42 — b f3(a,a2b3 
f° (ab?, ab) — b f?(a,a7b*) (—w"b1/3, —aw22/3) 


(8.2.5) 
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Applying Theorem 8.1.5 twice, we find that the right side of (8.2.5) is equal 
to 
f(—b?, —a3b) 
f(b, a6) 


which yields the desired result. 


f?(—ab), 


We now use the results quoted or established above to prove some results 
on pages 54 and 48 in Ramanujan’s lost notebook [244]. 


Entry 8.2.1 (p. 54). Let A:= f(—q",—q®) and B := q f(—¢?,—q'°). Then 


f(-7,-@°) 5 
AL B= ; 8.2.6 
f(-¢, -¢') i) mee) 
A-B= f(-@/?,-q) +P? f(-¢,-@"), (8.2.7) 
f(-d, —q’) 
A’ + Be = *(-4°), 8.2.8 
F(a, —q)! Ce) ee 


fP(-4, —q'*) q 
f(-@°, -¢'”) 


Proof. The identities (8.2.6)—(8.2.8) can be found in Ramanujan’s second 
notebook [243]. More precisely, (8.2.6) and (8.2.7) are Entries 10(i), (iii), re- 
spectively, in Chapter 20; see [54, pp. 379-380] for statements and proofs. 
Also, (8.2.8) is identical to an identity on page 321 in Ramanujan’s second 
notebook; see Entry 36(i) in [56, p. 188]. Letting a = —q and b = —q?/* in 
Theorem 8.2.1 yields (8.2.9). 


a ese): (8.2.9) 


After stating Entry 8.2.1, Ramanujan writes “A? — B® see note.” Either 
Ramanujan never wrote this note, or if he did, it has not been preserved. 


Entry 8.2.2 (p. 54). Let A:= f(—q’,—q!") and B := q f(—q,—q"*). Then 
for |q\ <1, 


A-B= oe — py a”), (8.2.10) 

A+B= aati g'!,—q"!9) — f(-a°,-@®)}, (8.2.11) 
_ 8 12 

AB — B= an =o ), (8.2.12) 


3/_,2 __3 
(A+B)? = {4 q; git = 7) fPr(-d, a}. (8.2.13) 
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Proof. The identities (8.2.10) and (8.2.11) can be found as Entries 10(ii), (iv) 
in Chapter 20 of Ramanujan’s second notebook [243]; see [54, pp. 379-380]. 
The identity (8.2.12) is also in Ramanujan’s second notebook; see Entry 36(ii) 
in [56, p. 188]. Putting a = —q*/? and b = —q'/3 in Theorem 8.2.2, we deduce 
(8.2.13). 


On page 54, Ramanujan wrote “A® + B® see note.” However, as before, he 
apparently did not write this note, or, if he did, it has been lost. 

The next two identities are connected with what Son has called Ramanu- 
jan’s theorems on circular summation found on page 54 in the lost notebook. 


Entry 8.2.3 (p. 54). For |ab| <1, 


f9(ab?, 026) + af(b, ab") + bf? (a, 076%) 


P(—-@) ” F(—a) 
— tay lV .¢,°@) 
= 10.9 yt 8 af Goan 


where q = ab. 
Proof. In (8.1.9), replace (a,b) by (a!/3, b!/8) to arrive at 
f?(ab?, a*b) + af3(b, a2?) + bf? (a, ab) 
_ f(a,b)a"/? f?(-a°) ( P(-d/) 3). (8.2.15) 


f(=@) gle f(—@) 
By Entry 1(iv) in [54, p. 345], 
3/_ 71/3 fe? = 1/3 
oe pa ele | 2 , Cee 
By Entry 3(i) in [54, p. 460], 
f°(-a) P(-8) [7 _ B@) , . Va) 
Roan tpg} — eet we re 


We now see that these three identities (8.2.15)—(8.2.17) establish (8.2.14). 


On page 48, Ramanujan presented two further cubic identities, (8.2.18)— 
(8.2.19) below. These identities give new representations for the Rogers— 
Ramanujan functions. 


Entry 8.2.4 (p. 48). For |q| <1, let 
n? ge gto) 


eS] 3 
_ q _ 
=), (93; @)n Oe Dire Ds (330 3)n 


n=0 n=0 
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Then 
rir) 
POP Se teh eae) =U a (8.2.18) 
ig) 
and 
3 11 19) | 9 £3 29) _ 6 Pte") 
PSP SO PG aar aVa —ae (8.2.19) 
ie") 
Proof. By the Rogers-Ramanujan identities in Theorem 8.1.6, 
1 
iS : (8.2.20) 


ee ee ee Cae gt ee 
In Theorem 8.2.3, let a = —q’ and b = —q°. Then 
_ 76 _ 724 
Peer er eC = | eraeratil q’°). (8.2.21) 


Employing the Jacobi triple product identity (8.1.1), (8.1.4), and (8.2.20), we 
find that 


_ 6 _ 24 
- ik q!) 
(eg lee af (oe) 


qd 
(q3; g?°) 00(q?"; q?°)o0 

(g®: a” leata'*: gaan eC ace a glee a a q”) oo f3(—¢q"®) 
(q3; @”) 00 (qt; g?”) 0 (q!8; q??) 00 (q?"; q?”) 00 (q?9; ge 


Using this last calculation in (8.2.21), we reach the desired result (8.2.18). 
The proof of (8.2.19) is similar to that of (8.2.18). By Theorem 8.1.6, 


1 
— Cet mae me Cure age —— 


In Theorem 8.2.3, let a = —q and b = —q®. Then 


P(-¢!, 9!) + f3(—¢, <2) = LEP") 93(_g20), (8.2.93) 
f(-e,-¢) 
By the Jacobi triple product identity (8.1.1), (8.1.4), and (8.2.22), 
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ee le re ar a) 
(q°; g?°) x0 (q?!; Geo 
OP ei (aie esl Gea osl (He) 
(OP lO es ala er se 
_ (ie er (a0) 
Vg at (—) 
fe) rea) 
f(=@") 
Using this last identity in (8.2.23), we complete the proof of (8.2.19). 


=V 


Son [266] used results in this section to derive some new modular equations. 
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On page 206 in his lost notebook [244], Ramanujan recorded the following 
identities. 


Entry 8.3.1 (p. 206). Let 


“a =l+ut+v+u. (8.3.1) 
Then = 
p= www = 0° (8.3.2) 
mt eo) aC) 
oq") (2 + 5p) o4(q") +(1—p)? =0. (8.3.3) 
Furthermore, 


2.\ 1/7 2.\ 1/7 2\ 1/7 
u= (=F) _ v= (72) — w= (2) (8.3.4) 
y a 


where a, 3, and y are roots of the equation 


€° + 2¢? (1+ 3p— e'(a) (p+ 4) —p* =0 8.3.5 
Pag?) + €p"(p + 4) — p" = 0. (8.3.5) 


For example, 


plen7*V7) = PAp(e-4V7) 11 4 (=) + (-)/7 4 (-)/TL. (8.3.6) 
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Although u, v, and w are not clearly defined in the claims above, their 
definitions can be deduced from Entry 17(iii) of Chapter 19 of Ramanujan’s 
second notebook [54, p. 303]. In examining (8.3.1) and Entry 17(iii), we see 
that we are led to define 


u := 2q'/7 f(q°,q°)/v(q"), (8.3.7) 
v= 2g’ f(g, g!")/9(4"), (8.3.8) 
w := 24°!" f(q,q"°)/e(q"). (8.3.9) 


n (8.3.6), Ramanujan might have attempted to evaluate the quotient 


y(e7™¥7) 


lev?) (8.3.10) 
by using the identities (8.3.1)—(8.3.5). Recall that the class invariant G,, is 
defined by (8.1.10). Since G7 = 2!/4 [57, p. 189], the value of G7s could easily 
be evaluated by a routine calculation if the quotient (8.3.10) were known. It 
is unclear why Ramanujan did not record the missing terms in (8.3.6). Did 
he not record them because they were inelegant? Did Ramanujan conjecture 
the existence of three quantities that would ensure an identity of the type 
(8.3.6)? We have been unsuccessful in finding the three missing terms and 
consequently cannot answer these questions. 

In this section, our goal is to prove the identities (8.3.2)—(8.3.5). We employ 
modular equations of degree seven, the Jacobi triple product identity, several 
Lambert series identities, and the product formula for theta functions given 
in Theorem 8.1.5. 

In the sequel, the following three Lambert series identities are needed. 


Lemma 8.3.1. For |q| < 1, 


(i) y*(q) =14 hn ka 
T = 41+ (- 
- oo * aa! 2 gan oo kg* 
(ii) ®(q) =1 ‘ “= PIO) 7 cae 
a 1l+q 
iii S(q)=14+1 
(iii) ~*(q) Dies 7 


For proofs of (i)—(iii), see [54, p. 114, Entry 8(ii)], [31, p. 396, Entry 18.2.2], 
and [52, p. 139, Example (i)], respectively. See also [59, Chapter 3]. 

We recall some notation and definitions in the theory of modular equations 
of degree n > 2. Let @ have degree n over a. Let 


1 1 11 
2 := oF, (. sha) and Zn = 2Fy (5.5 :1 8). 
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We quote from Ramanujan’s catalogue of theta function evaluations in [54, 
pp. 122, 124]. 


Lemma 8.3.2. If 


then 
9(q) = Vz, (8.3.11) 
g(a") = V27, (8.3.12) 
x(q) = 2°/6q1/24 (a(1 — a (8.3.13) 
x(q") = 2/8q74 (a1 — ay). (8.3.14) 
For proofs of (8.3.11)—(8.3.14), see [54, pp. 122, 124]. 
The multiplier m of degree n is given by 
2 
gq) _ a 
Mm i= Ses 8.3.15 
F(a") 2n oo 
Lemma 8.3.3. For |q| < 1, 
ae 2k+1 
ray & at —— = #°(a)(1 a). 
See [54, p. 138, Entry 17(vii)], where a proof can be found. 
Lemma 8.3.4. Jf 
t:= (ap), 
then 
((1-a)(1 - B))* =1-4, (8.3.16) 
7 
aa (1 — 2t)? — 5(1 — 2t) (8.3.17) 
tie 7 
= Se tai (8.3.18) 


iL 1-t m 


For a proof of (8.3.16), see [54, p. 314, Entry 19(i)]. Using (8.3.16) along 
with [54, p. 315, Entry 19(viii); p. 314, Entry 19(iii)], we deduce (8.3.17) and 
(8.3.18), respectively. 

Throughout the remainder of this section, n = 7, and so m is the multiplier 
of degree 7, 3 has degree 7 over a, and 21, 27, and t are defined as above. 
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Lemma 8.3.5. For |q| < 1, 
pa ae it P 2 _ ge XM _ 4 & - a 
ee x"(q") a(1—a) 
Proof. By the Jacobi triple product identity (8.1.1), the equality 
eq") = fa") = (-as)5(0" 7" )00: 
and (8.3.7)—(8.3.9), we find that 


= 8q° 5 9) ¢(,3 ll in f(a") 

p= www = aight al )F(q ral \flaq Fg? 
8 2 

= Fg GT ool Pg" oo(—a?s a )ao(—a"s a*V 5 

x (=993 4g") c0(—9"4s 4) o0(— 473 


(8.3.19) 


a 14 oa 


mee ae oe 
Since 
(=4; Poo = (- 45. 9") 00 (47 "00 (- 9°; G00 (= 97g") 00 
x (=9°; G4 )oo(—9"45 "400 (— 479; "Joo 
we can simplify the formula for p above to deduce that 


(q) 


Peet aa GT 


Using (8.3.13) and (8.3.14), we complete the proof of (8.3.19). 
Note that we have also established (8.3.2). 


Lemma 8.3.6. For |q| < 1, 


L= 
a) 
m 


Proof. Using Lemma 8.3.5 and (8.3.16) in Entry 19 (ii) of [54, p. 314], we 
complete the proof. 


We are now ready to prove (8.3.3). 
Theorem 8.3.1. Equality (8.3.3) is valid. 
Proof. By (8.3.17) and Lemma 8.3.6, we find that 


a) a) 


Multiplying both sides by m°, we deduce that 


m4 — (2+ 5p)m? + (1 — p)? =0. 


Thus, by (8.3.15), we complete the proof. 
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Lemma 8.3.7. For |q| < 1, 


2.2 


Proof. By Lemma 8.3.1(i), 


‘@=1 D3 es 
aca 1+(—a)" 


=148) he! (1 )"(-q)* 


n=0 


= [& 3 we n(k+1) )kq (n+1)k 


k=1n=0 


Replacing n by n — 1, we complete the proof. 


For convenience, we define the operator Mo, which collects the terms whose 
exponents are integers. 


Lemma 8.3.8. For |q| < 1, 
Mo (v4(a"/")) = 8p4(q) — TH*(a"). 


Proof. Let 


[oe) 


Up = yep eg) 


n=1 


By Lemma 8.3.7, 


Mo (e*(a"/")) =1+8My ( : vs) 


k= 
=1+8M So Upto t SO Up 
k=1 k=1 
k=0 (mod 7) k=6 (mod 7) 
=f Sa pieP i). (8.3.20) 


In the sum with k = 0(mod_7), replace k by 7k to deduce that 


Ip = Mo x Sone verneray are 


=7> C1 ig. (8.3.21) 
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For 1 <j <6, 
7 (> Ste es ee ina ynere) 
k=0n=1 
= pee ei ee 
k=0n=1 
=SYC 13 cies 1)(7k+j— Y(7k + 4)q n(Tk+J) (8.3.22) 
k=0n=1 
Define _. 
Ty = Dd Yr OTR). (8.3.23) 


k=1n=1 
Then, by (8.3.22) and (8.3.23), 


Kt tiot => So (-YOVEO Veg. (8.3.24) 
k=1n=1 
Employing (8.3.21), (8.3.24), and Lemma 8.3.7, we deduce that 
Int +++ +15=85. S_(-1) VO Viegn* — 15 = p*(q) —1- 1H. (8.3.25) 
k=1n=1 


Therefore, by (8.3.20), (8.3.25), (8.3.23), and Lemma 8.3.7, 
Mo (y(q"/7)) = 1+ 8(Io +--+ Js) 


=148(p*(q) - 1-14) 
= 8y4(q) — pela 


= 8¢"(q) - 7e(q"), 


which completes the proof. 


Theorem 8.3.2. Let u, v, and w be defined by (8.3.7)—(8.3.9). Then 
e*(q) ) 


y*(q") 


we + vw + wu = 2(1 + 3p 


Proof. By (8.3.1), 


1 4 
Mo (48 ~) = Mo ((lt+utu+w)4). (8.3.26) 
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ea@l)\"\ oq) _ 
oe (( v(q") arco ae 


By the multinomial theorem and (8.3.2), 


By Lemma 8.3.8, 


Mo (1tutv+w)') = 4(u3v + vw + w3u) + 24p 4 1. 


Using (8.3.27) and (8.3.28) in (8.3.26), we deduce that 


4 

3 3 3 g(a) 

e+ ow + wu =2( -3p-1), 
g*(q") 


which is the desired result. 


Lemma 8.3.9. For |q| < 1, 


16m3a = 8m? + (p+ 20)m? + 7(3p + 4)(p — 1). 


Proof. If we solve the linear equation (8.3.18) for a, we find that 


a=t(1 ri 1)(¢? t+1)), 


By Lemma 8.3.6, 


i m+p—-—1 
2n 
and so 
1 ’ 4 ee 4 
Te (8m° + (8p + 13)m* — 14(p — 1)?m? — 7(p—1)*) . 


Thus, by the equality 
7(p— 1)* = 7(p — 1)(m* — (2 + 5p)m”), 
which is a reformulation of (8.3.3), we find that 


24 
Teme 


(8m* + (p+ 20)m* + 7(3p + 4)(p—1)), 


which is the required result. 


Theorem 8.3.3. For |q| < 1, 


(8.3.27) 


aD, wo = 89°(q) + (p+ 20)¢*(a)y?(q") + 7(3p + 4)(p — 1) y8(q"). 
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Proof. By Lemma 8.3.3, 


co )*(2k + 1)?¢ 2k+1 : 
k=0 
Thus, by Lemma 8.3.1 (ii), 
ie k2q* 
1 soe A? ; 
ps Tp qe ~# (qa 


Applying Lemma 8.3.9, we arrive at 


Co 


ak S- ig _ ema =8 34 (p+ 20)m? + 7(3p + 4)(p — 1) 
aa aR = 16mPa = 8m? + (p+ 20)m p+ 4)(p— 1), 
g°(q") 1+4 


which is equivalent to the desired result. 


Lemma 8.3.10. For |q| < 1, 


Cn babe k(2k +1) 2 PH) 4160 (AI a n2 a (2k+1) | 


k=0n=1 k=0 n=1 


Proof. We shall see that the result follows readily from Lemma 8.3.1(ii). Now, 


co de 1)?g2**! es) 
yr = Cae + tae yo green 


k=0 k=0 n=0 
= S035 (-1)* 2k + 1)?qr Pet) (8.3.29) 
k=0n=1 
and 
CO k2gk Co Co 2 " 
Doe a = ak > (pa 
k=1 q k=1 n=0 
= S- Verrier) 
k=1n=0 
= S71 intgn ety, (8.3.30) 
k=0n=1 


after interchanging & and n and changing the order of summation. Substituting 
(8.3.29) and (8.3.30) in Lemma 8.3.1(ii), we complete the proof. 


Lemma 8.3.11. For |q| < 1, 


Mo (e%(a"/")) = 6(p + 20)y*(q)y7(q") + 7(18p? + 6p — 17)¢9(q"). 
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Proof. For k > 0, let 
Un: = S\(-1)*(2k +:1)?(g'/7)2OY) 
n=1 


and 


Co 


Vir = SRHpintg yer. 


n=1 


By Lemma 8.3.10, 


Mo (e°(a"/")) =1-—4Mo (>: vs) + 16Mo (> “| 


k=0 k=0 
=1-4Mo| So Upte-+ SO UR 
k=0 k=0 
k= (mod 7) k=6 (mod 7) 
+ 16M So Veto + SOOU 
k=0 k=0 
k=0 (mod 7) k=6 (mod 7) 
=:1—4(o+--- +16) + 16(Jo +--+ + Je). (8.3.31) 


Since 2(7k + 7) + 1 = 0(mod7) when j = 3, 


[eo mme, 2) 3 : 
Ts = $7 S 5 (-1)7*48 (2(7k + 38) + 1)" (g'/7) POC HID) 
k= 


=-P SS 0 (-1)F (2k + 1)?7qrOrt. (8.3.32) 


Ty =Mo | >> 0 (-1)**9 (2(7k + 5) +1)" (a) eae) 
(-1)" 9 (2k + 7) pay her), (8.3.33) 


Define 
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= =-P C1 ¥(2h + 1)2(q7) Oh), (8.3.34) 
k=0n=1 


Thus, by (8.3.33) and (8.3.34), 


Ibt+th+h+Kh+i i ROk + 1)7q?@). (83:35) 
k=0n=1 


Using (8.3.32) and (8.3.35), we then find that 


Ip+---+Ig= as o(-1 [Ope yg) = 
k=0n=1 


Similarly, 


In ++++ Je =48 5° S$ \(-1)¥n2grOet) — 75, 
k=0n=1 


where 


77 > Sa Beet (8.3.36) 


k=0n=1 
Therefore, by (8.3.31), 


Mo (o5(a""")) 214A Faet aie eine 
=144. wy (-1 Ope) aan 
k=0n=1 
+16- sy C1 rate) — 167%. 
=0n=1 


By two applications of Lemma 8.3.10, (8.3.34), and (8.3.36), we deduce that 


Mo (¢%(a"/")) = 49° (q ae 48° (q coe 16- ay > 1)'n 2 gi2k+1) | 
=0n=1 
(8.3.37) 
Employing Theorem 8.3.3, we find that 


co 6000 love) 2 -n 
2-16-48 > J o(-1)hntyn@tt) = 6.256 9 
n=1 


k=0 n=1 


= 6 (8¢°(q) + (p + 20)y*(q)y?(q") + 7(3p + 4)(p — 1) y°(q")). 
(8.3.38) 


Thus, substituting (8.3.38) into (8.3.37), we complete the proof. 


190 8 Theta Function Identities 


Lemma 8.3.12. For |q| < 1, 


(gq) =1+16 5» S-(-1) YF RE gh, 


k=1n=1 
Proof. By Lemma 8.3.1 (iii), 
ce k3qk 
8 
y8(@) =1+16)> — 4 
ta) D L=(=9)* 
=1+16 50h q* 5 o(-a)™" 
k=1 n=0 


an 16> So(-1ymaagiDh, 


k=1n=0 


Replacing n by n — 1, we complete the proof. 


Lemma 8.3.13. For |q| < 1, 
Mo (e°(a"/ )) = 344y*(q) — 343y%(q’). 


Proof. For k > 0, let 


CO 


Up = So (1-8 (ql/T)nk, 


n=1 


By Lemma 8.3.12, 


Mo (Sa) = 14+ 16M (>. vs) 


k=1 


=1+4+16M So Unto t+ SO UE 
=o aed 7) k=6 (mod 7) 
=:14+16Uo+---+ I). (8.3.39) 


In the sum with k = 0 (mod 7), replace k& by 7k to obtain 


In = Mo ( cayenne (gry 


k=1n=1 


_ 73 S- Yen (8.3.40) 
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For 1<j <6, 
I; =Mo (>. So (-1) DOD (7h ravens 
k=0n=1 
= ‘> S\(-1) Om DED (7k 4 {3 (qil7)(m)(Tk +3) 
k=0n=1 
= ee 1)—-WTK+ (7H 4. 7)Bqn(Th+9) 
k=0n=1 
Define 
d; _ b> SOP 7a gn 
k=1n=1 
= 73 (a YR a. 
k=1n=1 


Thus, by (8.3.41) and (8.3.42), 


Tyt+---+ig+ Z, = > Ph ea a et 
k=1n=1 


Using (8.3.40) and (8.3.43), we find that 


hao th = 344 5° So (-1) Ve R ag = 
k=1n=1 


Hence, by (8.3.39), (8.3.44), and (8.3.42), 


Mo (¢8(q"/7)) = 1+ 16(Jo + +++ + Js) 


=1+16 (oy, S71) Fg — i) 


k=1n=1 
= 344 (: ae ia Sym) 
k=1n=1 
— 343 (46S e9 1 a va a ‘ 
k=1n=1 


= 344y*(q) — 343¢°(q"), 
by Lemma 8.3.12. This completes the proof. 


For convenience, we define 


191 


(8.3.41) 


(8.3.42) 


(8.3.43) 


(8.3.44) 


192 8 Theta Function Identities 


X= wv 4+ vw + wu, (8.3.45) 
Y := uv? + ow? + wu’, (8.3.46) 
Z:=ul tot’. (8.3.47) 


Lemma 8.3.14. For |q| < 1, 
10X + Y = p(m? + 6p + 47). 


Proof. By (8.3.1), 


1/ 6 
” (252) = Mo (1+ut+vtw)?). (8.3.48) 
By Lemma 8.3.11, 
any ( ( 2600)" 20)m? + 7(18p2 1 4 
: (( 9(q") ) = ei ied TSR are 1). (8.3.49) 


By the multinomial theorem and Theorem 8.3.2, 


Mo (1 +ut+tv+w)®) 
= 6(uv? + vw? + wu?) + 90u?v?w? + 60(u20? + v?w? + wu?) 
+ 60(u3uv + vw + w3u) + 120u0w +1 
= 60X + 6Y + 90p? — 120(3p + 1 — m?) + 120p 4+ 1. (8.3.50) 


Using (8.3.49), (8.3.50), and (8.3.2) in (8.3.48), we finish the proof. 


Lemma 8.3.15. For |q| < 1, 


14X —7Y + Z = m* — 14(p— 1)m? + 49p? — 42p — 15. 


Proof. Let ¢ := exp(27i/7). Replacing q'/7 by ¢q!/7 in (8.3.1), multiplying 
together the seven identities, and recalling the definitions of u, v, and w in 
(8.3.7)—(8.3.9), we find that 


7 


7 
Apt) _ a (1 ie Chay + CAky + Fw) (8.3.51) 
k=1 


By Theorem 8.1.5 with a=b=q'/", j =k=1, s =3, and p=7, 


1/7) 


=F 
S. 
— 
Q 
eS 


(8.3.52) 


Using computer algebra, we find that 
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id 
II (1 +4 Cru a. Gale C*w) 


= (ul +0" +") + Tuvw (ue + vw + wou) 
7(uv® + vw? + wu?) — Tu2v2w? 
+ 14(u?v? + v?w? + w?u3) 


7(uev + vw + weu) + l4uew + 1. (8.3.53) 


By (8.3.51), (8.3.52), (8.3.53), (8.3.2), Theorem 8.3.2, the definitions of X, Y, 
and Z, and simplification, we complete the proof. 


Lemma 8.3.16. For |q| < 1, 


14(2p + 5)X +21Y + Z = m4 4 14(p + 1)m? + 28p? + 105p? + 378p — 15. 


Proof. By (8.3.1), 


elql7)\*\ _ psu 
ve (( GD) ) = mo (4 +u+w)*). (8.3.54) 


By Lemma 8.3.13 and (8.3.3) or Theorem 8.3.1, 


y(q'/”) ‘ 4 4 4 
Mo ( ( 7) ) = 344m* — 343 = 120m* + 224m* — 343 
PW 


= 120m* + 224((5p + 2)m? + (p — 1)*) — 343. (8.3.55) 


By the multinomial theorem, 


Mo ((l1+u+u+w)*) 
= 28(u®v? + vow? + we?) + 280uyw(u20? + vw? + w2u3) 
8(u" +0" +h") + 840uvw(u3v + v3 w + weu) 

+ 168(uv? + vw? + wu?) + 2520u?07w? 

+ 560(u7u3 + vw? + wu?) 


+ 280(u3u + v?w + wu) + 336uvw + 1. (8.3.56) 


By Theorem 8.3.2, 
(uev + vw + wu)? = 4(38p + 1 — m?)?. (8.3.57) 
Thus, by (8.3.57) and (8.3.2), 
uey? + vow? + wu? = 4(3p + 1 — m?)? — 2px. (8.3.58) 


By (8.3.54), (8.3.55), (8.3.56), (8.3.58), (8.3.2), Theorem 8.3.2, and simplifi- 
cation, we complete the proof. 
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Theorem 8.3.4. Let u, v, and w be defined by (8.3.7)-(8.3.9). Then 


we + vw? + wu? = p(pt+4), (8.3.59) 
4 
uv? + vw? + wu? = (44 -4p+7) ; 
g*(q") 


2 _ 49p — 15. 


Proof. Lemmas 8.3.14—8.3.16 give a system of linear equations in the variables 
X, Y, and Z. Solving this linear system for X, Y, and Z and recalling the 
definitions of X, Y, and Z in (8.3.45)—(8.3.47), we complete the proof. 


We are now in a position to prove (8.3.5). 
Theorem 8.3.5. Equality (8.3.5) is valid. 
Proof. Without loss of generality, we can assume that 
a:= uv, B:= vu, and y= wu. (8.3.60) 


Solving the system (8.3.60) for u, v, and w, we obtain (8.3.4). Using Theorem 
8.3.2, (8.3.59), and (8.3.2), we find that 


a+ B+7=—-2(14+3p—m?’), 
a8 + By + ya =p" (p+ 4), 
aby = p*. 


Thus a, 3, and ¥ are roots of the equation (8.3.5). 


9 


Ramanujan’s Cubic Analogue of the Classical 
Ramanujan—Weber Class Invariants 


9.1 Introduction 


At the top of page 212 in his lost notebook [244], Ramanujan defines the 
function A, by 


Tt /24/n/3 
An = evn fev —e VP —e VF) 25.98, (9.1.1) 
3Vv3 
and then devotes the remainder of the page to stating several elegant values 
of A, for n = 1(mod 8). The quantity \,, can be thought of as an analogue in 
Ramanujan’s cubic theory of elliptic functions [57, Chapter 33] of the classical 
Ramanujan—Weber class invariant G,,, which is defined by 


Gin = 274g 4(—G: g?) oo, (9.1.2) 
where g = exp(—7/n) and n is any positive rational number. 
Entry 9.1.1 (p. 212). 
M=1, A2=3, AMr=4+VI7, rvs = (24+ V5)?, 
das = 18 +3733, Au =324+5V41, Ae =55+12V/21, 


As7 =; ros =; Agi =; Ago = 500 + 53/89, 
6 
11+ 773 34773 
A73 = + ; 
8 8 
6 
17+ V97 9+ V/97 
Ao7 = 3 + 3 : 


6 
3V3 + V11 11+ 3V33 
il 8 


A121 


G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II, 
DOI 10.1007/978-0-387-77766-5_10, © Springer Science+Business Media, LLC 2009 
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A169 =; A193 =; A217 =; A241 =; 


A265 =3 A289 = A361 = i 


Note that for several values of n, Ramanujan did not record the corre- 
sponding values of Ap. 

The purpose of this chapter is to establish all the values of A, in Entry 
9.1.1, including the ones that are not explicitly stated by Ramanujan, using 
the modular j-invariant, modular equations, Kronecker’s limit formula, and 
the explicit Shimura reciprocity law. 

The function \,, had been briefly introduced in his third notebook [243, 
p. 393], where Ramanujan offers a formula for A, in terms of Klein’s J- 
invariant, which was first proved by Berndt and H.H. Chan [63], [57, p. 318, 
Entry 11.21] using Ramanujan’s cubic theory of elliptic functions. As K.G. Ra- 
manathan [237] pointed out, the formula in the third notebook is for evaluating 
An/3, especially for n = 11,19, 43,67, 163. Observe that —11, —19, —43, —67, 
and —163 are precisely the discriminants congruent to 5 modulo 8 of imaginary 
quadratic fields of class number one. (Ramanathan inadvertently inverted the 
roles of n and n/3 in his corresponding remark.) In Section 9.2, we discuss 
some of these results in Ramanujan’s third notebook and show how they can 
be used to calculate the values of A, when 3 | n. 

In this and the next two paragraphs, we offer some necessary definitions. 
Let (7) denote the Dedekind eta function, defined by 


n(T) — ener TT ewer) ) =: gf (=y), (9.1.3) 


where q = e?""7 and Im 7 > 0. Then (9.1.1) can be written in the alternative 


forms 
(- + vr) 
a 


_ t. #@ _ 2 2 
in = 3B Vara) 3V3 ( a) . 
nN 3 


where g = e-7V"/3, 


Since much of this chapter is devoted to the evaluation of A, using modular 
equations, we now give a definition of a modular equation. Let (a), = (a)(a+ 
1)---(a+k—1) and define the ordinary hypergeometric function 2 F(a, b; c; z) 
by 


)e( 
2F\ (a,b; c; 2): a on oa \z] <1. 


Suppose that, for 0 <a, <1, 
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11 11 
Fy{ =,=;1,1- Fy{ =,=;1,1- 
2 (G5 ) 3) 2 (gn a) 
=i 
11 11 / 
Fy{ =, =;1; Fy{ =,=;1; 

2 1G: 8) 2 1G a) 
for some positive integer n. A relation between a and ( induced by (9.1.5) is 
called a modular equation of degree n, and (3 is said to have degree n over a. 

In Section 9.3, using a modular equation of degree 3, we derive a formula 
for A, in terms of the Ramanujan—Weber class invariant. 


In the theory of signature 3, or in Ramanujan’s cubic theory, we say that 
GB has degree n over a when 


(9.1.5) 


I 2 iL. 2 
wi ( s,s;h1-6 2Fil s,5;il-a 
3° 3 3°3 
“5 =n os (9.1.6) 
of (5.35118) oi (5.zsa) 


A modular equation of degree n in the cubic theory is a relation between a 
and that is induced by (9.1.6). 

In Sections 9.4 and 9.5, we establish all eight values of A,2 in Entry 9.1.1, 
where p is a prime. Our proofs in Section 9.4 employ certain modular equa- 
tions of degrees 3, 5, 7, and 11 in the theory of signature 3. The first three 
were claimed by Ramanujan in [244] and proved by Berndt, S. Bhargava, and 
F.G. Garvan in [60], and the last one was discovered more recently by the 
aforementioned authors and proved in [60]. In Section 9.5, we employ recent 
discoveries by Chan and W.-C. Liaw [108], [204] on Russell-type modular 
equations of degrees 13, 17, and 19 in the theory of signature 3. In these two 
sections, we also determine the value of Aj17. 

In analogy to the singular modulus a, in the classical theory of elliptic 
functions [57, pp. 277-309], the cubic singular modulus is defined to be the 
unique positive number a> between 0 and 1 such that 


1 2 
oF, (=. gil =a; 


1 2 
oFy & 3° 1:03) 


Although Ramanujan did not record any cubic singular moduli in his note- 
books [243] or lost notebook [244], it would appear that he used values of the 
cubic singular modulus to derive some of his series representations for 1/ 
[239] arising from his alternative cubic theory. As we shall see in Sections 9.3 
and 9.8, the cubic singular modulus is intimately related to a companion [n, 
of A, first defined by Ramanathan [237]. 

In two papers [236], [237], using Kronecker’s limit formula, Ramanathan 
determined several values of X,,. In [237], in order to determine two specific val- 
ues of the Rogers-Ramanujan continued fraction, he evaluated 25 by applying 


_ neq. 
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Kronecker’s limit formula to L-functions of orders of Q(./—3) with conductor 
5. This method was also used to determine Agg. In the other paper [236], Ra- 
manathan found a representation for A, in terms of fundamental units, where 
—3n is a fundamental discriminant of an imaginary quadratic field Q(./—3n) 
that has only one class in each genus of ideal classes. In particular, he cal- 
culated A17, Aai, Aes, Aso, and Ages. This formula and all 14 values of such 
An’s are given in Section 9.6. In the same section, we extend Ramanathan’s 
method to establish a similar result for A,, when —3n = 3 (mod 4) and there 
is precisely one class per genus in each imaginary quadratic field Q(\/—3n). 

Through Section 9.6, all values of A, in Entry 9.1.1 are calculated except 
for n = 73, 97, 193, 217, 241. In [65], we employed an empirical process, 
analogous to that employed by G.N. Watson [275], [276] in his calculation 
of class invariants, to determine .,, for these remaining values of n. This 
empirical method has been put on a firm foundation by Chan, A. Gee, and 
V. Tan [107]. Their method works whenever 3 { n, n is square-free, and the 
class group of Q(.,/—3n) takes the form Zz © Z, @-+-® Zox, with 1 << k < 4. 

The first representation of X,, in (9.1.4) suggests connections between X,, 
and Ramanujan’s alternative cubic theory. In fact, Berndt and Chan [63] first 
found such a relationship. For other connections with the cubic theory and 
for recent applications of values of A,,, see papers by Chan, Liaw, and Tan 
[109], Chan, Gee, and Tan [107], and Berndt and Chan [64]. 

Values of A, play an important role in generating rapidly convergent se- 
ries for 1/7. For example, using the value of A1105, Berndt and Chan [64] 
established a series for 1/7 that yields about 73 or 74 digits of 7 per term. 
The previous record, which yields 50 digits of 7 per term, was given by the 
Borweins [88] in 1988. Chan, Liaw, and Tan [109] generated a new class of 
series for 1/7 depending on values of \,,. For example, they proved that 


ee = i GielseG)s oy 
aoe + 1) (13 ( a) , 


k 


which follows from the value Ay = 3 and a certain Lambert-type series identity. 

In Entry 9.1.1, we observe that if n is not divisible by 3, then A, is a unit. 
In fact, it can be shown that A,, is a unit when n is odd and 3{ n [65]. 

This chapter is based primarily on two papers, the first by Berndt, Chan, 
S.-Y. Kang, and L.-C. Zhang [65], and the second by Chan, Gee, and Tan 
[107]. We emphasize that in this chapter we concentrate on the values of A, 
given in Entry 9.1.1. Many further values of \,, are determined in [65]. As 
remarked above, Ramanathan [237] studied a companion to A, and a more 
extensive generalization of A,, has been examined by M.S. Mahadeva Naika, 
M.C. Maheshkumar, and K. Sushan Bairy [217]. 
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9.2 A, and the Modular j-Invariant 


Recall [120, p. 81] that the invariants J(7) and j(r), for 7 € H := {r: Im Tr > 
0}, are defined by 


I(r) = Btn and j(r) = 1728.J(r), (9.2.1) 
where 

A(r) = 93(7) — 2793(7), 

g2(T) = 60 2 (mr +n)~*, (9.2.2) 

m,n=—00(m,n) #(0,0) 

and 

g3(T) = 140 s (mr +n)~®, (9.2.3) 

(min) #(0,0) 


Furthermore, the function y2(7) is defined by [146, p. 249] 


where the principal branch is chosen. 
In his third notebook, at the top of page 392 in the pagination of [243], 
Ramanujan defines a function J, by 


Ig.= gr (24) - 5 i)(+). (9.2.4) 


For fifteen values of n, n = 3 (mod 4), Ramanujan indicates the corresponding 
fifteen values for J;,. See [57, pp. 310-312] for proofs of these evaluations. In 
particular, 


5+V17 
J3 = 0, ig=ahea*, Joy = 3(VTT + 47/922 
1 15/33 
J75 =3- a Jgg = (23 + 4/agyp/9 T VS (9.2.5) 


The first five values of n for A, in Entry 9.1.1 are those for which 3n = 
3, 27,51, 75,99; the corresponding five values of J, are given in (9.2.5). Then 
on the next page, which is the last page of his third notebook, Ramanujan 
gives a formula leading to a representation of Ap. 
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Theorem 9.2.1. For q = exp(—7V/n), define 


R:= Ry :=3'/4 i (9.2.6) 


Then 


3 
ae S38 3 + 1/2/6472 — 247, +9 +98, +6. (9.2.7) 


RS 


Theorem 9.2.1 was first proved in [57, p. 318, Entry 11.21]. Since A, = i 
by (9.1.4) and (9.2.6), (9.2.7) may be restated in the form 


3V3An/3 = V8In +3 + 2Vea? —24J, +9 —8Jn +6. (9.2.8) 


By substituting J3 = 0 into (9.2.8), we determine the first value of \,, in Entry 
9.1.1, and we state it as a corollary. 


Corollary 9.2.1 (p. 212). 
Ay=1. 


Unfortunately, it is not so easy to find other values of A, from Theorem 
9.2.1. We have to struggle with complicated radicals even when n = 9, for 
which Ag = 3. It seems that Ramanujan used this formula to determine the 
values of A,,/3 for rational integral values of J, as given in Table 9.1, which 
constitutes the first part of the last page of the third notebook. 


n Jy 8Jn +3 647 — 24), +9 

11 1 int 49 = 7? 

19 3 aT 513 = 27-19 

43 30 243 = 27. 3? 56, 889 = 27- 43-7? 

67 165 1323 = 27-7? 1, 738, 449 = 27 - 31? - 67 

163 | 20010 | 160,083 = 27-772 25, 625, 126, 169 = 27 - 163 - 2413? 


Table 9.1 


We use Ramanujan’s discoveries recorded between Table 9.1 and Theorem 
9.2.1 on the last page in his third notebook. Ramanujan first sets, for q = 


exp(—m/n), 


_ 1/3 3 
tn = vig A) (9.2.9) 
and 
Un = : i+ he (9.2.10) 


(To avoid a conflict of notation, we have replaced Ramanujan’s second use of 
t, by Un.) He then asserts that 
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1/6 
ta = (2 64.52 — 24), +9 —- (16J;, - 3)) (9.2.11) 


and lists very simple polynomials satisfied by t,, and u,. The definition of uy, 
in (9.2.10) seems unmotivated, but by recalling from the proof of Theorem 
9.2.1 in [57, p. 321, Equation (11.33)] that 


se FS (qi?) rie) 
/8I,43 = 27 9.2.12 
v Fp q YT P@ heen 
we find that 6( 1/3) o( 4) 
1 f'@ f(a 
2un, = —=— — 3v3 é 9.2.13 
tn = 5 gO fq) °VSV4 Fag eee 


We summarize these results in the following two corollaries. 


Corollary 9.2.2. 
2\/8dn + 3 
3V3 0 


Proof. This is a restatement of either (9.2.12) or (9.2.13), with the definition 
of A, being given by (9.1.4). 


An/3 Bn = 


Corollary 9.2.3. 


Asn = 2,/64J2 — 24Jn +9 + (16J,, — 3). 


An/3 


Proof. By (9.1.4) and (9.2.9), t8 = 27\n,/33,,- We therefore obtain the result 
at once from (9.2.11). 


Corollary 9.2.4 (p. 212). 
Ag = 3. 


Proof. Let n = 3 in either Corollary 9.2.2 or Corollary 9.2.3. The result 
follows immediately from the facts that J3 = 0 from (9.2.5) and Ay = 1. 


Corollary 9.2.5 (p. 212). 


daa = (3V3)(2V3 + V11) = 18 + 3V33. 


Proof. Using Theorem 9.2.1 with n = 11 and the value J;,; = 1 from Table 


9.1, we find that : 
Vee v8 + VN 
11/3 33 : 


Using (9.2.14) and either Corollary 9.2.2 or Corollary 9.2.3 when n = 11, we 
obtain Corollary 9.2.5. 


(9.2.14) 
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Corollary 9.2.6 (p. 212). 


\sr = 3°/4y/2V19 + 5 V3 (\/40 + ov57+ v/45+ 0V57) 


Proof. Using (9.2.8) with n = 19, we find that, since Jig = 3 from Table 9.1, 


A19/3 = ao (y/3v3+ \/ 2(v19 — v3) . 


Let us represent 7 = V/ 38V3 + 4/2(/19 — V3) as a product of units. If t = 
2(./19 — V3), then (x — t)? = 3V3, or 
a? — 2ta + 2/19 — 5/3 = 0. (9.2.15) 


Let 
x 


ovid — V3 


Then (9.2.15) becomes 


2t 1 
a\/ 2/19 — 5V3 | y += |=0. (9.2.16) 


ovi9—5v3 


Hence, applying the quadratic formula to 


1 21/2719 -2V3 
y+—-= = 21/46 + 6V'57, 


y 2/19 — 5V3 


we find that 


y = 1/46 + 6V57 + 4/45 + OvST, 


from which it follows that 


d19/3 =3-9/4y/avi5 — 5V3 (y/46 + 6V/57 4 (45 svar). (9.2.17) 


From (9.2.17) and either Corollary 9.2.2 or Corollary 9.2.3 with n = 19, we 
deduce Corollary 9.2.6. 


By similar methods, we can calculate the values of Aj29, A201, and Ago 
[65]. 
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9.3 A, and the Class Invariant G,, 


In [237], Ramanathan introduced a new function j4, defined by 


i (1 a) 1 f%(=¢") qeetV"/3 (9.3.1) 


33 \niv3n) ) ~ 3V38 af (0°) 
Then by (9.1.4), (9.3.1), and Euler’s pentagonal number theorem (8.1.4) 
An _ gil? (fore) ai oo .. 
Mn f(-@) f(a’) (=¢ gles 


Hence from (9.1.2), we deduce the following result. 


a 
Ln 7 G3n 
f(=9) f(-@") 


P= ond 8 QU= oS _, (9.3.2) 
gee) Pgh! #(—@*?) 
Recall the modular equation [56, p. 204, Entry 51] 


(PQ2)* 4 Pos? = ey ea (9.3.3) 


Replacing g by —gq in (9.3.3), we deduce from (9.1.4), (9.3.1), (9.3.2), and 
Theorem 9.3.1 that 


y] 


Theorem 9.3.1. 


Let 


Bay Wise) 
3 Xn n an 3 Xn n -ie = ( = ) ( ls ) . 9.3.4 
(Antin)!/8 — 3(Andin) a) es, (9.3.4) 
Solving (9.3.4) for Anfin, we find that 
249 2 
Ale = (ee) (9.3.5) 
where : : 
G3n Gn/3 
26S ; 9.3.6 
(=) ( G3n ( ) 


Hence from Theorem 9.3.1 and (9.3.5), we derive the following theorem. 


Theorem 9.3.2. If c is defined by (9.3.6), then 


— (#2) c+V¥2e2+9 


3 


G3n 3 
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We give another proof of Corollary 9.2.1. 
Corollary 9.3.1 (p. 212). 
Ay =1 and fy = 1. 


Proof. Since Gy, = Gy [239], (G1/3/G3)° = 1. Substituting this value into 
Theorem 9.3.2, we find the value of A;, and then using Theorem 9.3.1, we 
deduce the value of 4; at once. 


Setting n = 3 in Theorem 9.3.2, we can deduce that [65] 


3 = 39/4V3—1 
V2 


9.4 A, and Modular Equations 


We employ a certain type of modular equation of degree p in P and Q, (defined 
in (9.3.2)) to calculate several values of \,,. First, recall the modular equation 
of degree 9 [54, p. 346, Entry 1(iv)] 


Pe ee eee ae 
1+9¢ Fea (1 + 27q ra | (9.4.1) 


After replacing q by —q on both sides, we deduce the following result from 
the definition of \,, in (9.1.4). 


3 
ee | ee is 
ca Daaon 


Corollary 9.4.1 (p. 212). We have 


Theorem 9.4.1. 


Ag = 3 


and 


Agi = 3-/3(52 + 3673 + 25732). 


Proof. Letting n = 1 and n = 9 in Theorem 9.4.1, we obtain, respectively, 
the values of Ag and Ag}. 


At the end of Section 9.1, we remarked that \, is a unit for odd n not 
divisible by 3. With this as motivation, set 


An = (Va+1+ Va)®, (9.4.2) 


and let 
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A=Ver aa, (9.4.3) 


Then 
a= —_.. (9.4.4) 


By determining A in (9.4.3) and then using (9.4.4) and (9.4.2), we next use 


modular equations to prove all the evaluations of 4,2 given explicitly by Ra- 
manujan in Entry 9.1.1. 


Theorem 9.4.2. 


27 1/3 4. 1/2 d 1/2 
27nd 7 1/3 tea _— 25n n 5. 
( a ) ~ An A25n An A25n ° 


Proof. From [56, p. 221, Entry 62], we find that 
9 Qs\° (P\* 
PQs)? = A. 
wash +5+ opie = (F) - (a) — 


where P and Qs are defined by (9.3.2). We can immediately deduce Theorem 
9.4.2 from (9.4.5) and (9.1.4) after replacing g by —gq. 


Corollary 9.4.2 (p. 212). 


6 
dos = (45) ~ (24 ¥5)?. 


Proof. For brevity, we set \ = A25 in the proof. Let n = 1 in Theorem 9.4.2. 
Then we see that 


8 4a a OF eh eS. (9.4.6) 
Set A= A1/3 + A-1/3, Since 
2 = 7-1/2 _ Cu = NUON Ae 7-1/3 4 1), 


(9.4.6) becomes 
3A —5 =(A—2)/2(A+4+1), 


which can be simplified, after squaring both sides, to 
(A—3)* =0. 


Thus A= 3 and a= 1/4 by (9.4.4). Hence, from (9.4.2), 


se (oy 
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Theorem 9.4.3. 


1/2 a7 \ 1? 
(27AnAon) v (5 Lie ) 


= A4on oe L7 A49n ie 7 An me Xn are 

7 Xn Xn Asn A4on , 
Proof. With the use of (9.3.2) and (9.1.4), our theorem can be deduced from 
the modular equation [56, p. 236, Entry 69] 


ant x= (B) (9) +1(B) “(Gs 0 


with g replaced by —q. 
Corollary 9.4.3 (p. 212). 


ag = (4) = 55+ 12/21. 


2 
Proof. Let n = 1in Theorem 9.4.3 and set A = A4g to deduce that 
BVB(AM? + X~M?) = 7/8 4.7)N8 — 7)-N3 _ 2/8 


SP a)" OP aa? 27), (9.4.8) 
which can be simplified to 
B38 1) a a ee a a), (9.4.9) 
Letting A = \!/3 + \-"/3 in (9.4.9), we find that 
3V3(A — 1) = VA—2(A+7). (9.4.10) 


Squaring both sides of (9.4.10), we deduce that 
(A —5)3(A+2) =0. 


sw= (T+ 8). 


Hence, A = 5 and 


by (9.4.2) and (9.4.4). 

Theorem 9.4.4. 

OVB{(AnArzin)/® + (AnAazin) °/8} — 99{(AnAr21n)*/? + (AnAtzin) 7/3} 
+ 198V3{(AnAtzIn)'/? + (AnArzin)~ 1/7} 

— 759{(AnAtain) 1/3 + (AnAtzin) 1/3} 


An n 
+ 693V3{(AnArzin)/® + (AnAtzin)'/°} — 1386 = ( ) (= ) ; 


A210 An 
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Proof. A modular equation of degree 11, which was not mentioned by Ra- 
manujan, was established by Berndt, Bhargava, and Garvan [60], and is given 
by 


(PQ11)° + (A) +1 {Pan + (a) } (ed) 
4 caf (Pn) + (2) ! +253 {Pau + (a) } 
4 on (POA + (soc) + 1368 = ey + a: 


where P and Qi, are defined by (9.3.2). Replacing g by —gq in the equation 


TT 


above, then setting q = e "/3 and lastly using (9.1.4), we deduce Theorem 


9.4.4. 


Corollary 9.4.4 (p. 212). 


A121 = 


6 
19 + 3V33 11 + 39/33 
8 ~ 8 


3V34+ 711 1t +333 
4 * 8 


Proof. Letting n = 1 and A= pre + era in Theorem 9.4.4, we deduce that 


9/3(A° = A= 1A 42)? —90(A? = 9) + 198V3(A = 1A +-2)'" 
— 759.A + 693/3(A + 2)1/? — 1386 = A(A? — 3). (9.4.12) 
Rearranging (9.4.12), we find that 
9V/3(A + 2)'/2(A? + 21A 4+ 54) = A? + 99A? + 756A + 1188, 
and then squaring both sides, we deduce the equation 
(A? — 15A — 18)? =0. 


Thus 


We complete the proof by using (9.4.2) and (9.4.4). 


Lemma 9.4.1. 


1 
Mt/n = pw, 
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Proof. Recall that 
nt +1) =e™/2n(r) and (-1/7) = (r/i)/2n(7). (9.4.13) 


From these properties of the Dedekind eta function or from Entry 27(iv) in 
Chapter 16 of [54, p. 43], we find that 


d 


n° (es) = (3nv3n) n° (a=) 


p (aah) _ (2/2) és (25%8). 


Hence the lemma follows from (9.1.4). 


and 


Using Theorems 9.4.2, 9.4.3, and 9.4.4, along with Lemma 9.4.1, Berndt, 
Chan, Kang, and Zhang [65] established the values 


Me eum) 
—3/2 
Ay = (2+ -V3)9? (Ae) 


Au = (2V3 + V11)9/2(10 + 3V/11)-2. 


9.5 A, and Modular Equations in the Theory of 
Signature 3 


Suppose that 6 has degree p over a in the theory of signature 3, and let 


1 2 1 2 


If w := exp(27i/3), the cubic theta functions are defined by 


= 2 2 

a(q) = J) gttbnntn?, (9.5.1) 
= —n m? mn n? 

b(q) := BS ge (9.5.2) 


m,n=—oco 


and 


CO 


s. gi t1/3)? +(m+1/3)(n+1/3)+(m4+1/3)? (9.5.3) 


m,n=—oo 
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Then [60, Lemma 2.6, Corollary 3.2] 
a(q) = 41, b(q) = (1 _ a) 3 x, c(q) = at! z,, 


and 
a(q?) = 2p, b(g?) =(1- By as, c(q’) = B32. 
Thus, it follows that 


nx (agyve = ( @ea))"? 
= (8) = (Sea) ae 
and ’ 
ocean pie (Oe 
y= (ayaa) = (Ft) (9.5.5) 
Since [60, Lemma 5.1] 
3 — 
b(q) = no. (9.5.6) 
3/3 
c(q) = sq). (9.5.7) 
and [90], [57, p. 96, Theorem 2.2] 
a®(q) = b°(q) + 8(q), (9.5.8) 
we find that 7 
12/_ 27¢q f!2(—¢3 
es ee 


(This was also proved by Ramanujan; see [54, p. 460, Entry 3(i)].) Hence, by 
(9.5.4)-(9.5.7) and (9.5.9), 


3qPt )/6 £2(_ 93) f?(—g??) 


ee 9.5.10 
{f1?(—q) + 27a? (—a@)} 8 ff? (—@?) + 27@? f?(—a??) }1/8 
and 


~ {F?2(—@) + 270F2(—P) Po F2(—@) + 270" F2(— gE 
Let 


oe a f(-9) 
PIO STR Ga) 


and 
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f —gP 
Up = U,(q) id Ta r 


Then from (9.5.10) and (9.5.11), we find that 
aa -2 
57 (TUp) (9.5.12) 


and 
ay (eye Uy (9.5.13) 


We now employ modular equations in x and y to calculate further values 
of An. 


Theorem 9.5.1. 

32 {(AnAzson)?/? + (AnAzson) 2/3} + 80 { (AnAzson)!/3 + (nAzson) 1/3} 

# Tie, =e) ose Nee ((AnAzson)?/ 3 + (AnAzzon) 2/9 
435 { (AnAzson) /? i (Andason) 9} 4 56) 


= (An = A baa Fi Agar ((Anroson) 3 = OjpAsee) OP = 4) 


34 Gams) + Gas) 

~ 3 | \Aagon/ © \Aason , 
Proof. The modular equation of degree 17 with which we begin our proof 
was first established by Chan and Liaw [108] and is given by 


&® + 96x°y — 2400%y? + 354a3y3 — 240x7y4 + 96ary® + y® — 3x4 + 1052°y 
— 168a7y? + 105ay*? — 3y* + 32? + 42ay + 8y* —1=0, (9.5.14) 


where x and y are defined by (9.5.4) and (9.5.5), respectively, with p = 17. 
Dividing both sides of (9.5.14) by 3a%y?, we obtain 


2 2 . 1 2 2 
32 (= ! ‘,) 80 (- | 1) +118 {(3 | ,) 35 ¢ | 4) +o} 
1 cv sy 1 1 cy 
paige ace 45 = | ; 9.5.15 
er ae a } aa G x ee 


after a slight rearrangement. By (9.5.12), (9.5.13), and (9.5.15), 


32{(TUr7)~+ 
= ce. 


+ (TU7)*} — 80{(TUi7)~? + (TUi7)7} + 118 
| i haa ea + Ue) 


. Cae + (TUyz)4 — 354(TUy7)-2 + (TUr7)} + 56) 


9.5 A, and Modular Equations in the Theory of Signature 3 211 


BT ager! Ma el (Bae Pr (cron) LATO) + is) 


= . (a) | (a) }. (9.5.16) 


Replacing q by —gq in (9.5.16), then setting g = ent n/3, and lastly using 
(9.1.4), we complete the proof. 


Corollary 9.5.1 (p. 212). 


A239 = 


344 13977 457 Te, 30+ 13W17 + 5V17? 
2 2 


Proof. Set n= 1 and A = Xggo. It follows from Theorem 9.5.1 that 


118 + 32(\7/8 + )-7/3) + go(al/s + )-¥/3) = 


-1 
7. (9.5.17) 


Let A:= 1/3 4-1/3, Then from (9.5.17), we may deduce that 


3 
118 + 32(A? — 2) + 80A= 4 3 an 


Hence A is a root of the equation 


A® — 96.A? — 243.A — 162 = 0, 


and the solution that we seek is given by 
A= 32+ 1317+ 5V172. 


Corollary 9.5.1 now follows from (9.4.2) and (9.4.4). 


Corollary 9.5.2 (p. 212). 
Mi7 = 44+ V17. 


Proof. Let n = 1/17 in Theorem 9.5.1. Then by Lemma 9.4.1, we deduce 
that 


1 
170640 Ap OO — a = g ar + \?): 


We complete the proof by solving this equation for A17. 


Theorem 9.5.2 (p. 212). 


6 
24+VB , Y13+4Vv13 
2 2 


A169 = 
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Proof. Let x and y be defined by (9.5.4) and (9.5.5), respectively, with p = 13. 
In his thesis [204], Liaw established a modular equation of degree 13, which, 
by (9.5.12) and (9.5.13), can be put in the abbreviated form 
(Pig) 4 Gay) Tele Tis) ey) 
+ 1932468187 {(TUi3)~*° + (TU13)*"} 
+ 16346295812652 {(TU;3) 74 + (TUi3)"*} 
— 42859027901079 {(TUi3) 18 +(TUi3)'*} 
) 
6 


+ 30681672585330 {(TU13)~? + (TUi3)!2} 
+ 4443969755835 {(TU13)~° + (TUi3)°} 
— 90882188302360 + R(x, y) = 0, (9.5.18) 


where R(2x,y) contains a factor 1/(2?y?). Let g = e~7/V°, recall that A; = 1, 
and set A = A169. Replacing q by —gq in (9.5.18) and using (9.1.4), we find 
that 

— (A? + X77) +: 76142(A® + A~®) — 1932468187(A° + A~>) 
+ 16346295812652(A\* + \~*) + 42859027901079(A? + \~%) 
+ 30681672585330(A? + \~?) — 44443969755835(A + A~') 
— 90882188302360 = 0, (9.5.19) 


since R(x, y) equals 0 after g is replaced by —q, because 
1/x*y* = (T° + T~°)(Uys + Uig’) 
is a factor of R(x, y), and because 


(74) —q)} {U};(—q) + UR(-a)} 
Se a >. — AT) Oteo — i) ; 


Set A= + A+. Then (9.5.19) takes the equivalent form 


(A? —7A® + 14/3 — 7A) + 76142(A® — 6A* + 9A? — 2) 
— 1932468187(A° — 5A? + 5A) + 16346295812652(A* — 4A? + 2) 
+ 42859027901079(A? — 3.A) + 30681672585330(A? — 2) 
— 44443969755835.A — 90882188302360 = 0, 
which simplifies to 
(A — 2)(A? — 25380.A — 39100)? = 0. 


Therefore, 
A+A71 = A = 10(1269 + 352/13). 
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Solving the quadratic equation above, we find that 


Argo = 6345 + 1760V'13 + 12\/559221 + 155100V13. 


Using the formula [69, equation (3.1)] 


{ (326° — 68) + (B20 — Gop =fo+5 +4/b 


with b = (15 + 4V/13)/4, we deduce the given value of A169. 


Equation (9.5.18) can also be used to deduce A43. 


Theorem 9.5.3 (p. 212). 


1 
Ase = 3 (2928581 + 1097504(19)!/% + 411296(19)?/8 


+-4,/1608109304409 + 602648894772(19)1/3 + 225816305748(19)?/ : 


Proof. The proof is similar to that for Theorem 9.5.2. Let x and y be defined 
by (9.5.4) and (9.5.5), respectively, and set u = 2°, v= y3, and p= 19. Liaw 
[204] discovered a new modular equation of degree 19, which we give in the 
abbreviated form 


uy? yl a oo 
17571484 4 | = — 
(5) (Sn) (3) +(S)} 
i ye 
+ 102919027240030 +( = 
U 


— 200937885610911191740 “(5 
2 


+ 
a 
Se 
a x] N 


+ 363165905126589014509 


i 


I t 
T 
—— 
RRR as q | 
S| ow NY 
SF OF 
eye ee eee 


— 274505067414721954283 


+ 1669253999271588508904 


— 7070474114231105014510 


< 


— 7249503742499660191624 


GF 

(=) 

— 9487507697742191502320 { (*) 4 
(=) 

iG 


ae 
e |< 
oe 


l| 


— 29289891786172199497868 + R(u, v) 
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where R(u,v) is a sum of terms with a factor 1/(uv), which equals 0 after 
setting qg = e~*/V3 and replacing g by —g. With A = A361 +Aj3¢), we eventually 
find that 


(A’ — 10A® + 35A® — 50A* + 25A? — 2) 
— 17571484(A® — 9.A" + 27A° — 304° + 9A) 
+ 102919027240030(A® — 8A® + 20A* — 16.A? + 2) 
— 200937885610911191740(A" — 7A° + 143 — 7A) 
+ 363165905126589014509(A® — 6A* + 9A? — 2) 
— 2745050674147219542832(A° — 5A? + 5.A) 
+ 1669253999271588508904(A* — 4A? + 2) 
— 9487507697742191502320( A? — 3A) 
— 7070474114231105014510(A? — 2) 
— 7249503742499660191624A — 29289891786172199497868 = 0, 


which simplifies to 
(A + 2)(—18438200 + 7433420. — 5857162A? + A?)? = 0. 


Hence, 


i 
A= 3 (5857162 + 2195008(19)!/5 + 822592(19)/3). 


Solving the equation A = A361 + Nae for A361, we complete the proof. 


9.6 A,, and Kronecker’s Limit Formula 


Let m > 0 be square-free and let K = Q(./—m), the imaginary quadratic 
field with discriminant d, where 


an if — m = 2,3(mod 4), (9.6.1) 


—m, if —m = 1(mod4). 


Let d = didz, where d; > 0 and, for i = 1,2, d; = 0 or 1 (mod 4). If P denotes 
a prime ideal in kK, then the Gauss genus character x is defined by 


a; \ if N(P) tdi, 
x(P) = Ss . (9.6.2) 
ney ) if N(P)| di, 


where N(P) is the norm of the ideal P and (+) denotes the Kronecker symbol. 
Let 
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J-m ; if —m = 2,3(mod4), 
Q= 9.6.3 

{iy y-m if —m =1(mod4). 9.6.3) 
It is known [222] that each ideal class in the class group Cx contains primitive 
ideals that are Z-modules of the form A = [a,b+.2], where a and bare rational 
integers, a > 0, a| N(b+ 2), |b] < a/2, a is the smallest positive integer in A, 
and N(A) = a. Hence, Siegel’s theorem [259, p. 72], obtained from Kronecker’s 
limit formula, can be stated as follows. 


Theorem 9.6.1 (Siegel). Let x be a genus character arising from the de- 
composition d = did. Let h; be the class number of the field Q(./d;), w and 
wa the numbers of roots of unity in K and Q(/d2), respectively, and €1 the 
fundamental unit of Q(./d;). Let 


_ InP 


F(A) ae (9.6.4) 
where z = (b+ 2)/a with [a,b + Q| € A~'. Then 
guinies — TT FA. (9.6.5) 


AECK 


Ramanathan utilized Theorem 9.6.1 to compute \,, and pi, (236, Theorem 
4]. 


Theorem 9.6.2 (Ramanathan). Let 3n be a positive square-free integer and 
let K = Q(./—3n) be an imaginary quadratic field such that each genus con- 
tains only one ideal class. Then 


Ie= Nn if n=1(mod4), 
: 4 Lins if n=2,3(mod4), 


where 
_ 6why ho 


woh 


and h, hi, hg are the class numbers of K, Q(/di), and Q(/d2), respectively, 
w and ws, are the numbers of roots of unity in K and Q(vdz), respectively, €, is 
the fundamental unit in Q(/d,), and y runs through all genus characters such 
that if x corresponds to the decomposition d,d2, then either (2) or (2) =-1 


and therefore d,, dz, hi, hz, we, and €, are dependent on x. 


x (9.6.6) 


With the use of Theorem 9.6.2, fourteen values of A, and nineteen of wy, 
can be evaluated. Among them, Ramanujan recorded only the values of A, 
for which the exponent ty equals 1. For completeness, we state all fourteen 
values of such ),,’s in the following corollary, although only five of the fourteen 
values are indicated in Entry 9.1.1. 
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Corollary 9.6.1 (p. 212). 


ee eosde 7, 
JB 6 
Aa = 3225/4, des = (8 + V65) (4 3) . 
9 3 
Ago = 500 + 53V89, as = (154) ) . 
3 
tie (16 v23 + 297) (a) 
12 
Aiss = (68 + 5V185) (3%) 
Aaoo = (46VTI + 35V19) (2V3 + vit) . 
—_ Feaisay’ cae 
265 = 5 5 , 
‘ ~(34) (2) (44) (44) 
385 = 5 5 5 ; 


12 3 
Aoos = (14V35 + 19V19) (2V5+ va) (’ 3) (vex) | 


3 3 
Axor = (8377 + 202V13) (2v3+vi). (: ) (nas) | 


rus = (1+ vi) (04+ v8)’ (98) (EYEE) 


We next state a theorem that was derived in [65] from Theorem 9.6.1 and 
that can be used to evaluate certain A, for n = 3 (mod 4). 


Theorem 9.6.3. Let n be a positive square-free integer greater than 3, not 
divisible by 3, and with n = 3(mod4). Let K = Q(/—3n) be an imaginary 
quadratic field such that each genus contains only one ideal class. Let Co be 
the principal ideal class containing [1,2], where Q is defined by (9.6.3), and 
let Cy and Cy be nonprincipal ideal classes containing [2,1+ 22] and [6,3+ 9, 
respectively. Then 

-1 


Xn 


l 
| 


ty 
IT a}. 


x(C1)=-1 x(C2)=-1 


9.7 The Remaining Five Values 217 


where ty, di, dz, hi, hz, we, and €, are defined in Theorem 9.6.2, and the 
products are over all characters x (the first with x(C,) = —1 and the second 
with x(C2) = —1) associated with the decomposition d = d,d2. Therefore dy, 
dz, hy, ho, we, and €, are dependent on yx. 


We can apply Theorem 9.6.3 to evaluate A, when n = 7, 11, 19, 31, 35, 
55, 59, 91, 115, 119, 455. Since none of these values of n is on Ramanujan’s 
list in Entry 9.1.1, we refer the reader to [65] for details. 


9.7 The Remaining Five Values 


At this juncture, we see that there are five values of n, namely, n = 
73, 97,193, 217,241 in Ramanujan’s Entry 9.1.1, for which we have not cal- 
culated the associated value of \,,. In [65], we used an empirical process to 
derive these values of A,,. This empirical process is analogous to those used 
by Watson [275], [276] in his computations of the Ramanujan—Weber class 
invariants G, and gn. 


Theorem 9.7.1 (p. 212). We have 


6 
(232 . (9.7.1) 


A73 = 
NE 
a= (i ieee pre) (9.7.2) 
3 
re (1s + 241 + 1/496 + v/496-+ 32v241 ) (9.7.3) 
3/2 
1901 + 129\/217 1893 + 129/217 
Aai7 = ( 3 + i 3 (9.7.4) 
3/2 
1597 + 108/217 ; 1593 + 108/217 (9.7.5) 
4 4 aa 
1 
ee xB = 7 (39+ 3V193 + 1/ 2690 + 194V198 (9.7.6) 
193 


Chan, Gee, and Tan [107] employed more sophisticated methods including 
the Shimura reciprocity law to give rigorous proofs of the evaluations of 73 
and 2217. In the next three sections, we will follow the method in [107] and 
give a complete proof of Theorem 9.7.1 . 
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9.8 Some Modular Functions of Level 72 


For tT € C and Imr > 0, define 


where the Dedekind eta function (7) is defined by (9.1.3). The function go(rT) 
is a modular function of level 72. This means that it is meromorphic on the 
completed upper half-plane HUQU {oo}, admits a Laurent series expansion in 
the variable q!/72 = e?7'7/7? centered at q = 0, and is invariant with respect 
to the matrix group 


(72) := ker[SLo(Z) > SLo(Z/72Z)]. 


It is known that the minimal polynomial for g4?(r) over the modular func- 
tion field Q(j(7)), with j(7) the modular j-invariant defined by (9.2.1), is given 
by [107, (2.5)] 

X* +36 X* + 270 X7 + (756 — j(7r))X +.3°. (9.8.1) 


Over Q(j(7)), the other roots of (9.8.1) are gt?(7), g42(7), and g4?(7) defined 
by 


g(r) = GPE) | g(r) = METI) ama gg(r) = VEE, 
n(T) n(r) n(7) 
(9.8.2) 


The proof of the following theorem is similar to the proof of [107, Theorem 
2.1]. 


Theorem 9.8.1. [fn is square-free and n = 1(mod4) then 
12 (= ay =) 
° 2 
lies in the Hilbert class field K, associated with K = Q(v/—3n). 


If K is an imaginary quadratic field of discriminant D, then, by class field 
theory, there exists an isomorphism 


Gal(K,/K) ~ C(D) (9.8.3) 
between the Galois group for K C Ky and the form class group of discriminant 
D. Among the primitive quadratic forms [a,b,c] having discriminant D = 


b? — 4ac, we can find a complete set of representatives in C(D) by choosing 
the reduced forms 


|b|<a<ec and b>0,_ ifeither |b|=aora=c. 


In view of (9.8.3), it is therefore not surprising that we can define an action 
of C(D) on certain elements arising from modular functions that lie in Ky. 
The main result is the following explicit form of the Shimura reciprocity law. 
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Lemma 9.8.1. Let K be an imaginary quadratic number field of odd discrim- 
inant D, and let hh € Fiy,, where Fy, is the field of modular functions of level 
m over Q(¢m) with h((—1+ VD)/2) € Ky. Given a primitive quadratic form 
[a,b,c] of discriminant D, let M = Mja,v,¢q € Gl2(Z/mZ) be the matrix that 
satisfies the congruences 


feel 
( : (mod p"), if pt a, 


0 1 
—b-1 
M= i ‘ (mod p’), ifp|a and ptc, 
Met 2 pi 
2 i 7 i (mod p’), ifp|aandp|c, 


at all prime power factors p" | m. The Galois action of the class of [a,—b, c| 
in C(D) with respect to the Artin map is given by 


poe ft bee 
($2 )) (AE). 


where h™ denotes the image of h under the action of M. 


For a proof of Lemma 9.8.1, see Gee’s paper [153]. 

We apply Lemma 9.8.1 with h = g}?, D = —3n for n = 1(mod4), and 
m = 72. It remains to determine the action of M on g,”. 

First, note that the action of such an M depends only on M,rp for all 
prime factors p | m, where My € GL2(Z/NZ) is the reduction modulo N of 
M, and ry, is the largest power of p such that p"’ divides m. 

Now, every My with determinant + decomposes as 


10 ab 
uw = (02), (cd), 


for some (¢ are € SL2(Z/NZ). Since SL2(Z/NZ) is generated by Sy and 
Ty, where S = (°, }) and T = (31), it suffices to find the action of (4 °) 
Spre, and Tyr» on h for all p | m. 

For () 2)prp, the action on Fi, is given by lifting the automorphism of 
Q(Gm) determined by 


p'P? 


CprP - Core and Cqra r> Gq"; 


for all prime factors g | m such that q # p. 
In order that the actions of the matrices at different primes commute with 
each other, we need to lift Srp and T,r» to matrices in SL2(Z/mZ) such that 
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they reduce to the identity matrix in SLo(Z/q"@Z) for all g 4 p. In our case, 
for m = 72, the prime powers are 8 and 9, and 


—8 9 19 
—9-8 72 01 72 


When h € F,, is an 7-quotient, we can use the transformation rules 
1° Smt) = —it (7) and 70° Tin (T) = Coan(T) 
to determine the action of any M,,, € SL2(Z/mZ). In particular, 


(Go, 91, 92,93) © S72 = (g3, 65992, 62491, Bo) 


and 
(G0, 91, 92,93) © Tro = (g1, Co4'G2, Bo, C493). 


Consequently, we derive the following actions: 


go |g1”|93"[93" 
10 
({ 3) go” |gi” |g" |93° 
8 
Ss 20° ar 92 a5" 
Ts go |g" |92" [93 
10 
€ 2) ale ~ 1))a0"| 91°} 93°] 93° 
10 
é 2) 3lG — 2) 90° ga” g \ 93° 
Sg 93" |a2" |r lao" 
Ty gi |93"| 90" [93 
We prove the following theorem using the table above. 


Theorem 9.8.2. The action of a reduced primitive quadratic form [a,b,c] 
with discriminant D in C(D) on g3?((—1 + VD)/2) is given by 


— 2 
go (422) , ifb=0,a#0(mod3), 


Ja 2 
= D , tfab=—1(mod3), 
Ga 


<b D 


(=e?) | 
a (42) , ifab=1(mod3), 
(ie?) 


, if a=0(mod3). 
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Proof. We first observe that the action of Mg on g@? is trivial. Therefore, it 
suffices to consider the action of My on gj?. When 3 { a, 


b-1 b-1 
_ {a or = a0 1 an = 10 (b—1)/(2a) 
My = (5 y= (59) e )= (50 perp 


If b = 0 (mod 3) and a = 1 (mod3), then 
(g}2) Mo - (g}2)5°(6 0) gonh-U/ 9) = (gi2)(0 O\ sur e- 9/9) 


(b—1)/(2a) (b—1)/(2a) 
=o, 2 = (92°) = 907, (9.8.4) 


since 


2a 


when b = 0(mod3) and a = 1(mod3). Similarly, when b = 0(mod3) and 
a = 2(mod3), we see that 


(o}?)M° = g}?. 
This proves the first case of Theorem 9.8.2. 
For the second case, note that ab = —1(mod3). If a = 1(mod3) and 

b = —1(mod3), then the computations are the same as in (9.8.4) except. for 
the final step, namely, 

(b=1)/(2a) 

(92°)? = (g2”)7° = 91", 

since i 

eax = 2(mod3). 


The remainder of the cases can be established in a similar way. In the last 
case, since 3 | a, we see that, by Lemma 9.8.1, 


—b-1 —b-1 
f= 7 —€ C3 
Me = ( 1 O ) é 1 ) 5g 


(00) (I | 6 ee fn (—b-1)/(2¢) 
~ (; ') ¢ ; ) Sq = So € .) aor Se 


9.9 Computations of A,, Using the Shimura Reciprocity 
Law 


We first note that 


This identification allows us to compute A, using Theorem 9.8.2. 


a 1 p(—*). 
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Proof of Theorem 9.7.1. For p = 73, 97, and 241, all of which are primes, the 
class groups corresponding to these primes are of the form Z4 and the compu- 
tations for all these values are similar. We will discuss only the computations 
of A73 in detail. 


Set i 
2 
Paw + z (9.9.1) 


Note that A? is a real unit [199, p. 166, Corollary], and hence P, is an algebraic 
integer. 

The class group of Q(.,/—219) is generated by the form [5, 1,11]. Consider 
the expressions P73 + pt and Pra PB, where pen denotes the 
image of P73 under the action of [5,1,11]. These are both fixed by all the 
elements in the class group C(./—219), and hence they must be rational. On 
the other hand, they are algebraic integers, and this implies that they must 
be integers. 

By Theorem 9.8.2, we can then determine that 


Pr + Pi?" = 199044 
and 


Prg Pit) = 987492. 
Hence, P73 satisfies the quadratic polynomial 
x”? — 1990442 + 287492 = 0. 
Solving this equation and simplifying, we deduce that 
My = VC+VC=1, 


where 
C = 4952242369 + 57961612873. (9.9.2) 


It turns out that the right-hand side of (9.9.2) can be written as a power of 
an element in Q(V73). In this case we find that if B = ((11 + V73)/8), then 


(VB + VB-1)” =VC4+VC-1. 


Hence we may conclude that 


A73 = 


% 


6 
| EE ee 
8 8 


which is (9.7.1). 
The calculations for n = 97 and 241 are similar. 
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Recall that P, is defined by (9.9.1). When p = 97, the class group of 
Q(V/—291) is generated by [5,3, 15]. Therefore, 


Pyz + P19] = 2122308 


and 
Po PE*"°| — — 2833976. 


Solving these last two equations simultaneously, we conclude that 
Po7 = 1061154 + 107744V 97. 


Using this value in (9.9.1), we solve for Ag7 to deduce (9.7.2). 
The class group of Q(./—723) is generated by [11,—5,17]. We therefore 
find that 
Poa, + PEP P47 = 62717184900 
and 


11,—5,17] 
Al 


Poa, PL = 123706369796. 


Hence, 
Po4, = 31358592450 + 2019984512 V 241. 


Using (9.9.1), we can now complete the calculation of A241. 

We now turn to the case n = 217. 

Here 217 is divisible by two primes, namely, 7 and 31. In this case, we 
consider two numbers Q217 and R217 defined by 


1 
Qair = Ndr7A3i/7 + a 
X21731/7 
and . 
Be A 
[ee au 4. soe 
Ngi/7 ar 


Note that the class group of Q(./—651) is generated by a := [5,3,33] and 
b := [3,3,55]. The order of a is 4, and the group generated by a? and b fixes 
Qoi7 and R217. Hence it suffices to determine the action of 6 on Qoai7 and 
R217, which can easily be done by Theorem 9.8.2. The value of A217 resulting 
from these considerations is a product of two units given by 


a — 3/2 
1901 + 129\/217 1893 + 129,/217 
A217 = 8 8 


— 3/2 
qe + 108/217 es + 108/217 
4 4 ; 
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Finally, consider the case n = 193. Here the class group of Q(./—579) is 
generated by a := [5,1,29], and it is of order 8. We consider the expression 
Pi93, where P, is given by (9.9.1). To determine Pi93, we compute the image 
of P93 under a, a?, and a?. Our computations show that if 


a := Pigs, 
; 1 1+ V—579 4a f 10/379 
B := Pig3 = 5782 ( 10 2795 = (a=) , 
a2 1 j5/3+VV—-579 _ 3+ /—579 
7= Pies = — 570° ( 14 2799 °° (a) ; 
and 
a3 1 —9+ V-579 = —9+ V—579 
6 := Pigg = 570. ( 29 279 7 (a) , 
then 
a+ G+7+6 = 3251132424, 
a8 + ay +ad + By + BS +76 = 82707128352, 
apy + aB6 + By6d + ard = 9465475096, 
and 


aByé = 176664526832. 


Solving the quartic polynomial satisfied by P93 and simplifying, we deduce 


that 
1 1 — 
Ares + xe = 4 (ss + 3V193 + 1/2690 + 194/155) 


193 
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Miscellaneous Results on Elliptic Functions 
and Theta Functions 


10.1 A Quasi-theta Product 


At the top of page 209 of his lost notebook [244], Ramanujan recorded the 
following enigmatic formula. 


Entry 10.1.1 (p. 209). 


oo 1 — (-1)rg2nt0/2 2n41) 1084  o 1+ (-1)%ig\" Qri 
I (py tayennne) (ee 
e B sFo(1,1,15 9) 95 **) 
= exp 


4 oF (4,5; 1; k?) , 


where 
q = exp(—7k'/K), qd =exp(—7K/K'), and 0<k<1. (10.1.2) 


Because of poor photocopying, (10.1.1) is very difficult to read in [244]. If 
the powers 2n + 1 and n on the two pairs of large parentheses were absent, 
the products could be expressed in terms of theta functions. Ramanujan did 
not use the notation 3F) and 2F for hypergeometric functions, but instead 
only recorded the first three terms of each series. Also, Ramanujan did not 
divulge the meaning of the notations K and Kk’. However, from considerable 
work in both the ordinary notebooks [243] and lost notebook [244], we can 
easily deduce that K denotes the complete elliptic integral of the first kind 


defined by 
=f 1-— oa sin? 


where k, 0 < k < 1, denotes the modulus. nee a K’' = K(k’), where 
k! := V1 — k? is the complementary modulus. 

There are no other formulas like (10.1.1) in Ramanujan’s work, and ap- 
parently there are none like it in the literature as well. The purpose of the 


G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II, 
DOI 10.1007/978-0-387-77766-5_11, © Springer Science+Business Media, LLC 2009 
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first few sections in this chapter is to prove (10.1.1). As will be seen in our 
proof, the unique character of (10.1.1) derives from a single, almost miracu- 
lous, connection with the theory of elliptic functions given in the identity 


[oe} 


1 k 
= F(1,1,1;2,2;2 10.1. 
>. Gat 1)? cosh{(2n + 1)a/2}— 2z ° ators ey CH) 


where a = 7K'/K and z = 2Fi($,4;1;k?). The identity (10.1.3) is found 
in Entry 6 of Chapter 18 in Ramanujan’s second notebook [243], [54, p. 153]. 
Like many of Ramanujan’s discoveries, (10.1.3) is not fully understood. Is 
this connection between hypergeometric series and elliptic functions a singu- 
lar accident, or are there deeper, still to be recognized connections? In his 
notebooks [243, p. 280], Ramanujan also attempted to find a formula similar 
o (10.1.3), but with (2n + 1)? replaced by (2n + 1)4. In fact, Ramanujan 
struck out his imprecisely stated formula by putting two lines through it. See 
(57, pp. 397-403] for Berndt’s failed attempt to find a correct version. 

W. Duke [147] has significantly added to our understanding of Entry 10.1.1, 
Entry 6 of Chapter 18 in the second notebook, and the purged entry on page 
280 of the second notebook [57, pp. 402-403, Entry 78]. Duke points out that 
the series in Entry 6 and on page 280 can be regarded as Eisenstein series of 
negative weight. Moreover, he establishes a corrected version of the aforemen- 
tioned Entry 78. Duke’s proof of Entry 6 (and a considerable generalization) 
relies on a double integral of hypergeometric functions given as Entry 31(ii) 
in Chapter 11 in Ramanujan’s second notebook [243], [53, p. 88], for which 
he gives a shorter, more elegant proof than that given in [53, pp. 89-92]. 
Besides Eisenstein series of negative weight being represented by hypergeo- 
metric series, Duke gives further examples of cusp forms also represented by 
hypergeometric series. 

In Section 10.2, we first establish in Theorem 10.2.1 an equivalent formula- 
tion of (10.1.1) as an identity among infinite series of hyperbolic trigonometric 
functions. Secondly, we prove this identity. 

In Section 10.3, we briefly indicate generalizations of (10.1.1) and Theorem 
10.2.1 and offer some related hyperbolic series of Ramanujan. 

The content of the present and following two sections is taken from a paper 
by Berndt, H.H. Chan, and A. Zaharescu [68]. 


10.2 An Equivalent Formulation of (10.1.1) in Terms of 
Hyperbolic Series 


Theorem 10.2.1. ae a and 2 be any complex numbers with nonzero real 
parts and with a3 = x*. Then (10.1.1) is equivalent to the identity 


= sinh{(2n + 1)a/2} _~< (-1)” 
a (2n + 1) cosh?{(2n + 1)a/2} | oy (2n + 1) cosh?{(2n + 1)4/2} 


n=0 
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4 2s (2n+ 1)? cosh{(2n + 1a/2}" (10.2.1) 


Proof. We assume that a and @ are positive real numbers. The general result 
will then follow by analytic continuation. Taking logarithms on both sides of 
(10.1.1), we find that 


oa 1- (=1)h gee 2Qn+1) loga 
log I] (; + a) 


‘ ny 2nt 
4c] I 1+(-1)"iq'” _ ‘i as 3,3;k?) 
. eri? el ee a AiG) - 


5553 ) 


(10.2.2) 


(Here and in the following step, we have ignored branches of the logarithm. 
The justification lies in our eventual proof of (10.2.1).) For brevity, let Z and 
R denote, respectively, the left and right sides of (10.2.2). Then 


= . n 7 (1 — (—-1)"g@rt)/2 
eal S302 +1) {log (1 (—1)"qg2n+ ) 
Seg (14 caramnr)} 


+ 2ni & n {log (1 + (—1)"%q™) — log (1 — ei) 


n=1 


=: log q( Si _ So) + 27ri(S'3 = S4). (10.2.3) 


Recall that q and q’ are defined in (10.1.2). Set a= aK'/K and 8=7K/K’, 
so that a3 = 1?. We now proceed to show that $,,...,54 can be expressed 
as sums of hyperbolic functions. 

Using the Taylor series of log(1+z) about z = 0 and recalling the definition 
of 2, we find that 


( {rene em 


%=-yp yA 


=- te 
= 8 
- a (10.2.4) 


By a similar calculation, 
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= —ief)™ 
S=-y —e oa (10.2.5) 


m=1 


Combining (10.2.4) and (10.2.5), we find that 


5 lier ie" 


ce =| m(1 — (—e-#)™)2 
ee (—1)'™e—@m+1)6 
— x (2m + 1)(1 + e~@m+)B)2 
eae - (-1)™ 


Next, again using the Taylor series of log(1 + z) about z = 0 and recalling 
the definition of a, we find that 


(Sy e-e eee 


n=0m=1 
a s t. (>. (2n(—1)™Per ant t}m/2 +4 caymneratnenn) 
™m 
m=1 n=0 
_ : 1 1) eA . eam /2 
> 2am a Cee titer 
iced —1)m —3am/2 —am/2 
eS eat (10.2.7) 
Aa, UL = (-e)™) 
By an analogous argument, 
oo 4—3am/2 —])™e-am/2 
S%=->>* ater es (10.2.8) 


m{d— (=e 9"P 


m=1 
Thus, combining (10.2.7) and (10.2.8), we deduce that 


eS (1) te sem? _ eam /2 ft e—8am/2 ab (=1)"e-e"? 


S,-—S2,= 
» ma (ep 
oo e 7 8(2m+1)a/2 _ e7 (2m+1)a/2 


=o 
= (m+ 1) +e" Cm e)? 


m=0 
= a e7 (2m+1)a/2 — el(2mt+1)a/2 
= a (Qm +4 1)(e2@m+1a/2 ie e— Qm+1ja/2)2 


oS sinh{(2m + 1)a/2} 
aS (2m + 1) cosh?{(2m + 1)a/2}° 


m=0 


(10.2.9) 
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If we use (10.2.6) and (10.2.9) in (10.2.3) and recall that log g = —a, we 
deduce that 


o = sinh{(2m + 1)a/2} _< (=1)" 
yy (2m + 1) cosh?{(2m + 1)a/2} — »» (2m + 1) cosh? {(2m + 1) 3/2} 
is k 3F2(1,1,1; 3, 3; k?) 
=F ord, Tsk) : (10.2.10) 


We now invoke (10.1.3). If we substitute (10.1.3) into (10.2.10), we deduce 
(10.2.1) to complete the proof. 


It should be emphasized that the only time we used the definitions (10.1.2) 
of q and q’ in our proof is in the application of (10.1.3). Thus, it would seem 
that (10.1.1) is a very special result in that there are likely very few (if any) 
other results like it. 

We now prove (10.2.1). 


Proof of (10.2.1). Our first main idea is to introduce the functions F' and G 
n (10.2.11) and (10.2.13), respectively, and use them to find a simpler identity 
that is equivalent to (10.2.1). Define 


Co 


ak : 2 (2n + 1)? ET + Da/2}" (10.2.11) 
Then 
F'(a as (3° sinh{(2n + 1)a/2} 
(2n + 1) cosh?{(2n + 1)a/2} 
os (2n + 1)? rcoah((Ow nen) (10.2.12) 
Set 


= 1 2 n 
Cel se (Qn + LP cosh{Qn+ Dr/@ay -" * (5) a IS 


by (10.2.11) and the fact that a3 = 7”. Thus, by (10.2.12), 


103) one’ (7) (7) = gp So ___ Sin Gn + Dr? /(28)} 
Meee (5) ( a) 2 Gat 1) cosh"{On + 1)x2/GA)} 


1 
“ dX (Qn + 1)? cosh{(2n + 1)n2/(2B)) 
(10.2.14) 
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If we define 
h{(2n + 1)6/2 
H(S):= "20 _ Se 8/25 (10.2.15) 
then 
ek (10.2.16) 


Oy pe (2n + 1) cosh?{(2n + 1)8/2}° 
In view of (10.2.14) and (10.2.16), we see that (10.2.1) is equivalent to 
G'(8) = H"(8). 
It follows that for some constant c, 
G(@) = H(8) +e. (10.2.17) 


Clearly, from the definitions of G(G) and H() in (10.2.13) and (10.2.15), 
respectively, both G(@) and H(8) tend to 0 as G — 0. Thus, in (10.2.17), 
c=0. 

Hence, it now suffices to prove that 


[o<) 


1 
“a (2n + - cosh{(2n + 1)m?/(23)} 


)” tanh{(2n + 1)3/2} 
= 27 He Gn +1? ; (10.2.18) 
It is easily seen that (10.2.18) is equivalent to 
1 
Pes 2n + 1)? cosh{(2n + 1)m?/(26)} 
\" tanh{(2n+1)G/2} Br? 
= 0. 10.2.1 
+7 we n+) 7 =) (10.2.19) 


n=—Co 


The second primary idea is to introduce a function f of a complex variable 
and use contour integration to prove (10.2.19). To that end, define, for fixed 
n> 0, 

tan(7z) 

fe) = oe 

The function f(z) is meromorphic in the entire complex plane with a simple 
pole at z = 0 and simple poles at z = (2n+1)mi/2 and z = (2n+1)7/(2n) for 
each integer n. Let yr,, be a sequence of positively oriented circles centered 
at the origin and with radii R,, tending to co as m — ov, where the radii Ry, 


: 10.2.20 
z? cosh z ( ) 
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are chosen so that the circles remain at a bounded distance from all the poles 
of f(z). From the definition (10.2.20) of f, it is then easy to see that 


1 
Rm , 


f(2)dz 


YRm 


Ky (10.2.21) 


as R, — oo, where the constant implied in the notation <,, depends on 7. 
For brevity, let R(a) denote the residue of f(z) at a pole a. Then, brief 
calculations show that 


HO) =", (10.2.22) 
(2n + 1)r 7 An 


(2n + 1)qi 4(—1)” tanh{(2n + 1)rn/2} 
re( a ie 72(2n + 1)2 


(10.2.24) 


for each integer n. Hence, using (10.2.22)—(10.2.24) and the residue theorem, 
we deduce that 


ae z)dz=n- al 
i an uenae tt oe 72(2n + 1)2 cosh{(2n + l)r/(2n)} 
2s eee (10.2.25) 


|2n4+1|<2Rm/7 


Letting R,, tend to oo in (10.2.25) and employing (10.2.21), we conclude that 


CoO 


_,_4 l 
a ae: De. (2n + 1)2 cosh{(2n + 1)7/(2n)} 


nm 


ey eee (10.2.26) 


n=—0o 


Now set 7 = 3/m in (10.2.26). Then multiply both sides by —73/4. We then 
readily obtain (10.2.19), and so this completes the proof. 


o] 


10.3 Further Remarks on Ramanujan’s Quasi-theta 
Product 


Theorem 10.2.1 can easily be generalized in at least two directions. 
First, in the proof of (10.2.1), we could replace f(z) by 


he 


z™ cosh z’ 
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where n is a positive integer exceeding 1. The generalization of (10.2.1) would 
then involve Bernoulli numbers arising from the Taylor expansion of tan z 
about z = 0 and Euler numbers arising from the expansion of 1/ cosh z about 
z=0. 

Second, in the proof of (10.2.1), we could replace f(z) by 


cosh(@z) tan(7z) 
2? cosh z 


f(z, 9) = ; 
where —1 < #@ < 1. Then by a proof analogous to that given above, we could 
deduce that for any complex numbers a and @ with Re a,Re @ 4 0, and 
a3 =n, and for any real number 6 with || < 1, 


s sinh{(2n + 1)a/2} cosh{(2n + 1)0a/2} 
° (2n + 1) cosh?{(2n + la/2} 


sinh{(2n + 1)0a/2} .  (-1)" cos{(2n + 1)16/2} 
ve 3 (2n + 1) cosh{(2n + 1)a/2} ' pe (2n + 1) cosh?{(2n + 1)G/2} 


n=0 


ae = cosh{(2n + 1)0a/2} 
22, (2n + 1)? cosh{(2n + 1)a/2}° (10.3.1) 


The identity (10.3.1) is equivalent to 


(1 = (a1jegee rire yi _ (=1)nger ei) 2n+1) (log q)/2 
(1 + (—1)"q@n+1-9)/2) (1 +4 (- 1)” fo! 


: Il (1 — (—1)"q2n+1-9)/2)(1 4 (—1)ng2n+1+9)/2) — O(log 9) /2 
baie (1 + (-1)%q(2r+1—-9)/2)(1 — (—1)nq@n+148)/2) 


. OO, @ zi (—1)"ie9™#/2q/")(1 re (—1) "ie 07 4/2g'") nye 
II (5 = (—1)"ie9t#/2q’") (1 _ ee) ! 


n ~ cosh{(2n + 1)0a/2} 
=i ( ri a2 (Qn + 1)? cosh{(Qn + i os) 


When @ = 0, (10.3.1) and (10.3.2) reduce to (10.2.1) and (10.1.1), respectively. 
If a,8 > 0 and 6 =: w+ iv, where u and v are real, then (10.3.2) can be 
analytically continued to the rectangle —1 <u < 1,—27/a<v < 2r/a. 

If we differentiate (10.3.1) 2k times with respect to 9 and then set @ = 0, 
we deduce that 


2 3 (2n + 1)?*-1 sinh{(2n + 1)a/2} 


cosh? {(2n + 1)a/2} (10.3.3) 


n=0 
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we 41)2k-1 oo 9 1)2k-2 
L(A Jk ge gi—ak 5 ) n+1) = (4k - 2) > (2n + 1) 
mer cosh* { + 1)3/2} aver cosh{(2n + 1)a/2} 


which is valid for any integer k > 1 and any complex numbers a and ( with 
Re a,Re 3 40, and af = 7”. 
If we let @ — co (or 6 — 0) in (10.2.1), we deduce Leibniz’s well-known 


evaluation pe 
ye et 
= 2n+1 4’ 


while if we let a — 0 (or @ — oc) in (10.2.1), we deduce Euler’s well-known 


evaluation 
oo 2 


eee 
aa (al Be 


(We remark that care must be taken in taking certain limits inside summation 
signs above.) 

Ramanujan examined several other infinite series of hyperbolic functions 
in his notebooks [243] and lost notebook [244]. We cite two examples giving 
evaluations of series involving cosh z that are very similar to those arising 
above. 

First, in Entry 16(x) of Chapter 17 in his second notebook [243], [54, 
p. 134], Ramanujan asserted that 


3 onal ae (10.3.4) 


— cosh{(2n + 1)r/2} ~~ 2/2762)" 


In fact, it is shown in [54, pp. 134-138] that one can also evaluate in closed 
form the more general sum 


[oe) 


X cosh{(2n + 1)a/2}’ (10.3.5) 


where m is a positive integer. However, the evaluations are in terms of z := 
oF (4,4 a 1;k?). (See [54, p. 101, equation (6.3)] for the relation between a 
and k, where in [54], y = a.) Note that the sums (10.3.5) appear on the right 
side of (10.3.3), and so these evaluations also automatically yield evaluations 
for the left side of (10.3.3). 

Second, the evaluation 


= (2n +1)? _ 
dX cosh? {(2n + 1)r/2} 121°8(3) 


arises in Ramanujan’s formulas for the power series coefficients of the recipro- 
cals, or, more generally, quotients, of certain Eisenstein series [62, Corollary 
3.9]. 

Multivariable generalizations of the products in (10.1.1) have been studied 
by Berndt and Zaharescu [80] and S. Kongsiriwong [194]. 
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10.4 A Generalization of the Dedekind Eta Function 


On page 330 of [244], Ramanujan defines a generalization of the Dedekind eta 
function, states a transformation formula for it, and then gives three examples. 
The first of the three examples is the transformation formula for the Dedekind 
eta function. We first give Ramanujan’s definition, his transformation formula, 
and his three examples. We then state and prove a theorem of E. Kratzel [195] 
that contains, as a special case, Ramanujan’s transformation formula, but in 
a slightly different form. 
Define, for each positive integer s and x > 0, 


ba() = VImun e*™6-9) TT (1 — 2"), 


n=1 
where ¢(s) denotes the Riemann zeta function. 


Entry 10.4.1 (p. 330). For each positive integer s and x > 0, 


$4(2) = On) exp ( nants) : ‘THI 


j=0n=1 


{1 Dexa ( Qn (*)" (ee *)) 
con (2 (2) (BEE*DY) 
+exp (-40 ee sin (tien) . (10.4.1) 


We now state the special cases s = 1,2,3 of Entry 10.4.1. 


Entry 10.4.2 (p. 330). 


Jae 7/12 Ilc- gaan) =e 7/(122) ii -_ gerne). (10.4.2) 
n=1 n=1 
1 4 i 27r¢(—1/2) 4 —nren? 
5 {fen ( Ja ) Ife —e ) 
=J] {1 ~ 26-27 V/"/2 cos (2x n/a) er en) (10.4.3) 
n=1 
mx  2n¢(—1/3) a Inne 
Vieexp (Se ) Ila-« ) 


= 2n I {(1 - ge) (1 - Je-*F V"/2 cog (xv3i/n/a) +2 Vnie)\ 


(10.4.4) 
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The transformation formula (10.4.2) follows immediately from (10.4.1) by 
setting s = 1, and is the familiar transformation formula for the Dedekind 
eta function [53, p. 256, Corollary (ii)], [54, p. 43, Entry 27(iii)]. The formula 
(10.4.3) follows readily from (10.4.1) when x is replaced by x/2. We have 
corrected a minor misprint in the first factor of the infinite product on the 
right side of (10.4.4), which arises from ito 4.1) with s = 3. In the calculation 
of (10.4.4), we need the value ¢(—3) = 735 [271, p. 19]. We also note that the 
terms with 7 = 0 and j = 2 are identical and that the term with 7 = lisa 
perfect square when s = 3. 

A result equivalent to (10.4.3) was given without proof by G.H. Hardy and 
Ramanujan in Section 7.3 of [176]. It was rediscovered by D. Kim [190] and 
was also proved by R. Baxter [49], who proved several results of this nature. 
Finally, E.M. Wright utilized a transformation formula equivalent to Entry 
10.4.1 for his treatment of partitions into powers [284]. 

We now state and prove Kratzel’s theorem, generalizing Entry 10.4.1. For 
relatively prime positive integers a and 6 and |argt| < 7/(2ab), define the 
generalized Dedekind eta function 


co a-l 


Na,b(t) = (2n)O- b)/2 6a,0(t) II I[c — e2ricav+1(4a)n?/oe?) (10.4.5) 
n=1v=0 
where 
e,(n) := e2™v/r (10.4.6) 
and ‘ 
ea > (10.4.7) 


Wel = SneT ay 


where ¢(s) again denotes the Riemann zeta function. Observe that 71,1 = n(t), 
the ordinary Dedekind eta function. 


Theorem 10.4.1. Ifa and b are positive integers with (a,b) = 1 and |argt| < 
m/(2ab), then 
Na,o(t) = t- 2/2 ny g(1/t). (10.4.8) 


Proof. Taking the logarithm of both sides of (10.4.5), we find that 


a—1 co oc 


log Na,p(t) = = log(2m) + yaa(t) -— S> >> Ie errenaa ie 
ial (10.4.9) 
Recall the integral representation 
1 c+tioo 
g= Bri des I(s)t “ds, (10.4.10) 


where Ret > 0 and c > 0. Using (10.4.10) in (10.4.9) with t replaced by 
27 é€o,41-a(4a)t” and with c > a/b, noting that the hypothesis |argt| < 
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m/(2ab) ensures the applicability of (10.4.10), inverting the order of sum- 
mation and integration, and twice using the familiar series representation of 
the Riemann zeta function, we find that 


1—b 


log 1a,0(t) log(27) + Ya,0(t) 


a—1 1 c+tioo Z 
3 [- D(s)6(3-+1)¢(bs/a) (22, 41-0(4a)t°) * ds 


271 
0 


1-b 
7 log(27) + Ya,o(t) 


2 
e100 sin(ms 
-sof reycs+ 1)¢(0s/a) = 


(2nt’)~*ds, 
(10.4.11) 


where in the last step we inverted the order of summation to sum the a roots 
of unity. Recall the functional equation of the Riemann zeta function given 


by [271, p. 25] es 
TC(—S 


I'(s + 1)sin(7s/2) ° 


Using (10.4.12) in (10.4.11) along with the functional equation I'(z + 1) = 
zI(z), we find that 


Loh 1 et? n¢(—s)¢(bs/a) 5, 
; log(2m) + Ya,p(t) + Ini [ samrataay).” bs ds, 


¢(s +1) = —(27)° (10.4.12) 


log Na,b(t) = 


Replacing s by as above, we arrive at 


2 


log(27) + Ya,o(t) 


rn ca ca-+-too ™¢(—as)6(65) abs ge (10.4.13) 


Qt Jea—ioo 8 Sin (77/2) 


log elt) a 


We now shift the line of integration to —co — ico, —co + 100, co > 1/a, by 
integrating over a rectangle Cy with vertices c+7T,—cg iT, where T > 0, 
applying the residue theorem, and letting T’ — oo. Because, uniformly in any 
vertical strip [271, p. 81], ¢(¢ + iT) = O(T*), as T — oo, for some constant 
k that may depend on the particular vertical strip, we easily see that the 
integrals over the horizontal sides of Cr tend to 0 as T tends to oo. On the 
interior of Cr the integrand on the right side of (10.4.13) has simple poles at 
s = 1/b and —1/a and a double pole at s = 0. Let R, denote the residue of 
a pole at a. Lastly, replace s by —s. After all this, we deduce from (10.4.13) 
that 


2 


log Na,o(t) = log(27) + Ya,o(¢) + Rijs + Ro + Ria 
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1 co tice —b 
aa | mOLGS)6(— 8) sabe, (10.4.14) 
2771 Jenico «8 SiN (78/2) 
Straightforward calculations show that 

R_1ja = —a,0(t) and Rie = Yo,0(1/t). (10.4.15) 
Since [271, p. 20] 

1 1 
¢(s) = 57 5 los(277)s + aa 

we find that 


1 1 
Ro= 5 (0 — a) log(27) — 3 ablog t. (10.4.16) 
Putting (10.4.15) and (10.4.16) in (10.4.14), we deduce that 


i 1 
“log (2m) + ,a(1/t) — ziblogt 
Co+ttco _ 
Me / mG (a5)¢(—b5) rads 76 (10.4.17) 


2Tt Jej-ico —- Sin (78/2) 


log Na,b(t) = 


Comparing (10.4.17) with (10.4.13), we see that on the right side of (10.4.17) 
the roles of a and b have been reversed, there is an extra additive factor 
of —tablog t, and that t has been replaced by 1/t. In other words, upon 
exponentiation, we obtain (10.4.8). 


We now show that Kratzel’s theorem yields Entry 10.4.1. First, observe 
that in (10.4.1), the terms with j = v and j = s—v—1 are identical. Thus, if 
s is even, the first product in (10.4.1) can be taken over 0 < j < s/2—1, and 
the square root on the product on the right side can be deleted. If s is odd, 
then the term with 7 = (s — 1)/2 is, in fact, a perfect square. 

Now examine Theorem 10.4.1, with t® replaced by x, a = 1, and b = s. 
Consider the product of the terms with index v and s — vy — 1 on the right 
side. These are 


(1 = e277 (cos ae ti sin ae a = e2ti(—cos oe tisin Bg )(n/z)'/*) 


Ses Qe7 27 (n/a)/* sin =— on cos(2m(n/a) 1/8 cos TY uy ri ew 4t(n/x)/* sin aa, 


The term with v = (s —1)/2 in Theorem 10.4.1 is identical to the corre- 
sponding term in (10.4.1). Thus, when simplified, Ramanujan’s Entry 10.4.1 
becomes identical with Theorem 10.4.1 when simplified, after the parameters 
are specialized and changed as described above. With these observations, we 
restate Entry 10.4.1. 


Entry 10.4.3 (p. 330). For each positive even integer s and x > 0, 


#4(2) = @2n)"exp (Ss | TI 


j=0 n=1 


238 10 Elliptic Functions and Theta Functions 


{1 — 2exp (- Qn ee sin (ee *)) 
coos (ar (2) "om (22EENY) 


+ exp (- An (2)"" sin (ee )) ae 


For each positive odd integer s and x > 0, 
data) = (On) exp (- Tm) (1 enan(nfa)' TI il 
{1 —2exp (-2= (")"" sin (“a )) 
x COS (2" Ce cos (a )) 
+ exp (-4= (=) a sin (“ee ) : 


10.5 Two Entries on Page 346 


We recall Ramanujan’s notation in the theory of elliptic functions [54, p. 101]. 
Let 
ZS = 2Fi(4 


where 2F; denotes the ordinary or Gaussian hypergeometric function, and k, 
0<k <1, denotes the modulus. Furthermore, put 


1k), (10.5.1) 


5553 ’ 


G=e-*, (10.5.2) 


where ‘ 
F; 1il-k 

yi=m (3, 951, ; ) (10.5.3) 
2F\($, $31, k?) 


Recall that the complementary modulus k’ is defined by k’ = V1 —k?, 0 < 
ke. 


Entry 10.5.1 (p. 346). For q defined by (10.5.2) and @ and ¢ defined by 


co) 
20 =| a _., (10.5.4) 
0 1— k? sin? u 


a7 6 . (—1)"q?"*1 sin(2n + 1)6 tT 
+ 4 = logt ia 
ae G 5) B Qn+ii— ey ~eetani ats 
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Entry 10.5.1 is identical to Entry 16(v) in Chapter 18 of Ramanujan’s 
second notebook [243], [54, p. 175]. 

For reasons that will become apparent in the next proof, we replace Ra- 
manujan’s 6’ in the next entry by @*. 


Entry 10.5.2 (p. 346). Define 0* and o by 


=| =. (10.5.5) 
0 1—k’? sin? u 


where z and k’ are as above. Then 


h(2n0* 
pays a = tog tan (F+$). (10.5.6) 


n=1 


Proof. We begin with the following principle in the theory of elliptic functions 
found in Section 18 of Chapter 18 in Ramanujan’s second notebook [243], [54, 
pp. 177-179]. Suppose that we have an equation of the sort 


Qk, e~Y, z,0,¢) = 0. (10.5.7) 


We now want to write a new equation with k replaced by k’. From (10.5.1), 
we see that z will be replaced by 


z= 2Fi(5,351, kl): (10.5.8) 


in oF, (4,4;1,1— hk). 1 
= DF, bk) (10.5.9) 


and from Entry 18(iv) of Chapter 18 in the second notebook [243], [54, p. 179], 
@ will be replaced by 
Y = 02/2’, (10.5.10) 


and @¢ will be replaced by 


o! := ilog tan (7 4 $) (10.5.11) 


Thus, we obtain a new equation 


Q Caz 2',i0z/z',ilogtan ( + 5) = 0. (10.5.12) 
We are going to apply this principle, but with the roles of the variables 
reversed. Thus, taking Entry 15(iv) of Chapter 18 in Ramanujan’s second 


240 10 Elliptic Functions and Theta Functions 


notebook [243], [54, p. 172], we replace the variables by their counterparts 
with primes ’ on them. Thus, we have 


Co 3 / 
> see) ai i (10.5.13) 


= ncosh(ny’) 


We now use (10.5.12) to convert (10.5.13) to an identity involving 0. Hence, 


i0'2' = \ sin(2ni6’2! /z) ee tT 
=? =ilogt ae 10.5.14 
z +2 ncosh(ny) oe ato) ( ) 


by (10.5.11). By (10.5.4), with the roles of the pairs 0,k and 6’, k’ reversed, 


=| . (10.5.15) 
0 1—k’? sin? u 


Comparing (10.5.15) with (10.5.5), we see that 2’0’ = z0*. Using this equality 
and (10.5.2) in (10.5.14), we deduce that 


a gq’ sin(2n6*) a © 
10" + 24 = n(l + @") Diletta (7+). 


which upon canceling i throughout yields (10.5.6). 


10.6 A Continued Fraction 


Entry 10.6.1 (p. 370). Let K = K(k) denote the complete elliptic integral 
of the first kind associated with the modulus k, and let K' = K(k’) be the 
complete elliptic integral of the first kind associated with the complementary 
modulus k! = /1 —k?. Then, ifn > 0, 


anki 1 = qi 1 
2 nak Dae eee 


l& 2 Gke # (GRP 
“~ntntnatntnt n te ne) 


Proof. In Entry 12(i) of Chapter 18 in his second notebook, Ramanujan 
recorded the continued fraction 
1. 3 sech(jy) 2 (mz)?a (2mz)? (3mz)?a = (4mz)? 

L414 (jmy2 2+ 02 + 2 + 2 + Qe He? 


(10.6.2) 
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where z := 2K/7, x = k*?, y = 7K'/K, and m > 0. For a proof, see [54, 
p. 163]. Multiply both sides of (10.6.2) by 2 and replace mz by 2/n to obtain 
the equivalent continued fraction 


1425 enw) = (ein)? (/n)?_(Bk/n)?_ A/np? 


1+(2j/(nz))? 1+ 1 + 1 + 1 SS I ec 

(10.6.3) 
Multiplying both sides of (10.6.3) by 1/n, using the definition z := 2K /7, and 
rearranging, we find the equivalent continued fraction 


j=1 


1 2n?K? \ — sech(jy) 
1 
n 7 1 2 GK +P 
_2K/r m2 (Bk)? ? 
~~ n +tntnt n tnt" 


(10.6.4) 


Lastly, multiply both sides of (10.6.4) by 7/(2), set gq = e~¥ in the definition 
of sech, and rearrange slightly to achieve (10.6.1). 


The previous entry has a fascinating corollary found in Section 12 of Chap- 
ter 18 of Ramanujan’s second notebook [243], [54, p. 164]. 


10.7 Class Invariants 


We begin by recalling the definitions of class invariants by both Ramanujan 
and H. Weber [281]. As usual, set 

x(q) *= (4 4" )oo. 
For 

q:= exp(—mVn), 


where n is a natural number, Ramanujan’s class invariants G,, and gy, are 
defined by 


Gp i= 7 a ee a) and In = 27/4 qg-1/24.(_@). 
In the notation of Weber, 
Gn =2°-V4(Von) and gy = 27 *fy(/—n). 


Ramanujan devoted considerable energy to calculating over 100 class invari- 
ants. An account of most of Ramanujan’s work can be found in Chapter 34 
of [57]. 

On page 342 in [244], Ramanujan provides a list of class invariants from 
Weber’s book [281, pp. 722-724]. It is clear that he did not merely copy this list 
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of invariants, because at the top of ae 342, Ramanujan lists two mistakes 
—41). Weber’s table [281, pp. 721-726] 
contains further incorrect values of class invariants. J. Brillhart and P. Morton 
carefully checked the entire table and published a complete list of errors [95], 
which, of course, contains the mistakes noticed much earlier by Ramanujan. 
Ramanujan’s methods for calculating class invariants have largely remained 
in impenetrable darkness, and so it is again unfortunate that Ramanujan left 
no clues about his methods of calculation. We now provide this table below, 


that Weber made in calculating f(./— 


with two trivial misprints corrected. 


Entry 10.7.1 (p. 342). 


f(V—26) = tv2, 
f(V—29) = V2, 
f(V—35) = ¢, 

fi(V/—36) = t V2, 
fi(\/—38) = tv2, 
f(V—39) = tv2, 


fa(V—50) = t¥2, 
f(V—51) = t72, 
fu(V/—52) = tv, 
f(v—63) = tv2, 
f(V/—99) = 472, 


1 
(8 — + ott +1) =0. 
2? — 34° — 343 -1=0. 
3 
ee seal 32 + 1) =0. 


ot}? — g¢® — gt4 — 5 = /29(¢* + 1). 
8 —2=(1+ V5) —2). 

#8 — 433 — 2 = 2/3(t3 +1). 

#8 — a¢4 — (24? +. 1)(1 + V2) =0. 


I 

o—S4VB 2 41) =0. 

pt 2 54+ V4 pl) T+vil 

P 2 a ee) 

P64 wie +S poyilje= 
— NP eel; 

— (44 vi7)t — #8 —1=0. 

1 

P— 244 Viet — SV _ 9, 
aa 

t—t4+1 V3 
t2 — (12 + 2V33)¢6 — (4 + V33)t2 —1=0. 


=0. 
(3+ 711) = 


11 


Formulas for the Power Series Coefficients of 
Certain Quotients of Eisenstein Series 


11.1 Introduction 


In their epic paper [176], [242, pp. 276-309], G.H. Hardy and S. Ramanujan 
found an asymptotic formula for the partition function p(n) that arises from 
the power series coefficients of the reciprocal of the Dedekind eta function. As 
they indicated near the end of their paper, their methods also apply to several 
analogues of the partition function generated by modular forms of negative 
weight that are analytic in the upper half-plane. In their last published paper 
[177], [242, pp. 310-321], they considered a similar problem for the coefficients 
of modular forms of negative weight having a simple pole in a fundamental 
region, and in particular, they applied their theorem to find interesting series 
representations for the coefficients of the reciprocal of the Eisenstein series 
E¢(7). Although there are some similarities in the methods of these papers, 
the principal ideas are quite different in [177] from those in [176]. In [176], 
Hardy and Ramanujan introduced their famous circle method, and since that 
time the ideas in this paper have had an enormous impact in additive analytic 
number theory. Although their paper [177] has not had as much influence, 
the ideas in [177] have been extended by, among others, J. Lehner [201], 
H. Petersson [228], [229], [230], H. Poincaré [231], and H.S. Zuckerman [291]. 
Additional comments on [177] can be found in the third edition of [242, p. 387]. 

While confined to nursing homes and sanitariums during his last two years 
in England, Ramanujan wrote several letters to Hardy about the coefficients 
in the power series expansions of certain quotients of Eisenstein series. A few 
pages in his lost notebook are also devoted to this topic. All of this material 
can be found in [244, pp. 97-126], and the letters with commentary can be 
found in the book by Berndt and R.A. Rankin [74, pp. 175-191]. In these let- 
ters and in the lost notebook, Ramanujan claims formulas for the coefficients 
of several quotients of Eisenstein series not examined by Hardy and him in 
[177]. In fact, for some of these quotients, the main theorem of [177] needs 
to be moderately modified and improved. For other examples, a significantly 
stronger theorem is necessary. Ramanujan obviously wanted another exam- 


G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II, 
DOI 10.1007/978-0-387-77766-5_12, © Springer Science+Business Media, LLC 2009 


244 11 Coefficients of Eisenstein Series 


ple to be included in their paper [177], for in his letter of 28 June 1918 [74, 
pp. 182-183], he wrote, “I am sending you the analogous results in case of go. 
Please mention them in the paper without proof. After all we have got only 
two neat examples to offer, viz. gz and g3. So please don’t omit the results.” 
This letter was evidently written after galley proofs for [177] were printed, be- 
cause Ramanujan’s request went unheeded. The functions gz and g3, defined 
in (9.2.2) and (9.2.3), respectively, are the familiar invariants in the theory of 
elliptic functions and are constant multiples of the Eisenstein series E4(7) and 
E6(7), respectively. This letter was also evidently written before Ramanujan 
obtained further examples. 

In this chapter, we establish the formulas for the coefficients of those quo- 
tients of Eisenstein series found in [244, pp. 102-104, 117]. In Ramanujan’s 
notation, the three relevant Eisenstein series are defined, for |q| < 1, by 


P(q) :=1-245> 5) (a1) 
ia t- 4 

oo k3q* 

Q(q) :=1+2405> 7 (1,109) 
ra l—4 

and 

oo ke g* 

R(q):=1-5045 > 5: (11.1.3) 
kai t— 4 


(The notation above is that used in Ramanujan’s paper [240], [242, pp. 136— 
162] and in his lost notebook [244]. In his notebooks [243], Ramanujan replaced 
P,Q, and R by L, M, and _N, respectively.) In more contemporary notation, 
the Eisenstein series F2;(7) is defined for 7 > 1 and Im 7 > 0 by 


1 : 
Frj(7) = 5 dS (mart mg) = 1 


; k 
Mm1,M2EZ Bo; k=1 1 ~4q 
(m1,m2)=1 
i 
=1-— Sonj_i(r)q’, (11.1.4) 
23 r=1 


where g = e?"'7, B;,j > 0, denotes the jth Bernoulli number, and o,(n) = 
ae d’. Thus, for q = exp(2mir), E4(r) = Q(q) and E¢(r) = R(q), which 
have weights 4 and 6, respectively [255, p. 50]. Since (11.1.4) does not converge 
for 7 = 1, the Eisenstein series F2(7) must be defined differently. First let 


EX(r):= P(g), g=e?*. (11.1.5) 


Then E2(T) is defined by 
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aim T° 


Eo(T) := EX(r) — (11.1.6) 
The function F2(7T) satisfies the functional equation of a modular form of 
weight 2 [255, pp. 67-68], but it is not a modular form. 

Central for our proofs are Ramanujan’s differential equations for Eisenstein 
series, namely [240, equations (30)], [242, p. 142], 


o] 


dP P*(q) — Q(q) 


te a (11.1.7) 
(0 _ Ose =i) (11.1.8) 
and 
in _ = Q*(q) (11.1.9) 
Next define 
B(Q) 14m Oe lq| <1. (11.1.10) 


As will be seen, B(q) is the (unique) modular form of weight 2 with multiplier 
system identically equal to 1 on the modular group I(2). 

As indicated above, in [177], Hardy and Ramanujan obtained representa- 
tions for the coefficients of 1/R(q) as infinite series. In this chapter, we first 
establish Ramanujan’s similar claims for the series 


1 Q(q) P(q) P?(q) : 
Q(q)’ R(q)’ R(q)’ R(q)’ Q(q) 


To prove the results in this first class of formulas, a moderate modification 
of the theorem of Hardy and Ramanujan is needed. This amended theorem is 
proved in detail in Section 11.2. The next four sections are devoted to proofs 
of several of Ramanujan’s formulas for coefficients that can be derived from 
this key theorem. Most of the results in the first part of this chapter, i.e., 
through Section 11.6, can be found in P. Bialek’s doctoral dissertation [84] 
or in a paper by Berndt and Bialek [61]. 

The representations in the second class, namely, Ramanujan’s formulas for 
the coefficients of 1/B(q) and 1/B?(q), are much harder to prove. To establish 
the first main result, we need an extension of Hardy and Ramanujan’s theorem 
due to Petersson [228]. To prove the second primary result, we need to first 
extend work of Poincaré [176], Petersson [228], [229], [230], and Lehner [201] 
to functions with double poles, which are not examined in the work of any 
of these authors. The contents of the second part of this chapter, wherein 
these two remarkable formulas are proved, i.e., beginning with Section 11.7, 


o] 
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are taken from a paper by Berndt, Bialek, and A.J. Yee [62]. Three further 
formulas of Ramanujan follow from one of the two key formulas, and these 
are also proved here. 

Ramanujan claims that the second set of assertions follow in part from 
eight identities for Eisenstein series and theta functions which he states with- 
out proofs at the beginning of his letter [74, pp. 189-190]. Indeed, these eight 
identities are used in our proofs. 

In Section 11.7, we prove the eight identities cited above. Section 11.8 
contains a proof of Ramanujan’s formula for the coefficients of 1/B(q). In 
Section 11.9, we show that three of Ramanujan’s claims are consequences 
of the claim proved in Section 11.8. Lastly, in Section 11.10, we first prove 
an analogue for double poles of Hardy and Ramanujan’s chief theorem, after 
which we prove Ramanujan’s formula for the coefficients of 1/B?(q). 

As we shall see in the sequel, the series found by Hardy and Ramanujan are 
very rapidly convergent, even more so than those arising from modular forms 
analytic in the upper half-plane, so that truncating a series, even with a small 
number of terms, provides a remarkable approximation. Using Mathematica, 
we calculated several coefficients and series approximations for the functions 
1/B(q) and 1/B?(q). As will be seen from the first table, the coefficient of 
q'° in 1/B(q), for example, has 17 digits, while just two terms of Ramanu- 
jan’s infinite series representation calculate this coefficient with an error of 
approximately 0.0003. Although we do not provide details, we calculated the 
coefficients of 1/B?(q) up to n = 50. To demonstrate the rapid convergence of 
Ramanujan’s series, we remark that for n = 20,30, 40, and 50, the coefficients 
have, respectively, 29, 43, 57, and 70 digits, while two-term approximations 
give, respectively, 29, 42, 55, and 66 of these digits. 

One of Ramanujan’s letters to Hardy [244, pp. 97-101] is devoted to estab- 
lishing upper and lower bounds for the number of terms in the representation 
for the coefficients of 1/R(q) needed to explicitly determine the actual (in- 
tegral) coefficients. Although details are given in [244], expanded arguments 
can be found in Bialek’s thesis [84] and in Chapter 12 of this book. 

Different kinds of formulas for coefficients of modular forms have recently 
been established by J.H. Bruinier, W. Kohnen, and K. Ono [96]. 

We complete the introduction by setting notation. The set of rational 
integers is denoted by Z, with Z* denoting the set of positive integers. The 
upper half-plane H is defined by 


H={7:Imr > O}. 


Throughout this chapter, we consider quotients of Eisenstein series that 
are not analytic in the upper half-plane. Each quotient is analytic in some 
disk, |¢g| < go < 1, where qo is not necessarily the same at each appearance. 
The residue of a function f(T) at a pole a is denoted by Res(f,a). The full 
modular group is denoted by I’(1), and the modular subgroup (2) of I(1) 
is defined by 
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at+b 
cT+d 


a,b,c,d € Z;ad — be = ieownt. 


T(2) = {0 = 


We let P; denote the fundamental region 


Pj={r:Imr>0, -3<Rer< , |r| >1}. 


Further fundamental regions are P2, the region in H( bounded by the three 
circles |r| = 1, |7 + 1] = 1, and |r — 1] = 1; Ps, the region in 3€ bounded by 
the circles |r — 1| = 1 and |r — 3| = § and the line Re r = §; and Py, the 
region in H bounded by the circle |r + 1] = 1 and the lines Re r = —3 and 
Ret = —}. However, the fundamental region most important for us is the 
fundamental region P in H bounded by the circles |r + 1] = 1 and |r| = 1 


and the lines Re r = —$ — € and Re tr = 5 —e, where 0 <e <1. 


11.2 The Key Theorem 


The principal tool in proving Ramanujan’s formulas is the following theorem, 
which is essentially due to Hardy and Ramanujan [177], [242, pp. 312, 316]. 
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However, we need to modify Hardy and Ramanujan’s theorem slightly (by 
refining the estimate of their integral). In particular, in two of our applications, 
we examine 1/Q(q), which has a pole at a point on the boundary of P;, and 
so we need to work on the fundamental region P instead of P,, both defined 
at the end of Section 11.1. For the convenience of readers who may be reading 
this chapter while consulting or comparing it with Hardy and Ramanujan’s 
paper [177], we have adhered to the notation of [177]. In particular, they set 
q = e*7 instead of the more customary g = e?*’7 and therefore consider 
functions with arguments q?. 


Theorem 11.2.1. Suppose that f(q) = f(e™”) = y(r) is analytic for q = 0, 
is meromorphic in the unit circle, and satisfies the functional equation 


cT+d 


elt) =% (=) (er +d)”, (11.2.1) 


where a, b, c, d€ Z; ad—be = 1; andn € Z*. If p(T) has only one pole in 
the fundamental region P,, a simple pole at T= a with residue A, then 


1 1 
= —27iA < qo, 1198 
f(@) Tt > (ca a ayn? 1_ (q/q)” lq| qo ( ) 
and i ; 
0 =—2niA st, 118 
arg ingg? | ae 
where 


and the summation runs over all pairs of coprime integers (c,d) that yield 
distinct values for the set {q,—q}. Moreover, for fixed c and d, a and b are 
any integral solutions of 


ad — be = 1. (11.2.4) 


Proof. Consider the integral 


1 
= ) ae, (11.2.5) 
2rt Ja, 2-4 


where f is a function that satisfies the conditions specified in the theorem, 
H,,, is a simple closed contour that is very close to (to be made more precise 
in the sequel) and inside (or perhaps touching) the unit circle, and q is fixed 
and inside H,,. By Cauchy’s theorem, if |q| < 1, 


1 (2) 


2Qri Jr, 2-4 


dz = f(q) + Xm Res, (11.2.6) 


where ¥,, Res is the sum of the residues of f(z)/(z—q) at the poles of f that 
are inside H,,. If we can show that the integral tends to zero as m — oo, then 


11.2 The Key Theorem 249 


it will follow that f(q) = —S’Res, where the sum is over all residues of poles 
in the interior of |z| = 1. 

First, we construct a contour H,, that will allow us to easily evaluate the 
integral. Our contour H,, is based on Farey fractions of order m. For basic 
properties of the Farey fractions of order m, which we denote by Fj, see, for 
example, (223, pp. 297-300]. For instance, if h’/k’ < h/k are two adjacent 
Farey fractions in F;,, then 


hk’ —Wk=1; (11.2.7) 
also, 
ki +k>m. (11.2.8) 


We now construct the desired contour. Suppose h'/k’ < h/k are adja- 
cent Farey fractions in F;,,. Construct the two semicircles in H( that have the 
segments 


h! (14+26)h! + 2h (1—2e)h+2h’ h 
11.2. 
(er ae (a) ee 


on the real axis as their diameters, where € > 0. The inequalities 


h! 2 h+ 2h! 2 h’ + 2h z h 
ki ~ k+2k! ~ bk’ +2k ~ k’ 


(11.2.10) 


which follow from (11.2.7), imply that the circles intersect if we choose ¢€ 
sufficiently small. 

Let us say that N is their intersection point in the upper half-plane, wz is 
the arc from h’/k’ to N, wp is the arc from N to h/k, and w is the union of 
wp and wr. 


Wy, ~ WR 


h' (1-26)h+2h' (1+26h'+2h h 
k’ (l-20k+k' (l+20)k'+2k 


= 


Repeat the process for each adjacent pair of Farey fractions between 0 and 
1. Thus we obtain a path from 0 to 1. Construct the mirror image of this path 
on the interval [—1,0], and call the entire contour (from —1 to 1) Qn. 
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If we regard §2,, as being in the 7-plane, then the corresponding path in 
the q-plane, where q = e”’’, is a simple closed contour that starts and ends at 
—1 and does not go outside the unit circle. This is our desired contour Hy. 
(Eventually, we shall let m go to oo, so that H,, approaches the unit circle, 
as will be shown later.) 

Now we show that each segment wy of the path 92, is the preimage of 
part of the left-hand boundary of the fundamental region P in H( bounded 

1 


by the circles |r + 1| = 1 and |r| = 1 and the lines Retr = —35 — € and 


Ret = 4 —e under some modular transformation, and that each segment 
wp is the preimage of the right-hand boundary of P and a short line segment 
under some modular transformation. Later we use these properties to estimate 
f on the contour 2. 


If h’/k' < h/k are adjacent Farey fractions, then 


kr —h’ kr —-—h 
Ty (rT): = 


ses 112.11 
“hr th ( ) 


are modular transformations because hk’ — h’'k = 1. These are the modular 
transformations to which we referred in the previous paragraph. 
We first examine the transformation 7T,. Note that under T;, the preimages 


of the points ico, $ —€, —t —e, 1, and —1 are 


h (1—2)A +2’ (142)h—-2h) hth || AAW 

ag 

k? (1—2e)k+2k’ (1+2e)k—2k kK’ k—k’’ 
(12:19) 


respectively. Recall that, in the extended complex plane, modular transfor- 
mations map the family of all circles and straight lines onto itself, and note 
from the definition of T; that T)(7) = Ti(r). 

These imply that the preimages of the half-line Re 7 = 5 —e, Im7> 0, 


the half-line Re rT = —4 —e, Im7 > 0, and the upper half of the unit circle 
are the semicircles in the upper half-plane H that have the segments on the 


real axis 


(1—2e)h+2h’ h h (1+2e)h — 2h! a (Hah Wah 
(l—2e)k+2k k)’ \k’ (1+26)k— 2k)’ 


ki-k k’+k 
(11.2.13) 
as their diameters, respectively. Unless otherwise stated, the semicircles in 
this chapter are assumed to be in H with their diameters on the real axis. 
Similarly, under the transformation T>, the preimages are the semicircles 
that have the segments 


h’ (1—2¢)h! — 2h hi (1+2eh'+2h\ |, (Woh Wth 
af ee 

Ki? (1—2e)k’— 2k)? \k? +20) 2k)’ Kk’ +E 
(1.2.14) 


as their diameters, respectively. Also, the preimage of the semicircle centered 
at —1 with radius 1 is the semicircle with the segment 
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h+2h' h 
(Z ont 7) (11.2.15) 


as its diameter. 

From (11.2.9) and (11.2.14), we see that T> maps wy into the half-line 
Ret = —4-—€, Imr > 0. Also, by (11.2.9) and (11.2.13), we see that Ty 
maps wp into the half-line Re 7 = 4 —e, Im7r>0. 

Under T;, the image of the left semicircle is the semicircle with the segment 
(0,2/(1 + 2€)) as its diameter, while the image of the right semicircle is the 


half-line Re 7 = 4 —e, Im7 => 0. The images intersect at the point 


1 : 3 — 364? — 269 
1 = (5 — ¢} +iy (ee : (11.2.16) 


so T, must be the image of N. Thus the image of wp is the half-line 


l 2844 2.98 
Rees se. tae (11.2.17) 
2 1+ 2 


Similarly, under 72, the images of the semicircles are the half-line Re tT = 


—4~—e, Im7 > 0, and the semicircle with the segment (—2/(1 — 2e), 0) as its 


diameter. These images intersect at 


1 ; $4 36424263 
T2 = e} +2 , 
2 1 — 2e 


the image of N. Thus the image of wz is the half-line 


1 $+ 364+ + 23 
Ret =-3-« mr> yt Eee. (11.2.18) 


1 — 2e 


The intersection of the line Re rT = $ —e and the upper half of the unit 


circle is the point 
a eee (11.2.19) 


which is the lowermost point on the right-hand boundary of P. Similarly, the 
lowermost point on the left-hand boundary of P is 


t41= (-f$—e) +i,/2t+e-e?. 


Note that for « > 0, 


3 3 2 3 
8_ 8429 3 
i: a SE eo eae (11.2.20) 


because 
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3_ 3+ 6? 2° < (2+.e e) (14+ 2c) = 34 Ze4+-e — 2°. 


a $4 3646? 423 
(ce aye (11.2.21) 
4 1—2e 


By (11.2.17) and (11.2.18), inequalities (11.2.20) and (11.2.21) imply that T> 
maps wz onto part of the left-hand boundary of P, while the transformation 
T, maps wr into the right-hand boundary of P and a line segment below the 
right-hand boundary of P. We denote by ¢; the line segment that has 7, and 
T3 as its endpoints. Note that by (11.2.16) and (11.2.19), the length of ¢; tends 
to 0 as € tends to 0. 

Also, if wy, wr, and w are curves in the 7-plane, then let Cz, Cr, and C 
be the corresponding arcs in the q-plane, where g = e™’. 

Next we obtain an estimate for the integral of f(z)/(z — q) over Cr, one 
segment of H,,. We then use this to obtain an estimate of the integral over all 
of H,,,. We begin by finding an upper bound for |f| on Cz (which is equivalent 
to finding an upper bound for |y| on wp). 

Recall that f(q) = f(e™’™) = y(r) is analytic at g = 0. So limg4o f(q) 
exists and lim;_.jo0. y(T) exists. Recall also that y has only one pole in each 
fundamental region. So y has only one pole in P; and one pole in Py. Thus we 
see that by our choice of € we can avoid having a pole on the left- or right-hand 
boundary of P. Since lim,.j0 y(T) exists, we know that |y(7)| is bounded 
on the right- and left-hand boundaries of P. 

Now consider the line segment ¢). If € is sufficiently small, then @; is in 
at most two fundamental regions, P, and P3. Since each of these regions has 
only one pole of y, we can avoid having a pole on ¢; by choosing € carefully. 
Thus, |y(7)| is bounded on ¢; as well. So we can say that 


Similarly, 


lo] <M (11.2.22) 
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on é; and the right- and left-hand boundaries of P, where M is some absolute 
constant. Note that M is independent of m, where m is the order of Fy. 
By the functional equation (11.2.1) 


kit — h’ - 
ly(r)| = c (a4 )l-er en (11.2.23) 
If 7 is on wr, then, by (11.2.22) and (11.2.23), 
lp(7)| < M| — kr + h|" = Mk" |r — h/k|\”, (11.2.24) 


because T, maps wr onto ¢; and the right-hand boundary of P. For 7 on 
wpr,, the quantity |r — h/k| is maximized when tr = N. We need to estimate 
|N —h/k]. By (11.2.16), N is the preimage of 7; under the transformation T), 
and so 


hry h’ 
N=T,'(n) =——, . 
1 (71) kry ae k! 
Thus, by (11.2.7) and (11.2.16), 
h 1 
N = 
| ; |kk’ + k?7| 
_ 1 
aes mes ay sae cc 
2 1+ 2e 
_ 1 
a ae 
kk! + k2(2 —6))? +4 (4257 * 
1 LS) ( 1+2€ 
1 
™ 2 
Gan + 5k?) + 3k4 
2 
= (11.2.25) 
for € sufficiently small. 
On wr, by (11.2.24) and (11.2.25), 
. 2"M 
lo(7)| < Mk" = . (1.2.26) 
kk? + kk! +k’? (k? + kk! + k/?)"/? 
Thus, we have obtained a bound for |f| on Cr. 
If q is fixed and inside H,,,, then 
z—q|  (k? + kk! + k’2)"/? ee 
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for z on Cr, where M;, is some constant that depends on gq and n. 

Now we estimate the length of Cr. We first calculate the arc length of wr, 
then make the change of variable g = exp(zir), and lastly estimate Cr. From 
(11.2.9) and (11.2.10), we see that the length of wp is less than 


1 (h W\ 1 (1 
a°\ ER) OO RR 


d . 


by (11.2.7). Because 


on this arc, the length of Cp is less than 


nr? 1 
ae (11.2.28) 
Thus, by (11.2.27) and (1.2.28), 
M. 
2) | ee (1.2.29) 
Cr 2-4 kki (k? + kk! + k’2)"/ 


where M2 is some constant that depends on g and n. Using the transformation 
To, we can obtain an identical result for the integral over Cr. 

So far we have examined only the portion of (,, in the right half-plane 
and the portion of H,,, in the upper half-plane. Because 92, is symmetric 
about 0, it follows that H,, is symmetric about the real axis. By applying the 
reasoning above to the interval [—h/k, —h'/k’], we obtain identical results for 
the arcs in the lower half-plane that are mirror images of the arcs Cz and Cr 
in the upper half-plane, which we have just analyzed. 

We are ready to estimate the integral over H,,. Using (11.2.29), we obtain 
the inequality 


1 
<M, .. a ee: (11.2.30) 
n/2 
(2) kki (k? + kk! + k’?) 
Kk 


where the summation runs over all adjacent pairs of Farey fractions in Fin, 
and Mp is, of course, independent of m. We want to show that the right-hand 
side tends to zero as m tends to oo. 

To that end, observe that 


1 1 


(# ) (#) 
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Therefore, by (11.2.30) and (11.2.31), 


im cee) ew, (11.2.32) 
Hm ~~ 4 


Note that for a typical arc ©, the maximum distance from the arc to the 


unit circle is less than the length of C. From our calculation of the maximum 
possible length of Cr in (11.2.28), we see that the length of C is less than 


qn qn ne 


<= 
kk’ ~ k(m—k) —m—1 


if k <m, and it is less than 


‘il nr 


Lie cae 
kk’ ~ m 

if k =m. So as m tends to oo, H,;, approaches the unit circle uniformly from 

the inside. Therefore all the poles of f(z) that are inside the unit circle are 


eventually inside H,,. By (11.2.6) and (11.2.32), 


f(q) =—>_ Res, (11.2.33) 


where »’Res is the sum of the residues of f(z)/(z— q) at the poles of f that 
are inside the unit circle. We next determine these poles. 

Recall that y(r) has only one pole in P;, a simple pole at 7 = a, with 
residue A. By the functional equation (11.2.1), the only poles of y(r) in the 
upper half-plane are at the points T = (aa+ b)/(ca +d), where a, b,c, d€ Z 
and ad — be = 1. 

If cand d are fixed, and (a, b) is one solution to ad — bc = 1, then the com- 
plete set of solutions is {(a+mc,b+ md) :m € Z}. Each of these solutions 
produces a distinct pole of y(r). However, this set yields only two distinct 
poles of f(q), namely, 


b 
q=+exp Ge = ) (11.2.34) 


because 


wn (rittmebat Om) moe (i208), 


If we let (c, d) range over all pairs of coprime integers, then the two expressions 
in (11.2.34) will eventually take on as their values each of the poles of f inside 
the unit circle. 

However, as we will see later when applying the theorem, it is possible that 
different pairs (c,d) may produce the same poles of f(q). In our applications, 
we need to be careful when calculating the sum 5’ Res so that we do not count 
a residue of the same pole twice. 
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We now calculate the residues of f(q) at its poles. If we let T 
= (dT — b)/(—cT + a). When we substitute T 


(at + b)/(cer + d), then r = 
for t and find a common denominator, we find that 


A = Res((r),a) = lim (er + d)"9 (< = 


dT —b 
= (co d)” lim g(T) ( 
(ca +d)" lim y(T) (= _ a) 


d)T — b 
= (ca +d)” lim ) (‘ +A) is ’) 
T—(aa+b)/(ca+d) -cI+a 
T_ aa _ 
= (ca + d) 


= d)” li T 
eo i ) Fiala ty lek) ( ) (= + *) 
=C€ +a 


catd 
+b 
= (ca + d)rt? li p\(p_ ) 11.2.35 
en ) Paes eka) Q ( ca+d ( ) 


Note that the right-hand side of (11.2.35) is (ca +d)”"** times the residue of 
p(T) at T = (aa + b)/(ca +d). Hence, 


aa+b A 
= ‘ 12: 
ne (on), ca + 7) (ca + d)r+? ( 20) 


Using (11.2.36) and the fact that 


al = 71exp | 772 Bear? 
dr aaa _ BN eed)” 
we find that 
A aat+b 
Res (4 ), £ex Ge. a *)) = i oe ca +d _ wag 
nN eg po (ca + d)”*? ~~ (ear + det?’ 
(11.2.37) 


where 


When we use (11.2.37) to evaluate the sum — )> Res in (11.2.33), we find that 


(11.2.33) becomes 
Ti Aq 1 —miAq 1 

—4 — + — 
f(@) SS (ca +d)" =) 


1 1 
=-2riA)~ cara 1a alg?’ (11.2.38) 
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where the summation runs over all pairs of coprime integers (c,d) that yield 
distinct values for +q (the poles of f(q)), and for fixed (c,d), (a,b) is any 
integral solution to ad — be = 1. Thus the proof of the theorem is complete 
for |q| <1. 

If |q| > 1, the proof is the same except that now there is not a pole of f(q) 
inside the unit circle. Thus, the term f(q) in (11.2.2) does not appear, and so 
we arrive at (11.2.3) instead. 


11.3 The Coefficients of 1/Q(q) 


As we noted earlier, Hardy and Ramanujan used Theorem 11.2.1 to prove 
a formula for the coefficients in the power series expansion of the recipro- 
cal of the Eisenstein series F6(7T) = R(q). In this section we prove one of 
the analogous results found with the publication of the lost notebook [244, 
pp. 102-104], [74, pp. 179-182]. These three pages are apparently taken from 
one of Ramanujan’s letters to Hardy in 1918, but the pages are undated and 
bear no salutation. 

Let K = Q(V—3). The algebraic integral domain Ox = Z[¢] = Z 6 CZ, 
where ¢ = exp(277/3), is a principal ideal domain. If (c, d) is a pair of coprime 
integers that is a solution to the equation 


A= -—cd+d’, (11.3.1) 
where \ is a certain fixed positive integer, then 


= (c, d), +(d, C), +(c— d, C), +(c,c-— d), +(d,d— C), +(c- d, —d) 

(11.3.2) 
are solutions as well. To see this, set a = c+ d¢ and let 2 = (c+ d¢) be an 
ideal. Then, if N denotes the norm of 2, we see that 


d= N(A) = AA = (c+ d¢)(c + dé), 
where ¢ = ¢?. The unit group in Ox is U := {+1,+¢,+¢?}. It follows that 


A = (a) = (—a) = (aC) = (—aC) = (AG?) = (—a¢”), 
Y = (a) = (—@) = (AC) = (—aC) = (a¢”) = (—a¢”). 
Hence, one solution generates twelve solutions. For example, if 


A = (aC) = (c¢ + de?) = (c¢ + d(—1 — ¢)) = (-d + (c— d)¢), 


then (—d,c — d) is a solution if (c,d) is a solution. Note that if \ is a prime, 
then the twelve solutions are the only solutions, but if is composite, there 
may be many solutions. 
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Definition 11.3.1. We say that two solutions (c,,d,) and (c2, dz) to the equa- 
tion (11.3.1) are distinct if they do not simultaneously belong to the same set 
of solutions in (11.3.2). 


Note that each of the solutions in (11.3.2) has an element from two of the 
three sets {+c}, {+d}, and {+(c — d)}. Thus if two solutions simultaneously 
belong to (11.3.2), then they have an element in common at least in absolute 
value. It follows that (c,,d,) and (c2,d2) are distinct solutions to (11.3.1) if 
and only if 


C2, dz ¢{ C1, dy}. (11.3.3) 


It is well known, see, e.g., the text by Niven, Zuckerman, and Montgomery 
(223, p. 176], that the integers \ that can be represented in the form of \ = 


o] 


c? — cd + d?, with c and d coprime, are integers of the form 
A=3? [os (11.3.4) 
j=1 


where a = 0 or 1, p; is a prime of the form 6m + 1, and a; is a nonnegative 
integer, 1<j <r. 


Entry 11.3.1 (p. 103). Recall that Q(q) and R(q) are defined by (11.1.2) 
and (11.1.3), respectively. Let 


1 = - 
O(q?) — > Bn@ ’ lal < 4%; 
n=0 


and 


Ge= Re") = 1— 504° ae = 2.8815 (11.3.5) 
eee a 


where p:= —1/2+iV3/2. Then 


27m 
onnv3/3 | 2. cos € - Barctan(~3V3)) 


n 3 nT nit 
Bz = (—1) G é v3 33 T 73 é v3/7 
2.cos (= _ baretan(—2V3)) gnnyayis 
1B + eee 
n 3 hy(n) nT 
=(-1)"5 ‘3 we vale (11.3.6) 


(A) 
Here X runs over the integers of the form (11.3.4), 
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hi(n) = 1, h3(n) = -1, (11.3.7) 
and, for \ > 7, 
TN cV3 
Ay(n) = a ((o + be — 2ac — 2bd + X) X 6 arctan (=) ; 
(11.3.8) 


where the sum is over all pairs (c,d), where (c,d) is a distinct solution to 
\ = c?—cd+d? and, for fired (c,d), (a,b) is any solution to ad — be = 1. 
Also, distinct solutions (c,d) to \ = c? — cd+d? give rise to distinct terms in 
the sum in (11.3.6). Furthermore, ifn <0, the sum on the far right side of 
(11.3.6) equals 0. 


Proof. We apply Theorem 11.2.1 to the function 1/Q(q?). Then y(r) = 
1/Q(e?""") = 1/E4(r). Since the Eisenstein series E2;(7) is a modular form 
of degree —27 [255, p. 50], y(r) satisfies the functional equation (11.2.1) with 
n=A, Le., 


apt+b 4 
a d)*. 11.3. 
ols) = 9 (PEE) (er-+a) (11.39) 
The function y(7T) has only one pole in P;, a simple pole at 7 = —4 +i¥ =: 


(246, p. 198]. Thus, in (11.2.2), we have 
a=p. (11.3.10) 


Clearly y(r) is meromorphic in H, which implies that f(q) is meromorphic in 
the unit disk. 

We now calculate A = Res(y, p) by calculating the corresponding residue, 
Res(f,e7??). 

Suppose that a function F'(q) has a simple pole at g = q,. Expanding F(q) 
into its Laurent series about g = qi, we can easily see that 


1 


q=q1 
By (11.3.11), (11.1.2), and (11.1.8), 
. 1 3 q 
Res : Tip) _ = 
FO) = TO) dalacere 2 PPO) ~ RC) leer 
_ 3 emp _ Se"? 
2R(e2™P) AG’ 


where G is given by (11.3.5). 
If we apply (11.2.37) with @ = p and (a,b,c,d) = (1,0,0,1), then we 
deduce that 
3e7'? 
2G’ 


Tip 


mi Ae 
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or 


3 
Sees 11.3.12 
27iG 1312) 
By (11.2.2), (11.3.9), (11.3.10), and (11.3.12), we find that 
3 1 1 

f(@ = (11.3.13) 

G op (co +.4)® 1- (4/9) 

where ; 

q = exp (xi e) (11.3.14) 


and where the summation runs over all pairs of coprime integers (c,d) that 
produce distinct values for the set {g,—q}, and (a,b) is any integral solution 
to ad—bc=1. oe 

By (11.2.34), each pair (c,d) leads to exactly two distinct poles of f in the 
unit circle, g and —q, but it is possible that different pairs may lead to the 
same poles, so we need to be careful that we do not count the same pole twice 
in the summation. 

Thus, two tasks remain: find the values of (c,d) over which the summation 
runs, and compare the coefficients of g” on both sides of (11.3.13). 

First, if \ = c? — ed + d?, then 


ap+b  (ap+b)(cp?+d) _ ac+bd+ (ad — be)p + be(p + p) 
cp+d A 7 A 
ac + bd —be- 5+ v3 j 

i 


—1rV3 Tt 1 1 
| eT ) ( X («c + bd zad ste) ) ; (11.3.15) 


If two pairs (c3,d3) and (c4,d4) produce distinct values of X, i.e., c3 — 


c3d3 + di = A3 4 As = Ci — Cada + dj, then those pairs lead to distinct values 
for the set {+g}, say {tq} and {+4q,}, ie., 


{+9,} 9 {+a,} = 0. (11.3.16) 


So, 


We now consider the case in which different values of (c,d) produce the 
same values of \. As we saw in (11.3.2), each solution (c,d) to \ = c? —cd+d? 
generates a total of twelve solutions. If A = 1 or A = 3, then only six of 
these twelve are different solutions. If \ > 7, then the twelve solutions are all 
different. 

Suppose that the solution (c,d) leads to {+q,}, say. Then (—c, —d) also 
leads to {+9,}, while (d,c) and (c,c—d) both lead to {+g,}. Since these three 
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basic transformations lead to either {+9.} or {g,}, it follows that (c,d) and 
the eleven corresponding solutions of (11.3.2) yield a set of only four different 
poles, namely, 


{ Ys; q.}- (11.3.17) 
This would be a set of only two poles if q, were real or purely imaginary. We 
prove in Lemmas 11.3.1, 11.3.2, and 11.3.3 at the end of this section that q 
can never be real, and that it is purely imaginary only when \ = 1 or \ =3. 
Thus, (11.3.17) is valid only for \ > 7. If \ = 1 or A = 3, then the solutions 
of (11.3.2) produce a set of only two poles (for each value of 4), 


{+q,}. (11.3.18) 


Lastly, suppose that (c;,d1) and (c2,d2) are distinct solutions to equation 
(11.3.1). In Lemma 11.3.4 at the end of the section, we prove that each distinct 
solution (together with its eleven corresponding solutions in (11.3.2)) yields 
four distinct poles, i.e., 


{+9,,+9,}9 {44,,+9,} = 9, (11.3.19) 


where the bracketed sets correspond to (c1,d;) and (c2, dz), respectively. 

We can now express the right-hand side of (11.3.13) not as a sum over 
pairs (c,d), but as a sum over A and over distinct pairs (c, d). 

From (11.3.13) and (11.3.16)—(11.3.19) 


o] 


3 1 1 
AC) ara, os p+ a® = tala (11.3.20) 


A<3B 


3 fa 1 
oy (ce + a)° 1=(a/a)” (dp + 0)® 1-(@/@)?] |” 


A>3 


where \ runs over all integers of the form (11.3.4), and where, for each fixed 
A, the sum is also over all distinct pairs (c, d). 
For \ = 1, with (a, b,c,d) = (1,0,0,1), by (11.3.15) 


o] 


q = exp (-7v3/2) exp(—7i/2) = —je7tV3/2, 


Thus, 
1 1 
(cp + d)® ile (q/q)” 1+ eT V3 gq? 
Similarly, for A = 3, with (a, b,c, d) = (1,1,1,2), by (11.3.15), 


oo ($4) (50) 3) 


(11.3.21) 
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Thus, 


: Pence : (11.3.22) 
(cp + d)® 1 — (q/q)" 27 1 + e7V3/3q2° a 


By (11.3.21) and (11.3.22), equality (11.3.20) becomes 


fe 1 1 1 
J\q) = G 1+ e739? 27 1 + e7V3/3 9? 


1 1 1 1 
ps (ots 1 (ala? " (dp to 1- =) 


ADB 
3 - non nm 1 - non nm 
- ${ 0 engin — (ayn V5? 
n=0 n=0 
4 —2n go + =—2n qe” 
Estero ete ES 
ADB 
= Bra”, (11.3.23) 
n=0 
where |q| < e~"V8/? and 
n 3 niVJ3 dad 
Bn = (-1) G (: ~ 33 
1 
+ Want "| 11.3.24 
aX(w (cp + d)® (dp +o)°* ( ) 
AD>3 
We now show that 
1 1 
= 11.3.25 
(p+ ap ) ae 


and then we use this to express the sum in (11.3.24) more explicitly. By an 
elementary calculation, we find that 


a = = exp ( Gi arctan (=4)) (11.3.26) 
cp _ 


and similarly, 


(d - 6 - + exp ( 6i arctan (25)) i (11.3.27) 
pte cH 
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Note, however, that 


t ret we + arct “ 
an | arctan df= ~¢ arctan ar 


cV3 dV/3 
2d—c  2c—d V3 
= a 3 
; cV3 dV/3 
2d—c 2c—d 
Hence, 
dvV/3 
arctan (34) + arctan (24) =m — - (11.3.28) 
where m is some integer. Thus from (11.3.26), (11.3.27), and (11.3.28), 
1 1 1 T 1 
a } -=))=— 11.3.29 
(cot d)® (dp+c)®  ° exp (-6i(mm—3)) Ne ( ) 


which is, of course, real. Since {(cp+d)°(dp +c)®}~? is real, (11.3.25) follows. 
From (11.3.15), 


qn = (—1)" exp (34) exp (= (ad + be — 2ac — 2bd + »)) é 


(11.3.30) 
Thus, by (11.3.29), (11.3.26), and (11.3.30), each summand in the sum of 
(11.3.24) is 


(co+ d)® 


on (“Fad + be — 2ac — 2bd + »)) exp (- arctan (4 )) 
-—¢ 


co 
2Re ( = 2( reve 


x Re 


3 


_ 0" m™ _ Garctan ( V2) \ enava/a 
= as 2cos | (ad + be — 2ac 2bd + A)> 6 arctan Saal i= ‘ 


(11.3.31) 


From (11.3.24) and (11.3.31), the coefficient of q?” in the power series expan- 
sion of f(q) is 
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ntV/3/3 
3 J onnv3 _ & 
G 3° 


2cos | (ad + bc — 2ac — 2bd + X) "* _ 6arctan ev 
mn 2d—c 
| S entVv3/r 
3 
(A) 
A>3 


= ee =o hal ) enn v3) (11.3.32) 
QQ) 


where h(n) is defined in (11.3.7) and (11.3.8). This proves (11.3.6). 
To obtain the displayed terms in the expansion (11.3.6), we choose 
(a, b, c,d) = (1,0,3,1) for \ = 7 and (a,b,c, d) = (1,0,4,1) for A = 13. 
Lastly, we consider the case for n < 0. Up until (11.3.23), we did not use 
the fact that |q| < 1, except that if |q| > 1, by Theorem 11.2.1, the left side of 
(11.3.23) would equal 0. Instead of expanding the summands on the left side 


of (11.3.23) in powers of g, we expand the summands in powers of g~' when 
|q| > 1. We thus find that, for |g] > e"V3/2, 
3 = ni-nTt —4n 1 . nnn —2n 
0 Fy De rr a ery 
G n=1 27 n=1 
2n eM A 2n —2n 
O(pigles syren)} 
lee n=1 were n=1 
A>3 


oe) 
— S- pag”. 
n=1 


This then completes the proof of the entry for n < 0. 
Thus the proof of Entry 11.3.1 is complete apart from several technical 
lemmas. 


Lemma 11.3.1. Given a coprime pair of integers (c,d), we can always choose 
integers a and b such that ad — be =1 and 


|ac + bd — $(ad + bc)| < $(c? — cd+d?). (11.3.33) 


Proof. Let (a,b1) be a solution to ad — be = 1. Then the complete set of 
solutions is {(a; + mc, b; + md) :m € Z}. Substituting this expression into 
the left side of (11.3.33), we see that 


11.3 The Coefficients of 1/Q(q) 265 


me)c + (b1 + md)d — $(a1 + mc)d — 3(b1 4 md)c| 


= |aie + bid —4aid Sbic me? cd 4 d’)|. 


_— 
= 
fan 


For some unique integer m1, we have 


Said tbc +my(c? — cd+ d*) <0 


ajc+ bid 
and 


ajyce+ bd Said sbic + (m, + 1)(c? — cd +d’) > 0, 


since c? — cd + d? > 0. Thus one of the two pairs 


a=aitmc, b=b\+m,d and a=ayt(mtl)c, b= by+(m,+1)d 


is our desired solution. 


Lemma 11.3.2. If ad — bc = 1, where a, b, c, d€ Z, then the quantity 


—1V3 vet tated) 
pee oe i 11.3.34 
= (ae —cd+ 7) (ni ( C—cd+a? ( ) 


cannot be real. 


Proof. By (11.2.34), if c and d are fixed and (a, b) is a solution to ad— bc = 1 
that leads to qg, then other solutions to ad — bc = 1 will lead to either gq or —q. 
Therefore if g is real for some solution (a,b), then it is real for all solutions. 

Suppose that a certain pair (c,d) leads to a value of q that is real. We can 
assume without loss of generality that (a,b) satisfies (11.3.33). Since q is real, 
we have, by (11.3.34), 7 


ac + bd — $(ad + bc) = 0 (mod (c* — cd + d’)), 


and so, by (11.3.33), ac + bd — $(ad + bc) = 0. Adding the equations 0 = 
(ac + bd — (ad + bc))? and 1 = (ad — bc)? gives 


1= afc? + a7? + bc? + bd? — acd — abc” — abd” — bcd 
+ ¢(a7d? + 2abed + b?c”) 
ce? — cd+ d’)(a® — ab +58") 
ce? — ced + d’)(a? — ab + b”) 


(ad — bc)? 


1 
4 
1 
4 


= 
=i 


Hence, 


3 = (ce —cd+d*)\(a? — ab +0’), 


which is impossible since the variables are integers. Thus g cannot be real. 
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Lemma 11.3.3. Under the conditions of Lemma 11.3.2, the quantity q is 
purely imaginary only when X= 1 or \=3, where \ = c? — cd+d?. 


Proof. Suppose that a certain pair (c,d) leads to a value of q that is purely 
imaginary. We can assume without loss of generality that (a,b) satisfies 
(11.3.33). Since q is purely imaginary, we have, by (11.3.34), 


2 |ac + bd — $(ad + be)| = c? —cd+ a’. (11.3.35) 
Thus, by (11.3.35) and the equality ad — bc = 1, 


(|ac bd — $(ad + be)| — (a? — ab4 b))” 
= (ac+ bd — 3(ad be))” 2 |ac + bd +(ad + be)| (a? — ab + b*) 


ac + bd — 4(ad be))? (c? — cd + d”)(a? — ab +57) + (a? — ab+ 6°)? 
2 


= (a? — ab+ 0°)? — 2 (ad — bc)? 
= (a? —ab+0*)? — 3 
=A?-3, (11.3.36) 
where 
A:= a? —ab+0?. 
Since A € Z, 
lac + bd — $(ad + bc)| = 5W, (113.37) 


where W is odd and positive. Therefore, by (11.3.36) and (11.3.37), 
2 
(JW — A)? = 4-4 
or 
W (4W — A) =-3. 
Hence, the quantity iW — Ais negative. Clearly, its absolute value is at least 


;- Since 
1 = |W (GW — A)| > |2WI, 
we deduce that W = 1 or 7 = 3. But by (11.3.37) and (11.3.35), 
W = 2lac + bd — $(ad + be)| = c? —cd+d* =2. 
We conclude that if g is purely imaginary, then \ can be only 1 or 3. When 
A = 1 and (c,d) = (1,0), say, we have, from (11.3.34), 


q= te-7V3/2 emi /2 = tie 7V3/2. 


When \ = 3 and (c,d) = (2,1), say, we have 


q= +e77/(2V3) e—mi/2 = sie77/(2V3). 


So if \= 1 or \ = 3, the quantity q is indeed purely imaginary. 
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In Lemma 11.3.4 we establish (11.3.19) by proving the contrapositive 
statement, namely, that if two different solutions (c,d) to the equation 
\ = c? —cd+d? lead to the same set of poles, then the solutions are not 
distinct. 


Lemma 11.3.4. If (cg,dg) and (c7,d7) are two pairs of coprime integers such 
that 
es —_ cede + de = és = c7dz7 + dz => a, (11.3.38) 


and if 


{20,,9,) ={20 ah (11.3.39) 


where q is defined in (11.3.15), then the two solutions of (11.3.38) are not 
distinct. In other words, 


{e7,d7} M {+c6, tde} # 0. (11.3.40) 


Proof. From (11.2.34), we see that for fixed (c;,d;), the set { q> qa} is 
not affected by our choice of (a;,b;). Thus we can assume without loss of 
generality that (a;,b;) satisfies (11.3.33) for 7 = 6 and 7. In other words, if 
we define e; by 


ej; = ajc; + b;d; $a;d; 5b;C;, (11.3.41) 
then we can assume that 


les) SpA, 7 =6,7. (11.3.42) 


We show that (11.3.39) implies that eg = te7 by considering four different 
cases. 

If q, = 4,, then by (11.3.15) and (11.3.41), mieg/A = mie7/A+2nim, where 
m is some integer. In other words, 


€s = 67 (mod 2X). (11.3.43) 


If, however, g, = @,, then, by (11.3.15) and (11.3.41), mieg/A = —mie7/A+ 
27im 1, where m, is some integer. Thus, 


€6 = —e7 (mod 2A). (11.3.44) 


If q, = —4,, then, by (11.3.15) and (11.3.41), mieg/A = mie7/X + mi + 
27im2, where mz is some integer, or in other words, 


€6 = e7 +A(mod2)). (11.3.45) 


Similarly, if ¢, = —g_, then tieg/X = —Tiez/A+ Ti+ 2rim3, where m3 is 
some integer, which implies that 


€6 = —e7 + A(mod 24). (11.3.46) 
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From (11.3.43)—(11.3.46), we see that the set equality {t¢,,+¢,} = 
{+q,,+9,} implies that es = -te7 (mod 4), which implies that, by aitiey 3.42), 


€6 = rez. (11.3.47) 


Observe that, by (11.2.4) and (11.3.41), 


Ee} +1l= e + (ajd; — bje;)? = (¢ 


cid; t d5) (a5 a;b; t b*) pi, 
Therefore since ef = e7 and c% — cede + dg = c? — c7d7 + d?, we deduce that 
az — agbe + bg = a? — azby + BF. (11.3.48) 


Later we use this observation. 
We now prove (11.3.40) using matrices. We consider two cases. 


Case 1. Assume that eg = e7. If we let, for 7 = 1,2, 


Mj := (11.3.49) 
aj — 5b; >); 
then 
G cid; + d; ajCj t bd; 5a;d; 5 b;C; 
M;Mj = 
ajc; + bjd; Sajdj 3 O5C; az — ajb; +b 

(11.3.50) 

Observe that 
MeMé = M7M?, (11.3.51) 


by (11.3.38), (11.3.41), (11.3.48), and the assumption that eg = e7. After mul- 
tiplying both sides of (11.3.51) by Mz" on the left side and then by (MZ’)~1 
on the right side, we obtain 


Via Me Me= Mi (My = ay =. (11.3.52) 


We want to determine the entries of U, because these may give us infor- 
mation about the entries of the matrices Mg and M7. We start by calculating 
the values of the determinants |M,;| and |U|. From the definition of M, in 
(11.3.49), a straightforward calculation gives 


V3 
IMj|=-—, (11.3.53) 


by (11.2.4). Thus, by (11.3.52) and (11.3.53), 


IU] = (-=,) (-4) = (1.3.54) 
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If 


ie Bi "| (11.3.55) 


then, by (11.3.54) and (11.3.52), we find that 
wa) | z-y 
yz) |-© wl” 


U= ki | (1.3.56) 


—XL Ww 


Thus, U is of the form 


By (11.3.52), (11.3.53), and a straightforward calculation (in the notation 
(11.3.55)), 


w = —b7(cg — 5dg) + d7(ag — 506), 
t= —“Bbrde + ¥3 bdr, 


(11.3.57) 
y= a3 (a7 +b7)(cg — $de) 5 (a6 $6) (cr — $dz), 
z = dg(az — 567) — be(e7 — 57). 
Thus, we see that U has the form 
pp $a 
U= ; (11.3.58) 
1 1 
a ae 


where P, Q, R, S € Z. By (11.3.56) and (11.3.58), we conclude that U is of 
the form 


aP SS 
U= (11.3.59) 
v3 
-$Q4P 
where P,Q € Z. 
By (11.3.54) and (11.3.59), we deduce that 
1 3 
Pe si 
zP +a? ; 
so either P, Q € {+1} or P= +2 and Q=0. 
If P= +2 and Q = 0, then 
10 
v= EF i (11.3.60) 


But by (11.3.52), we deduce that 


Ms=+M7, (11.3.61) 
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which implies that dg = +d7. Thus, the statement we wanted to prove, 
(11.3.40), holds. 
If, however, P, Q € {+1}, then U is of the form 


V3 


23 “2° Z 2 
U= o U= (1.3.62) 


a 
2 2 4 
We consider two subcases. 


Case 1A. Assume the first case in (11.3.62). By the definition of U in 
(11.3.52), 


cE — 4d¢ Bde Cr dz VB dy +3 ¥3 a ‘ 63) 
ag — $b¢6 V3 b, az $b7 V3 b, ee +3 


The entry in the first row and second column of the matrix on the left-hand 
side of the equation is 


V3 ue (cr st) Ze er = ve ( v3 4 #) dy. (1.3.64) 


4 4 


If we choose the plus sign in the first matrix of (11.3.62) (and hence in 
(11.3.64)), then we conclude that dg = cz, from which (11.3.40) follows. If, 
however, we choose the minus sign in (11.3.62), then we conclude that dg = 
c7 — dz. We show that this implies that cg = c7 or cg = —d7, from which 
(11.3.40) follows. 

The pairs (cg, dg) and (cz, dz) are solutions to the equation \ = c?—cd+d?. 
Note that if A and dg are fixed, then there are at most two solutions cg to 
the equation. If we set dg = c7 — dz, then it follows from (11.3.2) that two 
solutions for cg (indeed, the only two possible solutions for cg) are cg = C7 
and cg = —d7. It follows that (11.3.40) holds, and the proof for Case 1A is 


complete. 


Case 1B. The proof for Case 1B is very similar to that for Case 1A. Assume 
that the second case in (11.3.62) holds. Note that 


41 _v3 a1, V3 

~~ 2 2 2 
U= = ; 

v3 41 3 aa 

2 aaa) ee?) 


which is the matrix in Case 1A multiplied by the scalar —1. Thus, by (11.3.63), 
or (11.3.64), 


v3 dg = (Yo t ( v3 = 2) i) ‘ (11.3.65) 


4 4 
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which implies that dg = —c7 or dg = —c7 + d7. But note that dg = d7 — c7 
would imply that cg = —c7 or cg = dz by (11.3.2). Hence, (11.3.40) follows, 
and the proof for Case 1B is complete. 


Case 2. The proof of Case 2 is very similar to that of Case 1. Assume that 


€6 = —€7. (11.3.66) 
If we let 
- cr— 3dr — “dr 
M, = : (11.3.67) 
(a7 — gbr) br 
then a brief calculation gives 
oo C7 — Crd + de are — bydy + 5a7d7 + Zbrc7 
M;M? = 
a7C7 — brd7 4 $a7d7 t sbrez a? — a7zb7 + b2 


Note that the definition of M7 is the same as that of M7 in (11.3.49), except 
that the entries along one diagonal are multiplied by —1. A straightforward 
calculation gives 

V3 


|M;| = ora (11.3.68) 
By (11.3.50), (11.3.38), (11.3.48), and (11.3.66), MeMZ = M7MZ, or 
U := MzMe = (Mg'Mz)?. (11.3.69) 


Then, from the definitions of Mg in (11.3.49) and Mr; in (11.3.67) and the 
value of |Mz7| from (11.3.68) we find that, after multiplying the requisite ma- 


trices, if 
~ ab 
we 2 ] | 


a = —b7(cg — 5de) — d7(a6 — 5s), 


then 


c= — Fa (a7 — 5b7)(c6 — 3s) — Fa (a6 — 365) (er — 2dr), 
d = —dg(a7 — 47) — bg(c7 — dr). 


_ | 5P SQ 
U= (11.3.70) 
1 - lea 


where P, Q, R, S € Z. 
As in Case 1, where (11.3.51) implies (11.3.52) and thus (11.3.53), the 
condition (11.3.69) implies that U = (U~')?, so that U is of the form 
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U= EB d (i371) 
—2 Ww 
By (11.3.70) and (11.3.71), we see that U is of the form 
_ | 2P a 
o= (11.3.72) 
Qa? 


where P, Q € Z. But note that, by (11.3.68) and (11.3.53) 


o] 


Ol = Lite Mel = ( +) ( BY <1, 


which implies that 


ia. 8 
—P* 4. —@? = 1, 
oa 
If P = +2 and Q = 0, then, by (11.3.60) and (11.3.61), dg = +dr. If, 
however, P, Q € {+1}, then U has the form 


41 v3 +1 _v3 
: a . +379 
c= o U= (11.3.73) 
—v3 41 v3 41 
2 +9 2 2 
If the first case of (11.3.73) holds, then, by (11.3.69), 
cs — 4dg Bde cr—tdr —Bd,| | +1 8 
= . (11.3.74) 
ag — tbe “be (a7 — 4b7) Bb, v3 41 


The entry in the first row and second column of the matrix on the left-hand 
side of the equation is 


en = - (cr st) - Sy = e 74 ( a - 8) dz, (11.3.75) 


which implies (11.3.40), because (11.3.75) is identical to equation (11.3.64), 
which ultimately implied (11.3.40). 

If, however, the second option in (11.3.73) holds, then by a similar argu- 
ment, 


v3 B (or sn) pert (Ga 


3 
de = 
a" 2 al 2 4° 4 


dy, (113.76) 


which implies (11.3.40), because (11.3.76) is identical to equation (11.3.65), 
which ultimately implied (11.3.40). 
Thus, (11.3.40) holds in both Case 1 and Case 2, and the lemma is proved. 
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11.4 The Coefficients of Q(q)/R(q) 


In a letter to Hardy written from Matlock House, an English sanitarium, 
Ramanujan [244, p. 117] communicated a result that is very similar to formula 
(11.3.6) in Entry 11.3.1. We prove the result in this section. 
Suppose that (c,d) is a pair of coprime integers that is a solution to the 
equation 
p=et+d’, (11.4.1) 


where yp is fixed. Let K = Q(V—1). Then 0 = Z[V—1] = Z@ Zi is a principal 
ideal domain. Thus, from (11.4.1), A = N(2) = Ll, where A = (c+di) =: (a) 
and 21 = (@). The group of units in Ox is then given by U = {+1, +i}. Thus, 


A = (a) = (—a) = (ia) = (ia), 
A = (a) = (—a) = (ia) = (7a). 


Hence one solution generates a total of eight solutions, namely, 


+(c,d), +(ce,-d), +(d,c), +(d,-c). (11.4.2) 


Definition 11.4.1. We say that two solutions (ci, d1) and (c2, dz) to the equa- 
tion (11.4.1) are distinct if they do not simultaneously belong to the same set 
of solutions in (11.4.2). 


Note that (ci, d1) and (c2, dz) are distinct solutions to (11.4.1) if and only 
if 


C2 ¢{ Ci; dy}. (11.4.3) 


Recall that [223, p. 164] the integers yz that can be represented in the form 
p= c? + d?, with c and d coprime, are integers of the form 


p=2% II ee (11.4.4) 
j=l 


where a = 0 or 1, p; is a prime of the form 4m + 1, and a; is a nonnegative 
integer, <j <r. 


Entry 11.4.1 (p. 117). Let 


Q(q) = 2 
=) ong"; lal < qo; (11.4.5) 
RR) d 
and 
2 ke 
i ~47) — 14 240 += = 1.45576.... 11.4.6 
Q(e ) », e2tk = 1 ( ) 


Then, if n => 0, 
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4 
9 (—1)" 2 cos (= +4arctan?) 
e2nm e”™™ 4 e2nn/5 


On = 


J 2? 5? 
37 
2cos | —— + 4arctan3 
\ 5 2nx/10 
T 102 (4 fe: 
2 
="5 conn (11.4.7) 


(H) 


Here, 4 runs over the integers of the form (11.4.4), 


vi(n) = 1, vo(n) = (—1)""?, (11.4.8) 
and, for u>5, 
2nT c 
O(n) = oe (ac are + 4arctan <) ; (11.4.9) 


where the sum is over all pairs (c,d), where (c,d) is a distinct solution to 
u=c?4+d? and (a,b) is any solution to ad — bc = 1. Also, distinct solutions 
(c,d) top =c?+d? give rise to distinct terms in the sum in (11.4.7). Ifn <0, 
then the sum on the far right side of (11.4.7) equals 0. 


Proof. Let |q| < 1. We apply Theorem 11.2.1 to the function f(q) 
= Q(q”)/R(q?). Then y(r) = Es(r)/Ee(7). Since E4(r) and E¢(r) are mod- 
ular forms of degrees —4 and —6, respectively, y(7) satisfies the functional 
equation (11.2.1) with n = 2. The only zero of E¢(r) in P, is at 


r=i (11.4.10) 


(Rankin [246, p. 198]), while by (11.3.10), E4(7) does not have a zero at T = i. 
Thus, in the notation of Theorem 11.2.1, 


a=i. (11.4.11) 


Lastly, because 1/£g(7) is meromorphic in the upper half-plane [255, 
p. 50], we see that y(7) is also meromorphic there and that f(q) is mero- 
morphic inside the unit circle. 

We now calculate A = Res(y,7). By (11.1.9), (11.3.11), and (11.4.6), 


sins, LOO! 7 —qQ(7°) 
Res(f, ) dR(q?) /dq a Q?(q’) = P(q’)R(q’) queen" 
_ -aQP) _7e" 
-#9| => (11.4.12) 
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y] 


Asie ge Oe a=. (11.4.13) 


Tie—™ JIT 


Thus, by (11.4.12) and (11.2.37) 


By (11.2.2), (11.4.11), and (11.4.13), we deduce that 


2 1 1 
= 11.4.14 
= 5 2. aed T= GP — 
where a 
q = exp (wi ($55) j (11.4.15) 


and the conditions on a, b, c, and d are the same as in (11.3.13) and (11.3.14). 
We need to explicitly determine the values over which (c,d) runs. 

The analysis used to determine which pairs (c,d) are counted in the sum- 
mation is very similar to that in Entry 11.3.1. Now, 


q = exp (ni (Ge )) = exp (=) exp (“ac bd) , (11.4.16) 


where ps = c? + d?. As in (11.3.16), we can show that if the two pairs (c1, d;) 
and (c2,d2) produce distinct values of jz, then they lead to distinct values for 
the set {+}, ie., 


{+9} {+,} = 0. (11.4.17) 

When p = 1 or yw = 2, then only four of the eight pairs in (11.4.2) are 
distinct in this case. Each value of 4 corresponds to only two values of q, say, 
{+q,}. When yp > 5, all eight pairs in (11.4.2) are distinct. However, if (c,d) 
leads to {+q,}, say, then (—c, d) and (d,c) each lead to {=+q, }. It follows that 
the eight pairs of solutions in (11.4.2) lead to only four different poles, namely, 


eedaeg fs (11.4.18) 


These four poles are indeed distinct, because as we show in Lemmas 11.4.1— 
11.4.3 at the end of the section, q is real only for 4 = 1, and q is purely 
imaginary only for w= 2. i. 7 

Lastly, in Lemma 11.4.4, we prove that if w > 5 and (c,d) and (c2,d2), 
say, are distinct solutions to equation (11.4.1), then each solution, taken to- 
gether with the seven corresponding solutions in (11.4.2), yields four distinct 
poles, i.e., 


{£9,,49,} 9 {44,,£4,} = 9. (11.4.19) 
In summary, we have so far shown, by (11.4.14) and (11.4.17)-(11.4.19), 
that 


f(q@ = i 


1 1 
s CEN SEC, (11.4.20) 


<2 
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1 1 1 
Be (ci + d)* 1 — (q/q)? 2+ Casatican®) \ 


where js runs over all integers of the form (11.4.4), and where, for each fixed 
j, the sum is also over all distinct pairs (c,d) satisfying (11.4.1). 

For = 1 and, say, (a,b,c,d) = (1,0,0,1), we find that, by (11.4.16), 
q=e 7, so that the summand in (11.4.20) is 


1 


—_- - 11.4.21 
t= ge" ( ) 


For js = 2 and, say, (a,b,c,d) = (1,0,1,1), we find that g = ie~"/?, so 
that the summand in (11.4.20) is 


1 1 


- —=—__ ~— . 11.4.22 
2? 1 ge" ( ) 


Thus, by (11.4.21) and (11.4.22), we can rewrite (11.4.20) as 


2 1 1 1 
f(g) = J {3 —q’e2™ 221+ qe 


1 1 1 1 
> (i +d!1—-(@/q? (at+d1— ara) } 


TT 


2 
9 (-1)" 2cos ((ac + bd)" + 4arctan 5) 
2 2n0r os nT | Lh Qn 
SS e 52 e"™ 4 y 2 e2nn/t 


11.4 The Coefficients of Q(q)/R(q) 277 


(11.4.24) 


(H) 


where v,,(m) is defined in (11.4.8) and (11.4.9). To obtain the displayed terms 
in (11.4.7), we choose (a,b,c,d) = (1,0,2,1) for w = 5 and (a,b,c,d) = 
(1,0,3,1) for p = 10. 

Thus, apart from the lemmas below, the proof of Entry 11.4.1 is complete 
for n > 0. For n < 0, we repeat the argument above but with |q| > 1. Then, 
by Theorem 11.2.1, the left side of (11.4.23) equals 0 instead of f(q). We 
now expand the series on the left side of (11.4.23) in powers of 1/q instead of 
powers of g. We complete the argument as in the proof of Entry 11.3.1. 


The following four lemmas are analogous to Lemmas 11.3.1—-11.3.4, and 
their proofs are very similar. Lemmas 11.4.1-11.4.3 show that the poles of 
(11.4.18) are distinct. Lemma 11.4.4 is used in the proof of (11.4.19). 


Lemma 11.4.1. Given a pair of coprime integers (c,d), we can always choose 
integers a and b such that ad — be =1 and 


lac + bd] < 3(c? +d’). (11.4.25) 


Proof. The proof is virtually identical to that of Lemma 11.3.1. 


Lemma 11.4.2. If ad — bc = 1, where a, b, c, d€ Z, then the quantity 


—T Tt 
=e +—,z Je +s (ac + bd 11.4.26 
a=enP c=) 0 (a ple ) ( ) 
is real only when c? + d? = 1. 


Proof. Suppose that a certain pair (c,d) leads to a value of g that is real. As 
in the proof of Lemma 11.3.2, we can assume without loss of generality that 
(a,b) satisfies (11.4.25). 

Since q is real, we see that, by (11.4.26) and (11.4.25), ac+ bd = 0. Adding 
the equations 0 = (ac + bd)? and 1 = (ad — bc)? gives 


1 = (ac)? + (bd)? + (ad)? + (be)? = (a? + 8°) (c* + a”), (11.4.27) 


which implies that c? + d? = 1. 
Lemma 11.4.3. The quantity q is imaginary only when e+d?=2. 


Proof. Suppose that a certain pair (c, d) leads to a value of q that is imaginary. 
We can assume without loss of generality that (a,b) satisfies (11.4.25). 
Since q is purely imaginary, we find that, by (11.4.26) and (11.4.25) 


y] 


2lac + bd| = c? + d?, (11.4.28) 
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and so 
(\ac + bd| — (a? + b?))* = (ac + bd)? — (c? + a?) (a? +.) + (a? + 07)? 
= —a*d? — bc? + 2abed + (a? +b”)? 
= —(ad — bc)? + (a? + b*)? 
=-1+(a? +0*)*. 


The only squares that differ by 1 are 0 and 1. Thus, |ac+bd|—(a?+b?) = 0 and 
a? +b? = 1, so that jac + bd] = 1. By (11.4.28), this implies that c? + d? = 2. 


In Lemma 11.4.4 we establish (11.4.19) by proving that if two different 
solutions (c,d) to the equation = c? +d? lead to the same set of poles, then 
the solutions are not distinct. 


Lemma 11.4.4. If (c1,d1) and (c2, dz), say, are two pairs of coprime integers 
such that 
etd =G4+eG = 7%, (11.4.29) 


and if 


{+9,,+9,} = {4¢,,+9,}; (11.4.30) 


where q is defined in (11.4.16), then the two solutions of (11.4.29) are not 
distinct. In other words, 


C2 e{ C1, dy}. (11.4.31) 


Proof. As in the proof of Lemma 11.3.4, we can assume that (a1,6,) and 
(a2, bz) satisfy (11.4.25), so that 


— FU S G5 = a5; + bjdy < Fu, 9g = 1,2: (11.4.32) 


As in Lemma 11.3.4, (11.4.30) and (11.4.32) imply that 


gi = +92. (11.4.33) 
Since ad — bc = 1, by (11.4.32), we find that, for 7 = 1,2, 
g; +1 = 95 + (ajd; — bjc;)? = (a5 + 07) (c+ d?), (11.4.34) 
so that by (11.4.33) and (11.4.29), we deduce that 
a? + b? = a2 + 82. (11.4.35) 


We now prove (11.4.31) by considering two cases. 


a; b; 
fox | 
: E dj 


Case 1. g; = go. If we let 
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then a simple calculation shows that 
Inht =Lo14, 


by (11.4.29), (11.4.35), and the assumption that g; = go. This implies that 


Visiting tyes) =v“). (11.4.36) 
Therefore, as in (11.3.56), 
Ve ke ‘| (11.4.37) 
—zr Ww 


for some integers w, x. Since ad — bc = 1, we know that |L,| = 1, and so, by 
(11.4.36), 


\Vj=1. (11.4.38) 
Clearly, V has integral entries, so that (11.4.37) and (11.4.38) imply that 
+1 0 0 +1 
V= E | or 6 V= E i (11.4.39) 


By (11.4.36) and (11.4.39), 


ay by | _ az “bg Af ay by| _ |b: 
Cy dy ~ (6) dy Cy dy — Fdo =rC9 


either of which implies (11.4.31). 


u 
a 
= 
wo 
i 


Case 2. g; = —gz2. This case is very similar to that above. We define 
7 | a2 —by 
fam (ie 


Then, by a brief calculation, 
iylt = els. 


If we define V by ee 
Vel. ins (11.4.40) 


then, as in Case 1, 


V= ii | or == & Al , (11.4.41) 


Because L, = LV, (11.4.41) implies (11.4.31). 
Thus, (11.4.31) holds in Case 1 and Case 2, and the lemma is proved. 
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11.5 The Coefficients of (7P(q)/3)/R(q) and 
(7P(q)/3)?/R(q) 


The following theorem is from the fragment published with the “lost note- 
book” [244, pp. 102-104] and is similar to the previous theorems. However, 
since this result involves a function that is not a modular form, we need to 
modify Theorem 11.2.1 in order to prove the result. 


Entry 11.5.1 (p. 102). Let 


T 
sar & 
3 2n 
= nds < qo, 11.5.1 
RP) dm, q lal <0 (11.5.1) 
and 
T 
(= P()) = 
3 2n 
Se n@ 5 < qo. 11.5.2 
Tf 
. ~ ki 
C= 1+ 480) aaa (11.5.3) 
k=1 
then, if n> 0, 
2 (= + 8aret 2) 
cos | —— arctan 
Mn = 2 e2nt (=1)" erm 4 i) e2nn/5 
eo 23 5s 
2.cos (= + 8 arctan 3) 
+4 5 e2nt/10 he shine 
103 
2 
= 5 Wun) e2nt/n (11.5.4) 
@ - 
and 5 i 
n= aD) Welt) -onn/ ; (11.5.5) 
m 
7) 
where 4 runs over the integers of the form (11.4.4). Here, 
Wi(n) = 1, W2(n) = —(-1)", (11.5.6) 


and, for u>5, 
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2 
W,(n) = 2S "cos ((ac+ bd) =~ + 8 arctan <) ‘ (11.5.7) 
c,d 


where the sum is over all pairs (c,d), where (c,d) is a distinct solution of 
uw=c?+4+d?. Also, distinct solutions (c,d) to w= c? + d? give rise to distinct 
terms in the sums in (11.5.4) and (11.5.5). [fn <0, then the sums on the 
right sides of (11.5.4) and (11.5.5) are both equal to 0. 


Note that the definition of W,,(n) is almost identical to that of v,(n) 
in Entry 11.4.1. Recall that the definition of distinct solutions is given in 
Definition 11.4.1 and that a and 6 are any integral solutions of ad — bc = 1. 


Proof. For j = 1 or 2, let f;(q) denote the quotients on the left sides of 
(11.5.1) and (11.5.2), respectively. Define y;(7) = f;(e’”). Then, by (11.1.5) 
and (11.1.4), 


y(t) = mae and yo(T) = 


(wE3(r)/3)* 

11.5.8 

E¢(r) 
Recall that £2(7), defined by (11.1.6), satisfies the functional equation 

E> (Vr) = Eo(r)(er + d)? (11.5.9) 


for any modular transformation Vr = (a7 + b)/(cr +d). Although E3(r) is 
not a modular form, we see from Ramanujan’s work [53, p. 320] that it does 
satisfy a modified functional equation: 


Ex (Vr) = Eg(r)(er +d)? (cr +d). (11.5.10) 
TT 
Since Eg is a modular form of weight 6, 
Eg (Vr) = E6(r)(er +d). (11.5.11) 


Taking (11.5.10) and (11.5.11) together, we find that 


yi(T) = 91 (V7) (er +. d)* 4 mn (er+d)* (11.5.12) 


and, after squaring both sides of (11.5.10), 


4c? 


y2(T) = y2(Vr)(er +d)? + 4cip (Vr) (er +d)? Ee(Va) 


(er+d)*. (11.5.13) 


We now prove that modified versions of Theorem 11.2.1 hold when the 
functional equation (11.2.1) is replaced by either (11.5.12) or (11.5.13). 

When we replace (11.2.1) by either (11.5.12) or (11.5.13), the parts of 
the proof that are affected are the estimation of the integral (11.2.5) and the 
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calculation of the residues of y;. The only resulting change in the statement 
of the theorem itself is a slight modification of (11.2.2). 

When we replace (11.2.1) by (11.5.12) or (11.5.13), the function y;(7T) 
satisfies the conditions of Theorem 11.2.1 for 7 = 1 or 2 with a = 7, because 
P(q) is analytic in the unit circle. 

We now estimate the integral (11.2.5). Using the notation in the paragraph 
surrounding (11.2.11), we let 


Vir := (kt —h)/(—kr +h). (11.5.14) 
By (11.5.12) and (11.5.13), our estimates for y in (11.2.24) are replaced by, 
respectively, 


: 2k 
lvi(7)| < |v (V*7)| | — kr + Al* 4 Ee (anil kr + hl? (11.5.15) 


and 
|~2(7)| <ly2 (V*r)| | — kr + hl? + 4k |g, (V*r)|| — kr + Al 


Ak? | 
» [Be (V*7)| 


kr+hl*. (11.5.16) 


As we have seen, Theorem 11.2.1 can be applied to the function 1/E¢(r) (as 
Hardy and Ramanujan [177] did). Thus, on the boundary of P, 


< M, (115.17) 


Exo 

for some positive constant M. By (11.5.15), (11.5.17), (11.2.22), and (11.2.25), 
|ei(7)| < M| — kr + hit + 2kM| — kr + hl? 
= k*M |r — h/k|* + 2k°M |r — h/k|? 


2 16M 64kM 
(k? kk! k/?)? y (k? 4+ kk! + ki?) 5/2 
Mo 
< ; 11.5.18 
(k? kk’ Bey ( ) 
where Mo is some positive constant. 
Similarly, 
M 
|~2(r)| (11.5.19) 


* Pak aR? 
where Mp is some positive constant. Note that the inequalities (11.5.18) and 
(11.5.19) are similar to (11.2.26). The remainder of the argument is the same 
as before, and so the integral in (11.2.5) approaches 0 as m approaches oo in 
the cases of y; and v2. 

Next we evaluate Res(p;,7) using the following lemma. 
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Lemma 11.5.1. Let Vr = (at +b)/(cr +d), where a, b, c, and d are integers 
satisfying ad — bc = 1. Then 


5 E3(Vi) = <P(q’) =2+a, (11.5.20) 


— _fai+db 
oe ee ci+d : 


Proof. Consider the function £2(r) defined in (11.1.6). From [51, p. 159], [53, 
p. 256], 


where 


Sk 
Fg(i) = 1 — 24 = 0. 11.5.21 
2(i) Lara -- (11.5.21) 
By (11.5.21), (11.1.6), and the definition of q above, 


kg” _ love) 3 


al = 1-24 d7- 


0 = E,(Vi) =1 uy (c? +d”), 


41-4" 


and hence we obtain (11.5.20). 


By (11.2.36), or more precisely the sentence preceding (11.2.36), and 
(1.4.13), 


— Cor 


by a result of Ramanujan [240, Table I, Entry 4], [242, p. 141], where J is 
defined in (11.4.6) and C is defined in (11.5.3). By (11.2.37) and the calculation 


above, 
Res ( : ) = Z (11.5.22) 
R@)'*)~  C(a+ a5 = 


It follows from (11.5.20) and (11.5.22) that 


vi) _ Res(1/Ee(7),7) _ —1/(J?ri) —1/(C7i) 
(ci + d)§ (ci + d)® (ci+d)®’ 


Res (f;(q), 9) = —( 4 se ee DF (11.5.23) 


When we replace (11.2.37) with (11.5.23), the analogue of (11.2.38) becomes, 
or, alternatively, (11.2.33) becomes, 


1 
11.5.24 
I) ce: ci + d)®1—(q/@ ( ) 


where ps = c? + d?. 
Thus, the conclusion of Theorem 11.2.1 is valid for y, if we replace (11.2.2) 
by (11.5.24). 
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Since the quantity q is the same for (; as for y in Entry 11.4.1, the analysis 
involving the values of (c,d) counted in the summation in (11.4.14) is valid 
for y; as well. So by (11.4.20), (11.4.23), and (11.4.24), we find that 


442 yt! : 
AlN=G s (ci + d)* 1 —(q/q)’ 


(—ei + d)® 1 — (4/4)? 


yu 1 fe 1 
| s feetercre : )} 


yw 1 yw 1 
+2 (wot? )} 


(—ei + d)* 1 — (4/9)? 
p>2 
= > Nine”; 
n=0 


2 2nTt ( ) nT ( ww —2n ye :*) 
(= e e€ + 
anys) 23 os (ci + d)e= (—ci + d)e* 
b>2 
2 d 
9 (-1)" 2 cos ((ac + Bd) + 8 arctan “) 
2nT _ nt tad c 2n7/ 
Cr = » a enmmn 
(#) 
p>2 
_ 2 S- W,,(n)e2n"/# 
= = ; 
@ FF 


(11.5.25) 


by (11.5.7). In (11.5.25), as in (11.4.20), u runs over all integers of the form 


(11.4.4), and for each fixed ju, the sum is also over all distinct pairs (c, d). 
Thus, the proof of (11.5.4) is complete. 


11.6 The Coefficients of (7P(q)/2V3)/Q(q) 


The theorem in this section is from the same fragment [244, pp. 102-104] as 
the previous theorem, and the proof is very similar. 
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Entry 11.6.1 (p. 103). Let 


mP(q’) - 2 
f(Q) = == Dn, — | < @- (11.6.1) 
2V3Q(q") d 
Then, if n > 0, 
n 3 hy(n) nrV/3/r 
@, = (-1)" 5 S ye i, (11.6.2) 


(A) 


where \ runs over the integers of the form (11.3.4), and G and h)(n) are 
defined in (11.3.5) and (11.3.8), respectively. Also, distinct solutions (c,d) to 
\=c? —cd+d?, which were defined before Entry 11.3.1, give rise to distinct 
terms in the sum in (11.6.2). Ifn <0, the sum on the right side of (11.6.2) 
equals 0. 


Proof. By (11.6.1), (11.1.2), (11.1.4), and (11.1.5), 


1 E35 (rT) 
rT) = ——=—.. 
e(r) 2V3E4(T) 
By (11.5.10) and (11.3.9) (note that in (11.3.9), g(r) = 1/£4(7)), we obtain 
the functional equation 


V3ci 


Eva" +d)°, (11.6.3) 


y(r) = o(Vr)(er + d)? + 
where Vr = (at + b)/(c7 +b) is a modular transformation, that is to say, 
a,b,c,d € Z and ad — bc = 1. Recall the notation (11.5.14). The analogue of 
the estimate of yi in (11.5.15) is thus 


lotr) < ip V*r)|| br + AP + 


3 
EAtapll kr +h. (11.6.4) 


As with y,(r), the function y(r) satisfies the conditions of a modified 
form of Theorem 11.2.1; here (11.2.1) is replaced by (11.6.3), and a = p = 
-1/2+i/3/2. 

In Entry 11.3.1, we applied Theorem 11.2.1 to the modular form 1/E4(r). 
Thus, we can apply (11.2.22) to both » and 1/E4(r), with M replaced by 
the positive constant M in the latter application, to obtain, by (11.6.3) and 
(11.2.25), 


|p(r)| < M| — kr + Al? + V3kKM| — kr + A)? 
= k?M|r — h/kl? + V3K*M |r — h/kI? 


, 4M, 8V3kM 
ke? + kkl + kl? (k? + kk’ + k’?)3/2 
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Mo 
To BLP 2? 
k*+kk +k 


where M and Mp are certain positive constants. This implies that the integral 
in (11.2.5) approaches 0 as m approaches oo. 
We now determine the residues of y(r) using the following lemma. 


Lemma 11.6.1. For p = —1/2 + iv3/2, 


T 
= ——P(7?) = —cd+ a, 11.6.5 
2/3 (f) ( 


where Vt = (at + b)/(cr +d), with a, b, c, and d being integers satisfying 


ad — be = 1 and 
= exp [ 77 apd 
a ee cp +d ; 


Proof. From (11.1.6) and a result of Berndt [51, p. 159), 


7 fore) (—1)*ke-*¥3* 2/3 _ 
E(p) = 1 2 Ds (aye avi — =0. 


This proves (11.6.5). 


We now return to the proof of Entry 11.6.1. By (11.3.12), 


1 3 
Res (a5) =—30G? (11.6.6) 


and so, by (11.2.37), 


1 3q 
Res q)= = : 11.6.7 
ca a 2G(ep + dP el 
It follows from (11.6.5) and (11.6.7) that 
3q 3qX 
Res 19) =(?-—cd+ @ ( = )- = , (11.6.8 
UG)a) alee ) 2G(cp + d)® 2G(cp + d)® ( ) 
where \ = c? — cd + d?. By (11.2.38), we then deduce that 
1 
: (11.6.9) 


3 
fN=G X (cp + d)® 1 —(q/q)* 
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Since q is the same as in Entry 11.3.1, we have, by (11.3.20) and (11.3.23), 
for |q| < e~*V3/2, 


a2 1 3 1 
= G 1+ e™V3q? 3° 1 4 et V3/3¢2 


> 1 d 1 
| a (aia 1—(q/q)” eral 


AD>3 
= y Ongr” , 
n=0 
where 
3 n ont (=ay" nT 
= He e "ae vals 
+S°x (a qn + ast") . (11.6.10) 

OD (cp + d)® (dp +c)®= 
A>3 


n (11.6.10), A runs over all integers of the form (11.3.4), and, for each fixed 
A, the sum is also over all distinct pairs (c, d). 

Apart from the factor of A, the summands in (11.6.10) are the same as 
those in (11.3.24), and so by (11.3.29), (11.83.31), and (11.3.32), we conclude 


that P uli 
On = ( 1) noe x2 € V7, 
(A) 
where h(n) is defined in (11.3.8). This completes the proof of Entry 11.6.1 
for n > 0. 
For n < 0, assume |g| > 1 and proceed as in the previous proofs. 


11.7 Eight Identities for Eisenstein Series and Theta 
Functions 


Two of the identities considered here involve the classical theta functions (in 
Ramanujan’s notation) 


Sig and W(q) = So ght, ira) 


k=—0o 


To establish the eight identities, we need to use evaluations of theta functions 
and Eisenstein series from Chapter 17 of Ramanujan’s second notebook [243], 
(54, pp. 122-138]. If 
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—). 0<a<l, 


where 2fF; denotes the ordinary eae neds function, these evaluations 
are given in terms of, in Ramanujan’s notation, 


z:= 2F\(4,4;1;2), O<2<1, (11.7.9) 


and x. 


Entry 11.7.1 (pp. 116-117). Recall that Q(q) and R(q) are defined by 

(11.1.2) and (11.1.3), respectively, that B(q) is defined by (11.1.10), and that 

p(q) and w(q) are defined in (11.7.1). Then 
) 


(i B(/q) + B(-V@) = 2B(q) 
(ii) B(/gB(-Va Bq) = RQ), 
(iii) ee ) + 4Q(9) = 5B?(q), 
(iv) R(q) + — = 7B°(q) 
2 1 — Qa) 
) 5 aE om)“ = Rg)’ 

; 11 1 Q(q) 
mo aaa ais +g RD 
(vii) —Q(q) + ne a = 15y°(-4), 
(viii) Q(q) — Q(q*) = 240qy*(q). 


Proof of (i). The proof is straightforward, with only the definition of B(q) 
in (11.1.10) needed in the proof. 


Proof of (ii). By Part (i), with the replacement of \/q by q, we can rewrite 
(ii) in the form 


B(q) {2B(q") — B(a)} B(q’) = R(q’). (11.7.3) 
By (11.1.10), we easily see that 
2P(q2) — P(q) = B(a). (11.7.4) 


From Entries 13(viii), 13(ix), and 13(ii) in Chapter 17 of Ramanujan’s 
second notebook [54, pp. 126-127], 


cee 2) — P(g) = 27(1+2), (11.7.5) 
B(q’) = 2P(q _ P(q’) = #(1- 32), (11.7.6) 
Ri?) =2°(1 +2) — 32)(1 — 22), GieT) 


where z is defined in —< Using the evaluations (11.7.5)—(11.7.7) in 
(11.7.3), we find that each side of (11.7.3) equals 


2°(1+2)(1— 4a)(1— 22), 


which completes the proof of (ii). 
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Proof of (iii). By Entries 13(iii) and 13(i) in Ramanujan’s second notebook 
[54, pp. 126-127], 


Q(q) =2°(1+14¢427) and Q()=2*(1-2+2"). (11.7.8) 
Using (11.7.5) and (11.7.8) in (iii), we find that each side of (iii) reduces to 


2*(5 + 102 + 52”), 


thus establishing the truth of (iii). 


Proof of (iv). By Ramanujan’s work in Chapter 17 of his second notebook 
(54, p. 127, Entry 13(iv)] 


o] 


R(q) = 2°(1+2)(1 — 34a + 2”). (11.7.9) 


Thus, by (11.7.9), (11.7.5), and (11.7.7), each side of (iv) can be written in 
the form 
72°(14+2)°. 


This completes the proof of (iv). 


Proof of (v). Replacing ,/q¢ by q and using (i), we can rewrite (v) in the 
form Q(¢") 
af i 1 1 q 
" 2 , 11.7.10 
5 (aay * aaa) ce 
By (11.7.5) and (11.7.6) 


o] 


1, 1 a ae 1 
B(q) © 2B(q?)- Bq) P(A +a)  24(1 - 2x)’ 


(11.7.11) 


Utilizing (11.7.11) and (11.7.6) and employing a heavy dose of elementary 
algebra, we find that the left side of (11.7.10) reduces to 


l-ax+2? 


2*(1+ 2)(1 — 2x)(1— 42)’ (1.7.12) 


On the other hand, by (11.7.7) and (11.7.8), the right side of (11.7.10) also 
reduces to (11.7.12). This completes then the proof of (11.7.10), and hence of 


(v). 


Proof of (vi). Replacing \/q¢ by q and using (i), we can rewrite (vi) in the 


form 
a ee : ee eC 
24 (za * B® aa) OB  R(q?) (1.7.13) 


Using (11.7.11) and (11.7.6), we find that the left side of (11.7.13) takes the 
shape 
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l—-a2+ x? 
2(1+2)(1—2zx)(1- $2) 


Again, from Ramanujan’s work [54, p. 127, Entry 13(v)], 
Q(q*) = A(L—a+ §2”), (11.7.15) 


so that, by (11.7.15) and (11.7.7), the right side of (11.7.13) also reduces to 
(11.7.14). This completes the proof of (vi). 


(11.7.14) 


Proof of (vii). By Entry 10(ii) in Chapter 17 of Ramanujan’s second note- 
book [54, p. 122], 


y(-¢) = Vz(l— 2)". (11.7.16) 
Thus the left side of (vii) takes the shape 


1524(1 —2)?, (11.7.17) 
while by (11.7.8) the right side of (vii) also equals (11.7.17). 


Proof of (viii). Appealing again to Chapter 17 of Ramanujan’s second note- 
book [54, p. 123, Entry 11(i)], we have 


1 
W(q) = yf 52(a/9)"*. (1.7.18) 
Thus, by (11.7.18), the left side of (viii) equals 


240(.2°2) = 152z*2, (11.7.19) 


while, by (11.7.8), the right side of (viii) equals (11.7.19) as well. 


11.8 The Coefficients of 1/B(q) 


Define the coefficients b,, by 


1 foe) 
ee 11.8.1 
Ba 24 oa 


where |g| < go < 1, for go sufficiently small. 

We are now ready to state the first main theorem about B(q), which 
establishes an assertion of Ramanujan from his letter to Hardy containing 
Entry 11.4.1 [244, p. 117], [74, p. 190]. For the sake of brevity, we write 


=> V(r), (11.8.2) 
(#) 
where 5 
V,,(n) _ a erenie. (11.8.3) 
m 


where v,,(7) is defined by (11.4.8) and (11.4.9). 
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Entry 11.8.1 (p. 117). Recall that the coefficients b, are defined by (11.8.1). 
Then, with V,(n) defined by (11.8.3), 


bn = —3 Vi..(n), (11.8.4) 
(He) 


where [te runs over the even values of wu. In other words, fre runs over the 
even integers of the form (11.4.4). 


Set 3(r) = B(q), where ¢ = exp(27ir). Then G(r) is a modular form on 
Io(2), as we show in the next lemma. We remark that 6(7) is not a modular 
form on I'(1), because the dimension of the space of modular forms of weight 
2 with multiplier system identically equal to 1 on (1) is zero [246, p. 103). 


Lemma 11.8.1. The function 3(r) is a modular form of weight 2 and multi- 
plier system identically equal to 1 on the group Io(2). That is, 


8 (=) = (cr +.4)?(r), 


cT +d 


where a, b, c, d€ Z; ad — bc = 1; and c is even. 
Proof. Recall that E3(7) is defined by (11.1.5). Thus, by (11.7.4), 

2E3 (27) — E3(r) = G(r). (11.8.5) 
Recall [255, pp. 50, 68] that for any modular transformation (at +b)/(cr+d), 
. (= +b 


6ci 


2 | ad — (er +d), (11.8.6) 


) = (er + d)?E3(r) — 


[oe (22 =) = Ex a) = (cr-+d)2 Ex (27) — 3 (er-+d), (11.8.7) 
d 5 (27) +d - 


for c even. Thus, by (11.8.6) and (11.8.7) 


o] 


CT 4 


2E* =) EX (= =") = (cr + d)? (2E%(2r) — EX(r)). (11.8.8) 


By (11.8.8) and (11.8.5), we complete the proof. 


Lemma 11.8.2. The function 1/8(r) has a simple pole at r = $(1+7%), and 
this is the only pole in a fundamental region of Io(2). 


By Lemmas 11.8.1 and 11.8.2, it follows that 1/6(7) has poles at the points 
T = (a$(1+%) +b)/(c$(1 + 7) +d), where a, b, and d are integers, c is an 
even integer, and ad — bc = 1. By the valence formula [246, p. 98], there are 
no further poles of 1/G(7) in a fundamental region of I9(2). 
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Proof of Lemma 11.8.2. By (11.8.5) and (11.1.6), we easily see that 
Lo 1 
B(t) 2E(2r) — Ea(T)” 


We show that both functions in the denominator of (11.8.9) vanish at 7 = 
1(1 + 4). First, by (11.5.21), 


(11.8.9) 


Eo(i) = 0. (11.8.10) 
Thus, by periodicity, 


ti 
Ey (2 =) = B49) = 250 <0, 
and, since £(r) satisfies the functional equation of a modular form of weight 


Ey (=) = Ey (5) = Ep (= =) = (1+ 4)"E,(i) = 0. 


Thus, both terms in the denominator of (11.8.9) vanish, and the proof of the 
lemma is therefore complete. 


The main theorem of Hardy and Ramanujan, Theorem 11.2.1, is there- 
fore inapplicable. However, Poincaré [176, pp. 210-215, 432-462, 606-614, 
618 (paragraph 2)], Lehner [201], and particularly Petersson [228, pp. 460— 
461, Satz 3], [229], [230] have extensively generalized Hardy and Ramanujan’s 
theorem. We only need the special case for the subgroup [9(2), which we state 
below. 


Theorem 11.8.1. Suppose that f(q) = f(e™") = 0(7) is analytic for q = 0, 
is meromorphic in the unit circle, and satisfies the functional equation 


d(T) =¢ (==) (cr +d)”, (11.8.11) 


where a, b, c, d€ Z; ad—be =1; c is even; andn € Z*. If (7) has only one 
pole in a fundamental region for Ip(2), a simple pole at T = a with residue 
A, then 


1 1 
f(@ =-2niA)- cad? im tala lal < 0, (11.8.12) 


aa+b\_. 
q = exp ((< a 7) ni) ; (11.8.13) 


and the summation runs over all pairs of coprime integers (c,d) (with c even) 
that yield distinct values for the set {4, =O} and a and b are any integral 
solutions of 


where 


ad — be =1. (11.8.14) 
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We are now prepared to prove Entry 11.8.1. 
Proof of Entry 11.8.1. Using (11.7.4) and (11.1.7), we find that 
B'(q) = 4qP'(q°) — P’(q) 


_P(P)-Q¢) Pd - A) 
3q 12q 


= um { (2P(q?) — P(q)) (2P(q2) + P(q)) — 4Q(@?) + Q()} 
= 7 {B(q) (2P(@) + P(q)) — 4Q(@”) + Q(9)} . (1.8.15) 


By Lemma 11.8.2, B(—e~”) = 0, and therefore from Entry 11.7.1 (iii), we 
deduce that 


Q(-e-*) = -4Q(e"*"). (11.8.16) 
Hence, setting q = —e~7 in (11.8.15), we find that 
i 2 
Bi(-e"") = Doe) {—8Q(e777)} = 30 Oe”), (11.8.17) 


which is explicitly calculated in Proposition 11.8.2 below. 
We now apply Theorem 11.8.1 to ¢(r) = f(q) := 1/B(q?), where g = e™’* 
and a := (1 +7)/2. By the chain rule, 


_ Res(f, er) 


mie 
and, by (11.8.17), 
Res(f,e7'*) = Res ( : ee) : 
5€ = ,€ = Sf Lok ae 
Bq’) dB(q?)/dq| jeria 
1 1 3e7 
= = - : 11.8.19 
2B UP) |gaevin 267 2Q(E*) a 
Hence, combining (11.8.18) and (11.8.19), we deduce that 
Ori —7 
ee ae eee (11.8.20) 


Tien ia 4e™Q(e-27) 2Q(e-27) . 


We next calculate q. Recall that ad — be = 1 with c even. Thus, d is odd. 


Hence, 
; aa+b : a+ 2b+ ai 
= ex TL = ex Tt———_—_ 
2 . ca+d P c+ 2d+ ci 
= wet 2b + ai)(c + 2d — et) 
=e c? + 4cd + 4d? + c? 
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= (>it herd ‘). 


Let wp = c? + d?, where ec = c+d, and let a’ = a+b. Note that a’d— be’ = 1 
and that py is even. Thus, 


At bd 2 Lf bd 
q = exp (i) = exp (-7) exp (i=) ; (11.8.21) 
= ft ft ft 
Next, 


(cit+d), (1.8.22) 


~ 1 +i 


where c =c+d. 
The requisite calculations have now been made in order to apply Theorem 
11.8.1. By (11.8.1), (11.8.20), and (11.8.22), we deduce that 


o] 


on 1 3 1 1 
dnd - BO > 2) & Tye HT- (q/4) 


(c’,d) 
6 1 1 
= Q(e-27) a (ci+d)41— (q/q)?’ (11.8.23) 


(c',d) 


where the sum is over all pairs c’,d with a’d— bc’ = 1 and c’ odd (since c is 
even and d is odd), and where q is given by (11.8.21). Now from (11.4.14), 


om 2?) 2 i , 
dbo ~ R(q?)— Q(e-27) » (i+ dil— (q/a’ (11.8.24) 


where the sum is over all pairs c,d with ad — bc = 1, and where 


( —) ( *) ( ae) 
gq = exp | ti ——— ] = exp [ —— ] exp [ wi ; 
= ci+d bb mM 


A comparison of (11.8.23) and (11.8.24) shows that the right sides of (11.8.23) 
and (11.8.24) are identical except in two respects. First, in (11.8.23), there is 
an extra factor of —3 on the right side. Second, upon expanding the summands 
in geometric series on the right sides of (11.8.23) and (11.8.24), we see that 
the sum in (11.8.23) is over only even py. In other words, 


by = —3 Vi..(n), 
(He) 


where V,,,(m) is defined by (11.8.3). This completes the proof. 


11.8 The Coefficients of 1/B(q) 295 


The series in (11.8.4) converges very rapidly to b,,. Using Mathematica, we 
calculated b,,,1 <n < 10, and the first two terms of (11.8.4). As the following 
table shows, only two terms of the series give extraordinary approximations. 


n bn —3(Vo(n) + Vio(n)) 
1 —24 —23.971586 
2 552 551.992987 
3 —12,768 —12,768.016604 
4 295,464 295,463.973727 
5 —6,837,264 —6,837,264.003874 
6 158,219,040 158,219,040.077478 
7 ~3,661,298,112 ~3,661,298,112.002170 
8 84,724,974,120 84,724,974,119.926326 
9 ~1,960,594,584,504 ~1,960,594,584,504.044556 
10 45,369,516,658,032 45,369,516,658,031.999703 


Using Entry 11.7.1 (v), we can easily establish a formula for 6, in terms 
of b,, but we were unable to use this relation to prove Entry 11.8.1. 


Proposition 11.8.1. For each positive integer n, 


4 1 
On =<b n =n. 
ian 


Proof. By Entry 11.7.1(v), (11.4.5), and (11.8.1), 


y] 


- «Ge 2 1 1 1 
dbo" = Ria) 3 (awa 7 ava) 3B(@) 
n=0 n=0 n=0 


= : 2, Pana” = ba 


wl) re 


In our previous attempts to prove Entry 11.8.1, we showed that V,,(n), for 
pe odd, is a multiple of V,,(2n) when py is even. Although we were not able to 
use this result in our goal, we think the formula is very interesting by itself 
and so prove it now. 


Theorem 11.8.2. For each positive integer n, 
Vi.(m) = —4V2,,,(2n), (11.8.25) 


where [to is an odd integer of the form (11.4.4). 
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o] 


Proof. We first easily establish the case zo = 1. From (11.8.3) and (11.4.8) 
we see that 


while 


“ e2nT 


—4V3(2n) = sy 
Now we assume that 4, > 1. Suppose that (a1, bi, c1, di) satisfies 
ad —be=1, (11.8.26) 


with c? +d? = uy. We can assume, without loss of generality, that a, > b; > 0 
and that a; and 6; are odd. Since 


(ec: + dy)? + (c1 — di)? = yo, 


we find that if we let 


C2 =cy + dy and dy =Cy— dy, (11.8.27) 
then (c2, dz) satisfies 
td? =o. 
Similarly, if we let 
1 1 
az = ~ 5 (a4 + by) and bz = ~5 (a — b), (11.8.28) 


then (a2, be, c2,d2) satisfies (11.8.26). By (11.8.3) and (11.4.9), in order to 
prove (11.8.25), it suffices to prove that 


2 
2 cos {ine + bid) i + A4tan7+ +} 
2 Ho dy e2nT/Ho 
Ks 
4 
2 cos {(a20 + eal + 4tan7! 2| 
_ 8 2 bo 2) Anm/(2u0) 
J (2p2)" , 
or equivalently that 
2nt 11 
COs (a1c1 + bd, )— +4tan a 
Ho dy 
2 
= —cos { (020 + boda) —— +4 tan! >| (11.8.29) 
Lo 2 


By the identities (11.8.27) and (11.8.28), we can rewrite the right-hand side 
as 
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cos { ( (a + b1)(e1 + di) (a bi)(c1 a) ant 


[Mo 
d 
+4tan7} ate} 
gq. = dy, 
2 d 
= cos { ay,Cy, bd) al t A4tan! ata} : (11.8.30) 
Lo cy — dy 
Note that F P 
Rect SP Keates (11.8.31) 
Cy = dy 4 dy 


where k = 3(mod 4). Using (11.8.31), we can rewrite the latter expression in 
(11.8.30) as 


2nt 


cos { (aycy t bd) Atan + 7 Se kn 
1 


oO 


2 
= cos {ine + b,d;) “= +4tan! ah , 
Lo dy 


Thus, (11.8.29) has been proved, and hence (11.8.25) as well. 


We close this section by showing that Q(e~?") in Entry 11.4.1 can be 
evaluated in closed form. Then in a corollary, we evaluate another interesting 
series. 


Proposition 11.8.2. We have 


—27 3x? 
Qe") = (11.8.32) 


Proof. We apply Entry 13(i) in Chapter 17 of Ramanujan’s second notebook 
(54, p. 126]. In [54], M(q) = Q(q), in the present notation. Set y = 7 there, 
and note that « = 5. We find immediately that 


where we have employed a special case of a well-known theorem of Gauss, 
rediscovered by Ramanujan [53, p. 42, Entry 34]. (See also [54, p. 103, equation 
(6.15)].) Hence, (11.8.32) has been shown. 


Corollary 11.8.1. We have 


_ (2n + 1)? _ 
2 cosh?{(2n + 1)r/2} 12°8(3)" 


n=0 
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Proof. From the definition of B(q) in (11.1.10), we easily find that 


(2n+ 1) 2 gr 
= 24 ee aoe 


Setting g = —e~” and using (11.8.17), we find that 


(2n 4 1)e —(2n+1)r 


2 T —27 
3° Oe ) = B’(—e-") = 24e" ae Tp e-ent Dae 


CoO 


— Ger aay 
= do cosh®{(On + DRY 


If we now use (11.8.32) on the left side above and simplify, we complete the 
proof. 


Corollary 11.8.1 might be compared with further explicit evaluations of 
series containing the hyperbolic function cosh given by Ramanujan in Entry 
16 of Chapter 17 in his second notebook [54, p. 134], in Entry 6 of Chapter 18 
in his second notebook (54, p. 153], and in two particular results in his first 
notebook [57, pp. 398, 402, Entries 76, 78). 


11.9 Formulas for the Coefficients of Further Eisenstein 
Series 


Ramanujan [244, pp. 117-118], [74, pp. 190-191] concludes his letter to Hardy 

with three identities that are similar to (11.8.4). We show how each of the 

identities follows from (11.8.4), but first we need to make several definitions. 
Let, for |q| < qo, 


ys 
= Soon at ae and we = xa 


n=0 
(11.9.1) 


Entry 11.9.1 (pp. 117-118). Suppose that (11.8.4) holds. Then 


. 11 
(i) on = 5 Vi — 5 Vpn) 


(Ho) Ts 
“ 1 
(ii) n= 5 Vuln) oe 
(Ho) 
bs 1 
“ Xn = 9g Virol) + F55 =e Yuen 
(Ho) (He) 


where fig and pe run over the odd and even integers of the form (11.4.4), 
respectively. 
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Proof of (i). By (11.9.1), Entry 11.7.1(vi), (vw), (11.4.5), and (11.8.1), 


ee el 1 1 1 
ae 24 (aA 7 ava) * DB@) 


i (; ( ee ) 1 + 5 1 
~ 16\3\BO/@ ° BR-va 3B(q) 16 B(q) 

11Q(q) , 5 1 

16 R(q) | 16 Big ) 


1S 
= ig ina" + eh 


Thus, by (11.8.2) and (11.8.4), 


On = —6n + —dn 


Proof of (ii). By (11.9.1), Entry 11.7.1 (vii), and (11.4.5), 


on 1 Qa) , 16 Q(a") _ 
dvd = CREE TA ~ 75 ba! +g on 


n=0 


Thus, by (11.8.2) and part (i), 


1 
Un = ~ Zp on + —On 


Proof of (iii). By (11.9.1), Entry 11.7.1(viii), and (11.4.5), 


 1Qq@ 1 
Doxa" = 240 R(q) 240 R(q) 240 i - 240 ot" : 
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Thus, by (11.8.2) and part (i), 
il 1 

— dn, AA Te 

240°" 2407 


1 1 fu 1 
249 2a Yl") — 349 | 7g 2 Vol”) = GD, Viele) 


(H) (Ho) (He) 


1 
= 75 Ds Viel) + 95 2 Viele). 
Me) 


Xn = 


11.10 The Coefficients of 1/B?(q) 


In another letter to Hardy [244, pp. 105-109], [74, pp. 185-188], Ramanujan 
offers a formula for the coefficients of 1/B?(q). By Lemma 11.8.2, 1/3?(7) has 
a double pole at (1+ 7%)/2. To the best of our knowledge, the generalizations 
of the principal theorem of Hardy and Ramanujan [177, Theorem 1], [242, 
p. 312] that we cited earlier do not consider double poles, mainly because of 
calculational difficulties. In fact, after stating his main theorem, Lehner [201, 
p. 65, Theorem 1] writes, “Poles of higher order can be treated in an analogous 
manner, but the algebraic details, into which we do not enter here, become 
rather complicated.” Since 1/3?(7) has only one double pole on a fundamental 
region for I)(2), we confine ourselves to stating our theorem for Iy(2) only 
and proving it for modular forms with only one double pole on a fundamental 
region for I(2). 


Theorem 11.10.1. Suppose that f(q) = f(e™’”) = @(r7) is analytic for q = 0, 
is meromorphic in the unit circle, and satisfies the functional equation 


atT+b 
ct +d 


o(T) = o( )(er+ay" (11.10.1) 


where a, b, c, d € Z; ad— bc = 1; c is even; and n € Zt. Assume that o(rT) 
has only one pole in a fundamental region for Io(2), a double pole at T = a. 
Suppose that f(q) and ¢(r) have the Laurent expansions, 


FQ ry ey Ly 


o(T) = Fi = emia gq — ema pier = lg): 
(11.10.2) 


ee cre (n+ 2) "1 i 
ee > (Ca aye (easy } 1 — (q/q)" 
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1 (q/q)° 
— 4? =<) <qo, (1.10.3 
T red (ca + d)n+4 a = (q/@)?)? Iq| qo ( ) 
where : 
aa + ; 
gq = exp ((< nm 3) ni) ’ (11.10.4) 


and the summation runs over all pairs of coprime integers (c,d) (with c even) 
that yield distinct values for the set {q,—q}, and a and b are any integral 
solutions of 


ad —be=1. (11.10.5) 
Furthermore, 
ily ily by 
a Tema 7 Te2Tia and r= ~ q2ermia’ (11.10.6) 
Proof. For brevity, set 
aT+b aa+b 
ce ae Diz . 11.10. 
(7) ae d and oak 7 ( 0 7) 


We want to calculate the Laurent expansion of ¢ as a function of T in a 
neighborhood of Z. Since 


dT —b 
= —— 11.10. 
=~ peg (11.10.8) 
we easily find that 
aa +b 
T(d+ ca) — (b+ aa) —catd 
: - —cT +a ~ —@P + ieee) 
T— T-Z 
= td 11.10. 
aa ) cZ+a-—c(T A ) Es) 


However, by (11.10.7) and (11.10.5), we easily find that 


1 
—cZ = ; 11.10.10 
— ca +d ( ) 
Employing (11.10.10) in (11.10.9), we find that 
T-Z 
= d)? 
(eT anh eroa 
or 
a L=c(eo-p a(t =Z) (11.10.11) 


T-a (T — Z)(ca + d)? 


and 
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De 1 — 2c(ca + d)\(T — Z) + (ca + d)?(T — Z)? 


Cy (Fa Dea a (11.10.12) 


We next seek the expansion of (cr +d)” in powers of (T’— Z). By (11.10.8) 
(11.10.5), and (11.10.10) 


d 


o] 


(er +d)” = (—cT +a) 


(-cZ +a) —c(T — Z))™ 


ee z)) 


= (ca+d)"(1—c(ca+d)(T—Z))”. (11.10.13) 


= ( 
=( 


o 
Q 
4. 
Qa 


Thus, from (11.10.2), (11.10.11)—(11.10.13), and (11.10.1), 


1 2c 
On) = (cas ayr=2) (ca-d)(r=2Z) . (ca + x) ‘ 


~ (<a Z) 4) mite 
= (er +d)" 9(P) 
Ro Ry ) 


= (ca +d)" (1 clea + d)(T a" (eam trogt 
(11.10.14) 


where R, and Rz are the coefficients in the principal part of ¢(T) about Z. 
Thus, rearranging (11.10.14), we easily find that 


Re Ry 


Tometr_g ta letage en(ca + d)(T — Z)+---) 


* (as aS Ze tas na —Z* — x) ie 


(aaa =) nto). (11.10.15) 


It follows from above that 


_ 2cr2 cnre T1 
Ry, = d)~" 11.10.16 
veri) ( (ca+d)>  (ca+d) cata) ( ) 
and 
r2 
= ——_*___, 11.10.17 
= Gea aes ( ) 


We now proceed as in [177, Theorem 1], [242, p. 312], or as in the proof of 
Theorem 11.2.1. Recall that the definition of q is given in (11.8.13). Accord- 
ingly, 


11.10 The Coefficients of 1/B?(q) 303 


f(q) =—>_ Res (£2 a), (11.10.18) 


where the sum is over all poles +g. If 


1 
g(z) = . 
z—q 
then, by Taylor’s theorem, 
(z) : ! (z #4) (11.10.19) 
Z)= zZFaq)tcr:. Pal EO 
: tg=q (t¢—9)? = 
Let us write f(z) as 
= P, Pi \ 
f(2) = (z—2)? " z— 2% 
Then 
1 / 
Res ( PF) 20) =P, (=) LP, (11.10.20) 
a—q | Z=2Zo %— @lz=25 


We need to find P, and Py» for zo = +q. 

Next, we take the Laurent expansion (11.10.15) and convert it into a Lau- 
rent expansion in powers of (z — q). Observe that e™(4+) = —gq. Thus, the 
Laurent expansion in powers of (z+) arises from (11.10.15) with Z replaced 
by Z+ 1. Since the arguments in the two cases +q and —q are identical, we 


consider only the poles +q. Set z = e™'T and recall that q= e™4 Also, put 
h(z) = log z —logq, 


where the principal branch of log is chosen. Then, by Taylor’s theorem, 


nz) = 2(e-@) — pale gt, 
and so : i 
wre. aq q)4 ) 
and ; 2 ; 
may = Gage (14 ge-9+~) 
Hence, 
Ro Ry Ror? Ryri 


(r-Z)? 1r-Z ~~ (logz—logq)? * logz—logq 
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(z- 4)? q 
Ryri 1 
im (1 (z-qg+ ) + 
z—-q 2q = 
Ron?’ 1 
= = Ron?q + Ryri whey 
pair oe amg + imig) + 
(11.10.21) 
Therefore, by (11.10.20), (11.10.19), and (11.10.21), 
1 R 12 2 
Res ( f@) : ) = — (—Ron?q + Ri rig) + a — (11.10.22) 
Z—g-]. =a (q—-4) 
By a similar calculation, 
i R: 1? 2 
Res ( F(z) ‘) - (Ron2q — Ririg) + — 45. (11.10.23) 
z—q 7-9 (-¢=—@) 
Hence, by (11.10.18), (11.10.22), (11.10.23), (11.10.16), and (11.10.17), 
—1 re mirgc(n + 2)q Tir 1 
fg=->> W\n+4 me ynt2 
cr (ca + d)r+ (ca + d)"+ (ca + d)"*? | g—¢ 
rong? 
as (ca + d)r+4(q — q)? 
Tqre £ mirec(n + 2)q nirig 1 
(ca + d)r+4 (ca + d)rts (ca+d)"** | —a-q 


4 rong? 
(ca +.d)"*4(q +9)? 


aH cro(n +2 T1 1 
orn (3 ee Cg 


1 1 
+ 2n?r 
° ye (ca + d)"*41 — (q/q)? 


1+ (4/9)? 
— 2n rp y (ca + d)"+4 (1 — (q/q)?)? 


- cre(n sil 2) TY 1 
= pm { (ca + d)"*3 (ca + a} Le (q/a)° 


2 1 1 1+ (q/q)” 
ee 2, (ca + d)yn*4 1=(a/g? A (a/a)?)? 
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7 erg(n + 2) TL 1 
— a> { (ca ae d)r+3 (ca + d)r+? \ 1— (q/q)° 


; 1 (q/@)" 
—Ar r2 2, (ca ee d)n+4 (1 _ (a/q)?)?’ 


where the sum on c,d is as stated in Entry 11.10.1. This proves (11.10.3). 
We next prove (11.10.6). From (11.10.2), since g = e™’’, 


_ by ey 
f(a) an e2nia (en i(T—a) _ 1) + Ta (eri(T—a) = 1) + 
by ey 
ere rile =a) aes) ae aes eM Ona ee) 
by ae f | 
ering? — a)2(1+ nit —a)+---) | €™(mi(7 —a)) | 
bs £2 a fees. (11.10.24) 


ertan2(7 —Q)? e2Mani(7 —a) e™ri(T — a) 


If we now compare the far right side of (11.10.24) with the right side of 
(11.10.2), we deduce (11.10.6). 


Lemma 11.10.1. As in the general setting (11.10.2), put 


- =a desieiey (11.10.25) 


and fy = ——.. (11.10.26) 


Proof. Since B(q) = 0, 


: 1 
B?(q) - {B'(qg(qa—9q) + $B" (g(q—-4@)2 + \? 
: ee 
BYg(q—4q)  2B"(q)? 
= : i) sae 
"B@"q-q B@d-o. | (11.10.27) 


The values (11.10.26) now follow from (11.10.25) and (11.10.27). 


The coefficients of 1/B?(q) are closely related to those for 1/R(q), which 
were established in Hardy and Ramanujan’s paper [177, Theorem 3], [242, 
p. 319]. 
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Entry 11.10.1 (pp. 97, 105, 114, 119, 123). Define the coefficients pp, by 


oie = ne lal < q0- (11.10.28) 
n=0 
Then, for n > 0, 
n= > Tile), (11.10.29) 


where 4 runs over all integers of the form (11.4.4), and where 


2 2nt 
T,(n) = O2(e2")° ; (11.10.30) 
_ 2 ‘ela nt 
T2(n) = Oem ge (11.10.31) 
and, for 4 > 2 
7" 9) e2nT/ be 5 joi 
p(T) Oe") al ——S-> cos ( (ac+ — + 8tan 5) , (11.10.32) 


c,d 


where the sum is over all pairs (c,d), where (c,d) is a distinct solution to 
u=c?4+d? and (a,b) is any solution to ad — bc = 1. Also, distinct solutions 
(c,d) to 1=c? +d? give rise to distinct terms in the sum in (11.10.32). 


We are now ready to state Ramanujan’s theorem on the coefficients of 
1/B?(q). 


Entry 11.10.2 (p. 119). Define the coefficients bi, by 


1 lo) 
bq ae ; 
Bq) = bg la| < go 
Then, 
3/le 
b= oe (n+ = ) T,,.(n), (11.10.33) 
He 


where the sum is over all even integers yu of the form (11.4.4), and where 
T,.(n) is defined by (11.10.30), (11.10.31), and (11.10.32). 


Proof. Throughout the proof we frequently and tacitly use the equalities 
P(-e-*) = 2P(e?"), Q(—e-") = —4Q(e-?"),-R(—e-") = Re") = 0, 


where the first equality follows from (11.7.4) and the equality B(—e~) = 0; 
the second comes from Entry 11.7.1 (iii) (or (11.8.16)); and the third arises 
from Entry 11.7.1 (ii), the equality B(—e~”) = 0, and the fact that e~?" is a 
zero of R(q) [246, p. 198]. 
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By (11.7.4) and (11.1.7) 


d 


Be") = 7 (2PW@?)-P@)| 
_P@)-Q07) P(g) -e@ _ 2Q(e"*") 
3q 12q fear 3e—7 
(11.10.34) 


Next, by (11.10.34), (11.1.7), (11.1.8), and (11.8.10), 


d o] 


B"(—e-") = — { (169g) Oe gg PPO) = RW’) 


12q? 12q? 3q? 
P*(q) ~ QQ) _, P(DQ(M — RY) 
2P 
(9) 1D + 3 q 
—4PH a?) +491?) + PP) - Q(a)} 
q=—e7* 
__} n9/,2) . (Ne) 2 
~ jae { AP(W)Q(q°) + ——3—— + 8Q(0°) a 
1 29 —297 29 
= Tognaw {-8P(e™™)Q(e™*") + 8Q(€*")} 
2Q(e~?7) 3 
== (1-5). (11.10.35) 
By the chain rule and (11.10.34) and (11.10.35), respectively, it follows that 
Bq) ee: _ 4iQ(e"") 
1 teens Oe Nante-el* = Bea 
and 
d? B(q?) 172 2piy 2 
To 2B'(q") + 4q°B"(q")| aie-n/2 
4Q(e-2™) — 8e-™Q(e-27) ' 3 
— Be-™ 3e—27 T 
_4Q(e*") (6 _, 
— Bew™ T : 
It follows from (11.10.26) that 
—— 9e"™ 
2 16Q?(e-2") 


and 
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te aTie 8"? age") (6 i\= Qie“7/2_ 6 ; 
a 64Q3(e7-27) 3e77 T 16Q?(e-27) \ax : 
Using the calculations above in (11.10.6), we further find that 
9 


and 
) 9e-* 97 6 271 
Tr = + 1 = ‘ 
me-™ ( mo! 167@Q? (e727) (: ) 81?Q?(e7?7) 
(11.10.37) 


We now apply Theorem 11.10.1 to 1/B?(q*). Note that n = 4 and that q 
is defined by (11.8.13). Accordingly, 


1 . 
Bq) = 271 X 


(q/q)? 
ae ee +#t + d)8 (1 — (¢/q)?)? 


We use the calculations (11.8.21) and (11.8.22) with c’ = c+d. Since c is even 

and d is odd, then ¢’ is odd and p = c? 4+ d? is even. Replacing c’ by c, we 

find that 

1 _ on; Ss {ie in (1+7)'rs 1 

Bp) a (i+ a? (+d f 1-(a/a? 
4d? even 


(a+a® _ (a/a)* 
— An re > (ci + d)® (1 — (q/q)?)?” 


6cre Tl 1 
(c a 4 d)? (cit + d)é = (q/q)? 


c 24g? even 


Using (11.10.36) and (11.10.37), we deduce that 


1 
B?(q?) 
_ ~8i 6-9%c—d\(1+i)  27i(ci +d) 
ae (ara (Seearey ete) | 
etd? even 
1 36 1 CL 
“T—/e * Qe) > (ci + d)® (1 — (4/q)?)? 


c?+d? even 


16 s 1 ( me— 0) 1 
re) 20 (ata 8 J 1-a/? 
c? +d? even 
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(q/ a 


c 24 even 
7 54 3 (ci—d)(ci+d) 1 
ne) 2x (eae d® T= (a/a? 


Cc 24 qq? even 


36 1 (q/@)” 
* Fe) a. (ci + d)8 (1 — (q/q)?)? 


Ce 4d? even 


_ 54 mM 1 
— Q2(e-2r) X (ci + d)® 1 — (q/q)? 
c? +d? even 
(q/9)” 


36 1 
* Pe*) a. (ci + d)® (1 — (a/a))? 


2 
cc +d? even 


Hence, as in the proof in [177, Theorem 3], [242, p. 319] or Entry 11.4.1, we 
separate the terms for positive and negative c and observe that if c is replaced 
by —c in q, then q is replaced by g. From above, we then deduce that 


1 54 1 1 
B@) 7Q?(e-27) (24 1+ er? 


ig 1 LL 1 
ie fee, 1—(q/q)? © (-ci + d)® 1 (4/9)? }) 


36 1 —e™¢q? 
Q?(e —2r) 94 1+ e™q? 


1 (q/q)? i (4/9) 
> (ci + d)® (1 — (q/q)?)? * Caras a— (q/9)*)? 
— “Oh = (a> So(-1 ye e™ ge 
+4 >. L . gg +4 la 3 | 
(i+ as 204 Cara z 
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1 = —2n 2n 1 — =—2n ,2n 
ate a re |) 
(c,d) n=0 n=0 

p>2 


Equating coefficients of g?”,n > 0, on both sides and proceeding as in the 
proof in [177, Theorem 3], [242, p. 319] or Entry 11.4.1, we find that 


54 (—1)” pee2™/ He 
t= atts (Gh en eee 
n 2(e—20 94 4 
mQ?(e- 2") fa ease 
[e>2 


2 
x 2cos ( T™ (ac + bd) + 8tan~! ‘)) 


e 


2 
X COS ( ™ (ac + bd) + 8tan7! :)) 
mm d 


e 


27 
=—)_ peTy,(n) + 18n x Help, (m) 


. (He) (He) 
3/le 
= 8D ( = +n) Ty,,(n), 
He 


where the sums on pe and c,d are as given in the statement of Theorem 
11.10.2. 


Using Mathematica, we calculated b/,,1 <n < 10, and the first two terms 


n? 


in (11.10.33). As with b,, the accuracy is remarkable: 


n bi, 18 ((n + 2)To(n) + (n+ 2)Ti0(n)) 
i —48 —48.001187 
2 1,680 1, 679.997897 
5 —52,032 —52,031.997988 
4 1,508, 496 1,508, 496.002778 
5 —41, 952,672 —41,952, 671.998915 
6 1, 133, 840, 832 1, 133, 840, 831.996875 
7 —30, 010, 418, 304 —30, 010, 418, 304.008563 
8 781, 761, 426, 576 781,761, 426, 576.003783 
9 —20, 110, 673, 188, 848 —20, 110, 673, 188, 847.986981 
10 512, 123, 093, 263, 584 512, 123, 093, 263, 584.006307 


Ramanujan’s theorem on the coefficients of 1/B?(q) is also closely related 
to the power series expansion in Entry 11.5.1. We restate that theorem here 
using the notation (11.10.30)—(11.10.32). 
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Entry 11.10.3 (p. 102). Define the coefficients n, by 


q’) 


O- ne, lal < go. (11.10.38) 
n=0 


Then, forn => 0, 


3 

nS a8 ; 11.10. 

Mn = — a yu (7) (11.10.39) 
LL 


where runs over all integers of the form (11.4.4), and where T,,(n) is defined 
by (11.10.30) (11.10.32). 


Now observe from (11.10.29) and (11.10.38) that 


nf” = 4 | =~ os NPng’ += res 11.10.40 
dX (am) +H aa =Son gone, Muay 
and so by (11.10.29) and (11.10.39), 
3 : 
tr = So (nt+ = = T,,() =: Cn,e + n,o: (11.10.41) 


UL 


where c,,- and C,,. are the subseries over the even and odd values of ju, respec- 
tively. Equality (11.10.41) should be compared with (11.10.33); in particular, 
note that bi, = 18cp,-. Moreover, by (11.1.9), 


i( L ) P(g) _ —P@R@) +) _ PC) 
R(q)) ~ 2R(q) 2R?(q) | 2R(q) 


100) 15s 4 a 
=5 (32) = do ant (11.10.42) 


Defining d;,,- and dy. as we did above for cp,¢ and Cn,o, we see by (11.10.33) 
and (11.10.40)-(11.10.42) that 


One. = 267%; Ono = 20.5; and by, = 9dne- 


Using the formula for the coefficients of Q(q)/R(q) given in Entry 11.4.1, we 
can obtain a relation between these coefficients and the coefficients d, above. 

Although we have stated Theorem 11.10.1 only for modular forms on I(2) 
with a single double pole on a fundamental region, there is an obvious analogue 
for modular forms on the full modular group. In fact, as a check on our work, 
we applied this analogue to Q?(q?)/R?(q?) to show that dy = 2cn, where cp 
is given by (11.10.41). Also, Lehner’s theorem [201] can also now be obviously 
extended for forms with double poles. 
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11.11 A Calculation from [176] 


On page 104 in his lost notebook [244], Ramanujan offers a calculation from 
[176] to illustrate the accuracy of their formula for the coefficients of 1/R(q) by 
taking only a small number of terms from their formula. Define the coefficients 
Pn, n = 0, by 


- 1 
Prd” = sm lq| <1. 
» R(q) 


Ramanujan records the first thirteen coefficients. These coefficients are also 
recorded by Hardy and Ramanujan in their paper [176], [242, p. 317]. 


o] 


Entry 11.11.1 (p. 104). 


Po = 1 
p= 504 
p2 = 270648 
fia 144912096 
pa= 77599626552 
ps = 41553943041 744 
De = 22251789971649504 
pr= 11915647845248387520 
ps = 6380729991419236488504 
po = 3416827666558895485479576 
Pio = 1829682703808504464920468048 
Pu = 979779820147442370107345764512 


Piz = 524663917940510191509934144603104 


To calculate the coefficient p;2, Ramanujan takes six terms from their 
formula (11.10.29) of Entry 11.10.1; these terms are numerically equal to, 
respectively, 


524663917940510190119197271938395.329 
+1390736872662028.140 

+2680.418 

+0.130 

—0.014 

—0.003 
524663917940510191509934144603 104.000 


For more details, see Hardy and Ramanujan’s paper [176], [242, pp. 317, 320]. 
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Two Letters on Eisenstein Series Written from 
Matlock House 


12.1 Introduction 


As we mentioned in Chapter 11, in their last joint paper, G.H. Hardy and 
Ramanujan [177], (242, pp. 310-321] established the following remarkable for- 
mula for the coefficients of 1/R(q). 


Entry 12.1.1 (pp. 97, 105, 114, 119, 123). Let 


1 = 
= Ynd e Iq| < q- 
R(q’) dX 
Then, 
2 W,.(n) 2Qn7/ 
m= FG s er a (12.1.1) 
a 


where C' is a constant defined in (11.5.3), & runs over the integers of the 
form (11.4.4), and W,,(n) is defined in (11.5.5) and (11.5.7). Also, distinct 
solutions (c,d) to 4=c? + d? give rise to distinct terms in the sum stated in 


(12.1.1). 


In another letter to Hardy from the English sanitarium Matlock House, 
Ramanujan derives upper and lower bounds for the number of terms in the 
formula (12.1.1) required to determine the value of each coefficient, that is, the 
number of terms required to produce an approximation that has the actual 
coefficient as the nearest integer. This letter was published with Ramanujan’s 
“lost notebook” [23, pp. 97-101]. We will present an expanded version with 
more details of Ramanujan’s argument in this chapter. In this letter, Ramanu- 
jan writes [244, p. 97], “In one of my letters I wrote about the least number 
of terms which will give the nearest integer to the actual coefficient in 1/g3 
problem. It will be extremely difficult to prove such a result. But we can prove 
this much as follows.” It is uncertain whether the letter to which Ramanujan 


G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part I, 
DOI 10.1007/978-0-387-77766-5_13, © Springer Science+Business Media, LLC 2009 


314 12 Letters from Matlock House 

refers still exists. However, pages 123-126 of [244] appear to be a portion of 
this letter. The beginning of the letter is clearly missing, and the editors label 
these pages sheets “from the LOST NOTEBOOK.” 

12.2 A Lower Bound 


Let 


a(n) := 4 (12.2.1) 


where [a] denotes the greatest integer less than or equal to 2, 0 < « < 1, and 
p runs over the primes congruent to 1 modulo 4. 

Let 5¢,, be the sum on the right-hand side of (12.1.1), and let ae be the 
sum of the first @(n) terms of 7, where all of the summands corresponding 
to one value of 4 together count as one “term.” 


Entry 12.2.1 (pp. 97-101). (A Lower Bound for the Number of Terms Re- 


quired) As n tends to ov, there are terms in )°,, that are not in us and 
are arbitrarily large. 


Proof. Strictly speaking, this theorem does not imply that there is a large gap 
between Dede and y,. Rather, it indicates that we cannot have confidence in 


pie as an approximation to 7, because subsequent terms in the series >, 
are quite large. 

We define c(m) to be the number of integers less than or equal to m 
that can be represented as the sum of two coprime squares, i.e., that can be 
represented in the form (11.4.4). We obtain an asymptotic formula for c(m). 

We define r(m) to be the number of integers less than or equal to m that 


can be represented as the sum of two squares. Such integers are of the form 


[175, p. 299] 
t= 2" [oF Ile", (12.2.2) 
i=1 j=i 


where a is a nonnegative integer, p; is a prime of the form 4k +1, q; is a prime 
of the form 4k + 3, and a; and 6; are positive integers, 1 <i<r,1<j<s. 

From (11.4.4) and (12.2.2), we see that the integers that are counted in 
r(m) but are not counted in c(m) are those that are divisible by 4 or by the 
square of a prime of the form 4k + 3. Suppose we choose one of these integers 
that is divisible by 4. Then it must be of the form 
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(othe tte). 
i=1 j=l 


and therefore, there are r(m/4) such integers less than or equal to m. Similarly, 
there are r(m/9) integers divisible by 9 that are counted in r(m) but not in 
c(m). Recalling that the integers counted in r(m) but not in c(m) are those 
that are divisible by 4 or the square of a prime of the form 4k + 3, we use an 
inclusion-exclusion argument to deduce that 


c(m) = r(m) r(=) r(=) tr (=) r (=) 
Sy (=) (1), (12.2.3) 


(9) 


where w(g) is the number of prime factors of g, not including multiplicities, 
and g runs over integers of the form 


2" hl a, (12.2.4) 


where ¢ and c; are 0 or 1. 
E. Landau [198, p. 66] and Ramanujan [56, pp. 60-66] both showed that 


B 
== 20 ( - ) (12.2.5) 
Vlogm log?/ m 
where i 
B= . (12.2.6) 
1 
2 1-— 
_ a ( z) 
p=3 (mod 4) 


We use this formula for r(m) to obtain a similar formula for c(m). 


Lemma 12.2.1. We have 


3 1 m m 
c(m) = +O . 
Arn) Qn Tl Ss Jlogm (ar) 
_ a 
p=1 (mod 4) 


Proof. Throughout the proof, g denotes an integer of the form (12.2.4). Note 
that we can rewrite (12.2.3) as 


c(m) = Sor (=) (-1)" , (a7) 
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because r (2) = 0 for g > m. We write (12.2.7) as two sums, namely, 


c(m) = _ 
g<m?/3 J 


m 


> (2) ym + (2) cam. (12.2.8) 


malS<gem 9 


We estimate each sum separately. For m?/3 < g < m, 


ie m 
Pg) =? ape 


Since g runs over integers of the form (12.2.4) and these are all squares, the 
number of terms in the second sum in (12.2.8) is less than or equal to \/m. 
From this and (12.2.9), we see that the second sum in (12.2.8) is O(m*/®), 
Thus from (12.2.8), it follows that 


Zt (=) (—1)") + O(m*!*). 


(12.2.9) 


Thus, by (12.2.5), 


Bm/g m/g 5/6 
c(m) = a a ( +O(m*!*), 
, Vlog(m/g) log*/?(m/g) 
(12.2.10) 
We simplify the sum involving the O-term. Note that for g < m?/3, 
S- m/g = m/g 
g<m?2/3 log?/?(m/g) g<m?/3 log?/? m(1 _ log g/ log mel 


mig 
gem?/3 log?/? m(1 — log m2/3 / log m)3/2 


3 


g<m?/3 


< 


m/g 
log?/? m(1 — 2/3)3/2 


I 


where in the penultimate step we used the fact that g runs over a subset of 
the squares. So by (12.2.10), 
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c(m) = _ Bmi/g _ _71)v(9) eee 
(m= So {( molt) 1) \40( en). 


g<m2/3 


Now we express the sum above in terms of logm rather than log(m/g). 
Using the fact that for g < m?/3, 


1 1 1 
Vlog(m/g) - Vlog m v/1 — log g/logm 


_ 1 i2e log g 
7 \/logm logm 


\/log m log?/? m 


Bm 1 log g m 
Pacis (gen (thar) 
{ g ( ) log m log®/? m log?/? m 


we find that 


I 


c(m) 
g<m?/3 


Bm/g m log g m 
- (-1)°) +0 | ——— =" | +o{ —.— 
, log m log?/? m >, g log?/? m 
Bm/g m 
= S 1)" +0 ( ) ; 19211 
g<m?/3 Tog ma log®/? m 


where in the second sum of the penultimate line, we used the fact that g runs 
over a subset of the squares. 

We now show that (12.2.11) is true even if we remove the condition g < 
m?/3 from the sum. Recall that g runs over squares, and so the sum in (12.2.11) 
is absolutely convergent. Hence, 


don Da Ee ta] 


However, 
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m 
=0O(|(—.— ], 12.2.12 
(sr) ( ) 
and so 
B —1y¥@ 
e(m) = a +o(—7_) (12.2.13) 
Vlogm iz g log’/*“ m 


Recall that g runs over integers of the form (12.2.4), where the q; are primes 
congruent to 3(mod4). Thus, using the Euler product representation for the 
sum in (12.2.13), we find that 


Bm 1 1 m 
c(m) = 1 1—-—+ })+0(|——]. 
ie V logm ( =) lt 4) ( 7) az 


Using the definition of B in (12.2.6) with the representation above, we deduce 


that 
tall 


p=3 (mod 4) 
2 
Pp 


p=3 (mod 4) 


m 
+ O | —5— 
(27, 


_ 3 Il (1 =) m -o( m ) 
4/2 a logm log?/? m 


p=3 (mod 4) 


Using the elementary fact 


we obtain our desired result, namely, 


yf me, 
4/2 (1-5) iW (.-) Tog m 


p=1 (mod 4) 
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1 
1-| 
p 


3 8 1 m +o m ) 
~ 4/2V 7 Vlog m log®/? m 
I] 
p=1 (mod 4) 


p? 


a) 1 m +0 m 
an 1 \ Vlogm log?/? m/) 
II 1 
p=1 (mod 4) 


This concludes the proof of the lemma. 


In the sum Speer the index jy runs over the integers of the form (11.4.4), 
that is, the integers in the sequence 1, 2, 5, 10, 13.... We denote the integers 


in this sequence by /W1, M2, f3,.... Then the value of 4 corresponding to the 
final term of the sum soe) is [e(n)- Thus, 
C(ten)) = &(n). (12.2.14) 


We now obtain an asymptotic formula for jzg(,) in terms of n. Then we use 

this formula to obtain a lower bound for certain terms of )7,, that are not in 

oe and in this way prove the theorem. 
By (12.2.14), Lemma 12.2.1, and (12.2.1) 


y] 


: e(n) 
= fu 3 1 Hen) 
21 1 \ Vlog Hen) 
I] 1-— 
p=1 (mod 4) Pp 
n(1 —€) 
1 
log®/? n I] (1 = :) 
. p=1 (mod 4) Pp 
= -— 3 1 Le(n) 


20 1 lo a 
ll (1 _ :) Vlog Hen) 
p=1 (mod 4) P 
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1 — €)n/log?/? 
i Oe (12.2.15) 
mre Qpe(ny/y/ log ben) 


Note that if a,b, — oo, then 


lim —=1 
ee ts 
implies that 
log dy, 
= 1, 
n—oo log by, 
because 
log dy . logan, —logb, + log by, 
—— = lim 
noo log by, — n—00 log by, 
=: je log(an/bn) es 
noo log by, 
Thus, 


a teh log 1(1 — €) + log n — log (log n)°/? on log n (12.2.16) 
n—o0 log 2 + log fue(ny — log(log pre(ny)'/? "2° Log Hen) 


By (12.2.15) and (12.2.16), 


m(1—e) n/(logn)3/? 


n—0o 2 Hen) /V log n ‘ 


so that 
m1l—e) n 


log n~ 
We let p,, denote the smallest prime of the form 4k + 1 that is greater than 
Hen). Note that 
Pn ~ He(n) (12.2.18) 
as n tends to oo, by Dirichlet’s theorem for primes in arithmetic progressions. 
Consider now the coefficients 


Yns Yn-1s++ and Yn—fn+1 : 


Because py, is of the form (11.4.4), the series }7,,, )in_1s---, and Don, 44 
for these coefficients will contain the terms 


2 2.cos {2(ac + bd) — + 8arctan “3 e2Pt/Pn 


C pa , 
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= 1 7 
2.cos {2(ae + bd) a + 8arctan <} e2(n-1)t/Pn 


2 n 
C Pn ) 
(12.2.19) 
and 
(n ims Bn + 1) c 2(n—pnt1)7/p 
9 2. cos 4 2(ac + bd) ——~,——_ + 8B arctan ar’ Et Et 
Pn , (12.2.20) 


Pn 


respectively. Recall that in our definition of — we mentioned that all of 
the summands corresponding to one value of 4 together count as one term, and 
recall that since py, is a prime of the form 4k+1, it has a unique representation 
as a sum of two squares. Thus, indeed the terms are of the forms (12.2.19) 
and (12.2.20). However, because 


Pn > Len) > He(n—-1) pe > He(n—pn+1) , 


the truncated series 


&(n) ~£(n—1) ~f(n—pnt+1) 
a ee aie 
does not contain these terms. For n sufficiently large, at least one of the 
expressions 


2cos {2(ae + bd) + 8 arctan <} ; 


-—1 
2cos {2(ae + g° +Saretan Sh... 


n 


and 


_ Dn 1 
2e0s { 2a bay &” Bat 1)e Sarctan 5} 


Pn d 
will be greater than 1, and at least one will be less than —1. We choose two 
such expressions and denote them by 


2.cos {2(ae + pa) P= 9" + 8 arctan 5} (12.2.21) 
and ; 
2. cos {2(ac + bd) Ma = ui + 8arctan 5} ; (12.2.22) 
Pn 
respectively. 


The term arising from (12.2.21), by (12.2.17) and (12.2.18), is, as n — oo, 
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9 2 cos {2(ae + bd) = 9)" + 8arctan <} e2(n—-9)T/Pn 
Pn 


C Dn 


2(n—-g)T/Pn 
Be 
(2nt/Pn)(1+0(1)) 


2e 
6) 
2e 
CO pf 
_ 2e 
~C 


(4(log n)/(1—e))(1+0(1)) 


{ramon y 


32 are 
ee é/(1—€)+0(1) 
Gro en)” 


which tends to co as n tends to oo. Similarly, the term that includes the 
expression in (12.2.22) tends to —oo as n tends to oo. This concludes the 
proof of the theorem. 


Actually, we have proved a bit more, namely, we have proved that there 


are also terms in >, that are not in 0”) 


7 and are arbitrarily close to —oo. 


12.3 An Upper Bound 


We prove an upper bound for the number of terms in the series 57, required 
to determine the value of the coefficient y,. 
Let 


n(1 +) 


1 
log?/? n II (1 - =) 
p=1 (mod 4) P 


where 0 < € < 1 and p runs over the primes congruent to 1 modulo 4. Let 
y2"™ be the sum of the first u(n) terms of S>,,, where all of the summands 
corresponding to one value of 4 together count as one “term.” 


Entry 12.3.1 (pp. 97-101). (An Upper Bound for the Number of Terms 
Required) The coefficient y, defined in (12.2.1) is the nearest integer to Seu 
for n sufficiently large. 


Proof. A typical term of the series }°,, is of the form 


5 ices fw ous Sega Tans 
a cos { nas cos {+++} onm/u. (12.3.1) 
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where the number of expressions “2cos{---}” in the term is equal to the 
number of distinct representations of 4. as a sum of two coprime squares. The 
number of (not necessarily distinct) representations of an integer m as a sum 
of two squares is (e.g., see [223, p. 167]) 


i( YS 1- 7 ' 
d|m d|m 
d=1 (mod 4) d=3 (mod 4) 

Thus the number of expressions “2 cos{---}” in the term (12.3.1) is less than 
A4d(4s), where d(s) denotes the number of positive divisors of ju, and the term 
(12.3.1) itself is less than 

16 d(u) 2nt 

owe /H (12.3.2) 
in modulus. 

The value of jz corresponding to the final term in the series oa 18 ial 
We now estimate the sum of the terms of }*,, that are not in pie that. is, 
the terms that correspond to values of 4 greater than [ty(n). 

By the definition of c(m), 


C(Hu(m)) = u(m). 


Using a line of proof that is virtually identical to that for Entry 12.2.1, we 
find that 


Qr(1+e) n 
A . 12.3.3 
y (12.3.2), 
ba = Dik fp Aopen Aun) a) E2nt/Hu(n)+1 
ea 
+ A iu(ny+2) e2PT/Mu(n)t2 4... (12.3.4) 
[i(n)42 


By a result of Hardy and Ramanujan (e.g., see [223, p. 396]), 
d(m) = mo) 


as m tends to oo, so that, by (12.3.3), the right-hand side of (12.3.4) is equal 
to 


1 ann 1 Sn 5 
O 4—o(1) © ees ar 4—o(1) © OE ae 
Hu(n)+1 Hu(n)+2 


1 1 
=O | e2rt/Hucn) fd 2 
( (— - ij oe (bate So ay ey 
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=O e2nT/ Hun) 


-o [etsisenrerrence-etty 1 ) 
(n/log n)>-° 


-~o (no-enicts 1 ) 
(n/ log n)3-°) 


log? n 
=i (<a) (12.3.5) 
by (12.3.3). Thus, from (12.3.4) and (12.3.3), 


u(n) 
ees 


= 0(1) 


as n tends to oo. 
Since 5>,, is an integer and the expression 


pags 


is less than one-half for n sufficiently large, we see that 7 (which equals }>,) 
u(n) 


is the nearest integer to }> 
the result. 


for n sufficiently large, and thus we have proved 


In his letter to Hardy [244, pp. 97-101] that includes Entries 12.2.1 and 
12.3.1, Ramanujan claims that the terms in (12.2.19) can be written as [244, 
p. 97] 


Pn 


2 . 
9 2 cos { al + 8 arctan of E20 /Pn 


2(n—1 2 
9 2 cos oe + 8 arctan ot e2(n—1)t/fn 


n 


C pe , 


n 


(12.3.7) 


etc. In other words, he assumes that there exist integers a, b, c, and d such 
that ad — be = 1, c? + d? = fn, and ac + bd = +1(mod p,). This assumption 
does not seem to be correct. 

For example, he asserts that the term with u = 5 can be written as 


2nT Qn7/5 
9 2.cos a + 8arctan 2? e 


C 54 


However, this is not true. By (11.5.7), we see that 
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2 
W35(n) = 2.cos {(ac+ bd) + 8 arctan <} F 


5 


where a, b, c, d€ Z, ad— be = 1, and c? + d? = 5. Note that 


(ad — bc)? + (ac + bd)? = (a? + b?)(c? + d?). 


The right-hand side is divisible by 5, since c? 4 


+ d? = 5. Since ad — be = 1, 


(ac + bd)” = 4(mod5), 


so that 
ac + bd = 2,3 (mod 


Thus, it is puzzling why Ramanujan writes 


5). 


2 cos {= + 8 arctan a 


in his expression for W5(n), because this would imply 


ac + bd = +1 (mod 


5). 


13 


Eisenstein Series and Modular Equations 


13.1 Introduction 


Recall that Ramanujan’s three Eisenstein series P(q), Q(q), and R(q) are 
defined by 


P(q) :=1-24)° ——, (13.1.1) 
ae 

= k3 qk 

Q(q) = 1+ 2405° 7 (13.1.2) 
aoe 

and 

ca k® gk 

R(q) :=1-5045> ing (13.1.3) 
k=1 


where |g| < 1. On pages 44, 50, 51, and 53 in his lost notebook [244], Ramanu- 
jan offers 12 formulas for Eisenstein series. All are connected with modular 
equations of degree either 5 or 7. 

In a wonderful paper [233] devoted to proving identities for Eisenstein se- 
ries and incomplete elliptic integrals in Ramanujan’s lost notebook, 5S. Ragha- 
van and 8.8. Rangachari employ the theory of modular forms in establishing 
proofs for all of Ramanujan’s identities for Eisenstein series. Most of the iden- 
tities give representations for certain Eisenstein series in terms of quotients 
of Dedekind eta functions, or, more precisely, Hauptmoduls. The very short 
proofs by Raghavan and Rangachari depend on the finite dimensions of the 
spaces of relevant modular forms, and therefore upon showing that a sufficient 
number of coefficients in the expansions about q = 0 of both sides of the pro- 
posed identities agree. Ramanujan evidently was unfamiliar with the theory 
of modular forms and most likely did not discover the identities by comparing 
coefficients. 


G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II, 
DOI 10.1007/978-0-387-77766-5_14, © Springer Science+Business Media, LLC 2009 
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The purpose of this chapter is therefore to construct proofs in the spirit of 
Ramanujan’s work. In fact, our proofs depend only on theorems found in Ra- 
manujan’s notebooks [243]. Admittedly, some of our algebraic manipulations 
are rather laborious, and we resorted at times to Mathematica. It is therefore 
clear to us that Ramanujan’s calculations, at least in some cases, were more 
elegant than ours. We actually have devised two approaches. In Sections 13.3 
and 13.4, we use the two methods, respectively, to prove Ramanujan’s quintic 
identities. At the end of Section 13.3, we prove a first-order nonlinear “quin- 
tic” differential equation of Ramanujan satisfied by P(q). In Section 13.5, we 
use the second approach, which is more constructive, to prove Ramanujan’s 
septic identities. The new parameterizations for moduli of degree 7 in Section 
13.5 appear to be more useful than those given in [54, Section 19]. In Section 
13.6, we briefly describe two new first-order nonlinear “septic” differential 
equations for P(q). 

The content of this chapter is taken from a paper by Berndt, H.H. Chan, 
J. Sohn, and S.H. Son [67]. 


13.2 Preliminary Results 


Define, after Ramanujan, 
F(-9) = (G5. d)o0 = Oz), gq = PT, Im 2 >0, (13.2.1) 


where 7 denotes the Dedekind eta function. We shall use the well-known 
transformation formula [54, p. 43, Entry 27(iii)] 


n(—1/z) = Vz/i n(z). (13.2.2) 


The Eisenstein series Q(q) and R(q) are modular forms of weights 4 and 
6, respectively. In particular, they obey the easily proved and well-known 
transformation formulas [246, p. 136] 


Qle-2""/*) = 24Q(e?""*) (13.2.3) 
and ; 
Ble ?"*/?) = 2°R(e sad (13.2.4) 
Our proofs below depend on modular equations. As usual, set 
_ (atk) 
(a)a = Fa 


and 


2F\ (a,b; 6,2) := iB chet (Oe zk, jal <1. 


Suppose that, for some positive integer n, 
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2F\($,5;1;1— 8) _ 2F\($,5;1;1-a) (13.25) 
oFi(sy'53 158) 2F\ (4, 5;1; a) ee 


A modular equation of degree n is an equation involving a and ( that is 
induced by (13.2.5). We often say that 3 has degree n over a. Also set 


z= 2Fi(4,4;1;a) and zm := 2Fi(5, 53158). (13.2.6) 


The multiplier m is defined by 


Fy(4,5;1;1- 
m=O =? ug ash a, (13.2.7) 
Zn gf1(3553- 1:2) 
where the last equality is a consequence of (13.2.6). When 
2Fi($,$;1;1- 7) 
q=exp(—7 13.2.8 
( 2F\ (5,551; 2) ( ) 
and 
z= 2Fi(5,55152), (13.2.9) 
we have the “evaluations” 
f(-@?) = vz 2-9 (@(1 - 2/9)", (13.2.10) 
Q(¢*) = 2*(1-—2+2°), (13.2.11) 
and 
R(q@’) = (1+ 2)(1 — 2/2)(1 — 22). (13.2.12) 


These are, respectively, Entries 12(iii), 13(i), and 13(ii) in Chapter 17 of Ra- 
manujan’s second notebook [54, pp. 124, 126]. 

Next, we record some relations from the theory of modular equations of 
degree 5. Set 


m=1+2p, 0<p<2, (13.2.13) 
and 
p = (m3 — 2m? + 5m)*/?. (13.2.14) 
Then [54, p. 284, equations (13.4), (13.5)] 
ad \ 1/8 5p +m? +5m B Be p—-m-1 
5) a - ——ar. (13.2.15) 
(1—a)° VS 5p—m? —5m saa (1 — 8)° v8 ptm+ti 
1-, 4m? , l-a 4 : 
(13.2.16) 


Furthermore [54, p. 288, Entry 14(ii)] 
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2 5 
4a(1 — a) =p (; 7" F) 3217) 
and 4 
_ =p 
46(1—8)=p° (; ar r) : (13.2.18) 


Also, from Entry 14(iii) in Chapter 19 of Ramanujan’s second notebook [54, 
p. 289], 


1/2 
1-28=(1+p (27) (13.2.19) 


We also need two modular equations of degree 5 from Entry 13(iv) of 
Chapter 18 in Ramanujan’s second notebook [54, p. 281], namely, 


1/24 
m=1424/3 (ze - x) (13.2.20) 
and yea 
5 5 
2 =1424/3 (| (13.2.21) 


For Section 13.5, we need several modular equations of degree 7 found 
in Entries 19(i), (ii), (iii), and (vii) of Ramanujan’s second notebook [54, 
pp. 314-315]. Thus, if 3 has degree 7 over a and m is the multiplier of degree 
v, 


(aB)/8 + {(1-a)(1— By}? = 1, (13.2.22) 
1/24 
tai (a) 
m= ali) (19955) 
(a)¥/8 — {(1—a)(1— B)}/*" 
7 a’(1—a)’ 5 a 
i a( BC — B) (13.2.24) 


m ~ (a)/8 — {(1—a)(1—p)}?" 


(aa ‘al (2)" 
l-a a 
= (1+ oo? + {0-a)0.— ap?) py”, 13.2.25) 
at" ((L=a)"\" 
(5) (09 ; 


((1 + (a8)? + {(1 - ay(1 - 6)}"/?) /2) ,  (13.2.26) 


a |= 
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and 
7 = 2((a9)"* - {4 -a)(1 - 8)}"*) 
x (2 + (ap)/4 + {(1—a)(1 — ayy") . (1.2.27) 


m— 
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Entry 13.3.1 (p. 50). For Q(q) and f(—q) defined by (13.1.2) and (13.2.1), 


respectively, 


oak q) 4 4 af (=a) q°) 
Q(q) = f2(—@) + 250g f*(—q) f*(—@?) + 3125¢ “Filag). (13.3.1) 
and 
5) _ S°(-9) 4 4 af (=a) 
QAP) = F—8) + 10g f*(—q) f4(—9") +.5¢ Pca (13.3.2) 


Proof. It is slightly advantageous to first prove (13.3.2) with g replaced by 
q?. To prove (13.3.2), we first write the right side of (13.3.2) as a function of 
p, where p is defined by (13.2.13). 


By (13.2.10), 
plica®) _ 4282-9 (B= ay/ey™ 
ree) 212-2/3 (a(1 — a)/q)/° 
98/325 ae io)? ca 
(B00) aay 


where (3 has degree 5 over a, 21 and 25 are defined by (13.2.6), and m is 
the multiplier defined by (13.2.7). Using (13.2.15), (13.2.16), (13.2.14), and 
(13.2.13) in (13.3.3), we find that 


4/3 
4 f9(—q??) _ 5-8/3 ZA (“ ~(m+ v") / 


q 


Pee m 16 
28m 24(1+ 2p)" = 


Similarly, from (13.2.10), (13.2.7), (13.2.17), (13.2.18), and (13.2.13), 


Per). s(-a\" 
PF(—G) (saa) 
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= mi ( 2-8 )- (1+ 2p)(2 =p)” 
p 


1+2p)/ p 


(13.3.5) 


Thus, from (13.3.4) and (13.3.5), 


ag (Oo ) f Fee) f°(-4@?) 
‘ P(-) (ea 7 10 Fg) ' 5) 
Hee (1+ 2p)?(2—p)* | | (1+ 2p)(2—p)? | 

> HG 4 2p) ( pt vee p | 5) 


4 


25 5 6 
= ——°— (16 + 32p — 8p? + 4 
DL + Dp) | p — 8p” + 4p”) 
5 


p’(—2+p) 
ce eae) 
= z$(1— A(1— 8) 
=a"), 


where in the penultimate step we used (13.2.18), and in the last step we 
utilized (13.2.11). This completes the proof of (13.3.2). 

To prove (13.3.1), we first rewrite (13.3.2) in terms of the Dedekind eta 
function, defined in (13.2.1). Accordingly, 


sn 7°64 [fala , n(z) \° 
AG) = Pz) (28) + 10 (23) +5). (13.3.6) 


We now transform (13.3.6) by means of (13.2.2) and (13.2.3) to deduce that 


2)74Q(e727#/ (82) _ m°(-1/(52)) (z/i) 
a = ees P-1/2) 


: 12 6 
: (@ Fe] +10 oe ae vs), 


zfi_ n(-1/(5z zfi n(-1/(5z 
or 


Ole ema); 
_ P(-1/(52)) (x5 (_n(-1/)_\” n(-1/2)_\* 
~ PET) (> (erie) + (gearteey) 1) 
5_°(—1/2) 


_ -osont(1/t6eyn4(_1/sy 4 Mtoe) 
~ > PCIe) 7 MOM CM ODMCMA + arpa 


If we set g = e-27*/(*) and use (13.2.1), the last equality takes the shape 
(13.3.1), and so this completes the proof of (13.3.1). 
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Entry 13.3.2 (p. 51). For f(—q) and R(q) defined by (13.2.1) and (13.1.3), 


respectively, 


Ae (4 — — 500¢f9(—q) f°(—a°) — 15625¢°)°(-9)%(—0")) 


B(—-@ 
at + 22q 


Ge) 


+ 125q? 
a) 


aS @, (13.3.7) 


q 
=@) 


and 


ft a a 25e@ EO). (13.3.8) 


Proof. Our procedure is similar to that of the previous entry. We establish 
(13.3.8) first, but with g replaced by q?. 
By (13.2.10), (13.2.7), (13.2.17), and (13.2.18) 


d > o] 


PS-@) 2? = _ ame? ( eae yi: (13.3.9) 


F(-@) ~ 16.8? \ BOB) 64 \1+2p 


Hence, from (13.3.9), (13.3.5), (13.2.7), and (13.2.13), 


_ f15(—q?) » f®(—q'°) pe) 
Pe") f°(—4") f?(—4?) 


6/__,10 12/10 
waft 200) ras (=a) 


(1 +40 


f°(—4?) f1?(—¢?) 


oe pt 
« (14 tap armor) 


p p* 
x4/14+22 +125 
(1 + 2p)(2 — p)? (1 + 2p)?(2 — p)4 


6 
= =a (4+ 8p — 6p? — 6p* + 9p" — 5p? + p°) 
x /4 + 8p + 12p? + 12p3 + Opt + 4p) + pS 
6 
zi 
= gaa (1 +p—p’)(4 + 4p — 6p” + 4p* — p*) 


x /(1 + p2)(4 + 8p + 8p? + 4p? + p4). (13.3.10) 


Using (13.2.19) and (13.2.13), we can write (13.3.10) in the form 
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4+ 4p — 6p? + 4p? — p4 
+ 4p — 6p Dp DY i 


F(q) = 28(1 — 28) BCL + 2p) + 8p + 8p? + 4p + pt 
(4+ 4p — 6p? + 4p? — p*)(2 + 2p + p”) 
= 25(1 — 28) 8(1 + 2p) 
8 + 16p + 2p° — p® 
= 276(1-2 
a= 20) 8(1 + 2p) 


p(2—p 


(13.3.11) 


where in the antepenultimate line we used (13.2.18), and in the last line we 
used (13.2.12). Combining (13.3.10) and (13.3.11), we deduce (13.3.8), but 
with g replaced by q?. 

The proof of (13.3.7) is almost exactly like the proof of (13.3.1), but of 
course, we use (13.2.4) instead of (13.2.3). 


The next two results are algebraic combinations of the pairs of represen- 
tations in Entries 13.3.1 and 13.3.2. 


Entry 13.3.3 (p. 51). Let A= Q(q) and B = Q(q’). Then 


V A? + 94AB + 625B? 
rm f°(-a) 4 4 5 oe) 
= 1275 ( + 26 +125q?——** ]. (13.3.12 
Pa) af (-a) Ff (-@) T (=9) ( ) 
Proof. Set 
7-9) 4 4 5 ea, 
C= , D=q q —q), and E=q 13.3.13 
f(-a8) Pearce?) F(a) ( ) 
Note that 
CE =D. (13.3.14) 
Equalities (13.3.1) and (13.3.2) now take the shapes 
A=C* +250D+3125E? and B=C*7+10D+5E’, (13.3.15) 
respectively, and the proposed equality (13.3.12) has the form 
V A? + 94AB + 625B? = 125 (C? + 26D + 12557) . (13.3.16) 


Substitute (13.3.15) into (13.3.16), square both sides, use (13.3.14), and with 
just elementary algebra, (13.3.16) is then verified. 


13.3 Quintic Identities: First Method 335 


Entry 13.3.4 (p. 51). Let A= R(q) and B= R(q°). Then 


V5(A + 125B)? — (126)? AB 
=22(F09 + 62qf*(—a) f*(-@ 5) + at Co) i 2) 


ee) f?(—q) 
f=) 4(_q) f4 af ee) "(=9") 
. [ace + 22qf*(—q) f*(—@°) + 125¢ ae te (13.3.17) 


Proof. We employ the notation (13.3.13). Equalities (13.3.7) and (13.3.8) 
then may be written as, respectively, 


A = (C0? —500CD — 5°DE) \/1 + 22E?/D + 125E4/D? (19.9.18) 


and 


= (C? +4CD — DE) \/1 + 22E?/D + 125E4/D?, (13.3.19) 
and the proposed equality (13.3.17) has the form 


\/5(A + 125B)? — (126)? AB = 252(C? + 62D + 125E?) 
x /C?2 + 22D +125E?. (13.3.20) 


Square (13.3.20), use (13.3.18), (13.3.19), and (13.3.14), and simplify to verify 
the truth of (13.3.20). 


Our next goal is to establish a differential equation satisfied by P(q), de- 
fined by (13.1.1). We need two lemmas. 


Lemma 13.3.1. Recall that Q(q) and R(q) are defined by (13.1.2) and (13.1.3), 
respectively. Let 


u:— qh/4F(— _,D ‘nih _ f(-a*) ; 
=F -a (7) dX: (F4) , (13.3.21) 
Then 

Q(q) =u" (5 + 250+ 5°.) (13.3.22) 
and 


1 [1 
R(q) = u° ( — 500 — 5°.) y + 22+ 125). (13.3.23) 


Proof. Identities (13.3.22) and (13.3.23) are obtained from (13.3.1) and 
(13.3.7), respectively. For example, by (13.3.1) and (13.3.21), 


f°(—4) 
qf°(—4°) 


=u' (5 +250-+5°a) 


Qa) = af (af )( ep + 12595) 


fP(=¢) 
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Lemma 13.3.2. Recall that f(—q) is defined by (13.2.1). Then 


[oe} 


oo kq* kg>* 
1 
a er. 30) Tg 


k=1 


_ fF (-9) + 220f? (—a) f?(—9") + 125¢° f""(—-9") 
ig at) i Ga 
Lemma 13.3.2 is part of Entry 4(i) in Chapter 21 of Ramanujan’s second 


notebook, and a proof is given in [54, p. 463]. We give here a new short proof, 
based on Lemma 13.3.1. 


Proof. Using Ramanujan’s differential equations [240, equation 30], [242, 
p. 149] 


ge _PQ=R Pid PR-@Q? 
a 3 and ae =—e (13.3.24) 
we deduce that j 
Gat = gh a0 10 (13.3.25) 
From (13.3.22) and (13.3.23), we find that 
r ' 2 
dQ 3 [1 5, \ du 4 1 5\ dA 
——=4 + 250 4 13.3.2 
rr u (5 50+5°X a u x 5 dq’ (13.3.27) 


and 


dR 1 [1 du 
— =6u°? | — —500—5°A — 4224+ 125\— 13.3.28 
dq . ( ) i dq ( ) 


3u®(1 — 152\ + 5250A? + 250000A3 + 1953125\*) dA 


22/5 422 + 125d : 


Using (13.3.22), (13.3.23), (13.3.27), and (13.3.28) to simplify the right-hand 
side of (13.3.25), we deduce that 


dQ yi0 dX 


Q-H = 39h 7, = 109F = = 1728 ; Ty 
d3 \/ x + 22+ 125A 


Combining this last equation with (13.3.26) yields 
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d\ i 
q— = u7ry/— +224 125). (13.3.29) 
dq mN 


On the other hand, by straightforward logarithmic differentiation, 


dd . kg®* kg 
—“—=,{1- —=_. +65 _ —=— |. 13.3.30 
Vag a( 0) 7 gFt oer. ( ) 


k=1 


If we combine (13.3.29) and (13.3.30), we deduce Lemma 13.3.2. 


Entry 13.3.5 (p. 44). Let P(q) be defined by (13.1.1). Then 


V9) : 
aaa (v1 + 22+ 125? — 30F(A)) (13.3.31) 
and ; 
P(q®) = pe (v1 + 22d + 125)? — 6F(.)) (13.3.32) 


where X is defined in (13.3.21), and where F(A) satisfies the nonlinear first- 
order differential equation 


es = + FHA) = F(A) V1 + 22d + 125)?. 9) 


Proof. Assume that F'(A) is defined by (13.3.31), so that (13.3.31) is trivially 
true. By (13.1.1) and Lemma 13.3.2, we have 


5P(q?) — P(q) 
4 


= at V1 +22 + 1252, (13.3.34) 


with A defined by (13.3.21). If we substitute (13.3.31) into (13.3.34) and solve 
for P(q°), we deduce (13.3.32). It remains to prove that F(A) satisfies the 
differential equation (13.3.33). 

From (13.3.24), (13.3.22), (13.3.23), and (13.3.29), we find that, with the 
prime / denoting differentiation with respect to q, 


u’ u? 
P(q) = 12 g4/ 1 09) 4 9G. 13:33:35 
(q) oy ie ( ) 


Differentiating (13.3.35) with the help of (13.3.29), we deduce that 


2_ 4 2 / mr! 
ag A G ) V1 + 22d 4 125? + 12¢ («<) 
U U 


: dq A Vr 
(13.3.36) 


Next, using another differential equation of Ramanujan [240, equation (30)], 
(242, p. 142] 


. dP P?-Q 


Oe os 7 
ar a3 ( ) 
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(13.3.22), (13.3.35), and (13.3.36), we conclude that 


u\! “ey 3u4 
12 12 = 1+ 125A? +18 13.3. 
i(7=) (<<) ee 5A? + 18)). (13.3.38) 


We now identify Ramanujan’s function F(A). Comparing (13.3.31) and 
(13.3.35), we conclude that 


2 / 
F(A) = eae te avi + 22) + 12522. (13.3.39) 


5° U 
Rewriting (13.3.39) in the form 


F(X 1 2u 1 
) V/1 + 220+ 1250? = —<q——, (13.3.40) 
VX 10Vr 5 uu 
and differentiating with respect to g, we deduce that 
lu? /1+4+22 125? 1 dF 2195? —1 
u + 22 + 125A Fee (A) u* 1252 
2V/r r J ad 50 =X 


2 wed. 27 a 
—— . 13.3.41 
2 fo (0) 2 («<) ( ) 
Using (13.3.38) and (13.3.40), we may rewrite the right-hand side of (13.3.41) 
and deduce that 


1 v2 1+ BBA + 125Y? 1) 1 dF) 2125)? -1 
2Tr > a ae 
_ LE ISA+195»? 5p F200), p+ 2244 125)? 
> 40A a ie 40 
1 
— 2 F(A) V1 422A + 1252. (13.3.42) 


2X 


Simplifying (13.3.42) with the use of (13.3.29), we deduce Ramanujan’s dif- 
ferential equation (13.3.33). 


13.4 Quintic Identities: Second Method 


The alternative method to proving Entries 13.3.1, 13.3.2, and 13.3.5 that 
we present in this section is more constructive than that in Section 13.3, but 
although no less elementary, is perhaps slightly more removed from procedures 
that Ramanujan might have employed. On the other hand, the method here 
is more amenable to proving further theorems of this sort, especially if one 
does not know their formulations beforehand. 
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We begin by introducing some simplifying notation and making some use- 
ful preliminary calculations. Set 


1/24 
e(1 — p)° 
= | ——— 13.4.1 
a ( a(l— a) ' at) 
5 [24 
o°(1—a)® ) : 
D3 4 \ = ar a ‘ 13.4.2 
: ( B= B) alee 
and 
Cc %3 13.4 
~_— 16/2 ( 3. 3) 
Observe that, by (13.2.20) and (13.2.21), respectively, 
m—1 
and 5 
—m 
P= Sa (13.4.5) 


It follows that 


- on \" m —1)(m—5)° 
a(1—a) =p,pi= ~~ ~(6 ) --' Dvn) (13.4.6) 


gS \ 98S an, 162m° 
and 
5 5 
has. { MHL) =m (m — 1)?(m— 5) 
BC. — B) = pipe = ( mE ) 8, ‘eins (13.4.7) 
We also note that, by (13.4.3), 
4 4 5 
cal cal 25 2 
be = =C 13.4.8 
16°m> —-16?(z1/25)> 16? z, ( ) 
and r ‘i : 
Oe ie a (13.4.9) 
16°m = 167(z1/z5)  16?z, 
Since, by (13.4.3), 
C8 = 25° = ze 1 _ = 
1624/23 16° V(z1/25)8 16° mn’ 
we find that : : é 
al A 8 = O83 m/m. (13.4.10) 


163m> 16"{zf fee) 16" 
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We shall use (13.4.8)—(13.4.10) in our alternative proofs of Entries 13.3.1 and 
13.3.2. 

In view of (13.3.1), it is natural to introduce abbreviated notation for 
certain quotients of eta functions. Our goal is to represent these quotients as 
polynomials in the multiplier m. First, by (13.2.10), (13.4.3), (13.4.2), and 


(13.4.5), 
5g?) o/2$2-5/8(a(l — a) /a) 9!” 
Ca) Var G0 — A/a)” 


_ Bz eae 


eee 
ti 


= Cm(m — 5)’, (13.4.11) 
and, by (13.2.10), (13.4.3), (13.4.1), and (13.4.4), 
ie ovaz 5/3 (a(1 =e yr 
coe * Vaz (a(l — a)/q)™ 


2 (ep U=ey\"" 
a a(1 — a) ) 


_ 16C 4 16C f(m-1\* 
= jl ~ 5473 \ 5473 


= C(m—1)*. (13.4.12) 


T2:°> 


I 


Hence, by (13.4.1) and (13.4.12), 
rire = @’ f*(—q7)f*(—¢'°) = C?m(m — 5)?(m — 1)?. (13.4.13) 


The following lemma will be very useful. 


6 
= CF (>: ant) . 
k=0 


If furthermore, we set, for some numbers x1, 22, and x3, 


Lemma 13.4.1. Let 


2 2 
g(m) = 2yrj{ + Lerire + £3PQ, 


then 
T=Ce, T2=C5+20ce, and 213 =C. 
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Proof. Since, by (13.4.11)—(13.4.13), 


aire + terre + £3re 
= C7 (x3 + m(25r2 — 4x3) + m(62521 — 60x2 + 6x3) 
m3(—50021 + 46x2 — 423) 4 m4 (15024 — 12x29 + a3) 


m°(—2021 + #2) 4 m°r1), 


by matching the coefficients of m*, k = 0,...,6, we find that 


Co = &3, 

Cy = 25x92 — 423, 

C2 = 62521 — 60x72 + 623, 
cg = —5002, + 4622 — 423, 
c4 = 15021 — 1202+ 43, 
—20%1 4+ 22, 


C6 = 2. 


C5 


Therefore, if the system above is not overdetermined, then g(m) can be ex- 
pressed as a linear combination of r7, 172, and r3. By solving the linear system 
of equations 


Co = £3; 
Oo = —20271 + 22, 
C6 = 11, 


for 1,22, and x3, and noting that c,,c2,c3, and cq are then uniquely deter- 
mined, we complete the proof. 


We are now ready for our second proof of Entry 13.3.1. 


Proof of Entry 13.3.1. By (13.2.11), (13.4.6), and (13.4.8), 


Q(@?) = af (1- a1 - a) 
1(14 eoVe=s) 


16?m°> 


| 
x 
a 


2 
~ 16?2m> 
= C?(m® + 230m? +--+ +5°) 
= rt +2-5°ryrot 5rd, 


(167m? + (m — 1)(m—5)°) 


upon the use of Lemma 13.4.1. Replacing g? by g, we complete the proof of 
(13.3.1). 
By (13.2.11), (13.4.7), and (13.4.9), 
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Q(q"°) = 25(1 — 6(1 — 8) 


=u (1 | (m—1)?(m— *) 
16°m 


4 

zi 
= ig, (lem + (m —1)°(m—5)) 
= C?(m® — 10m? +++. +5) 


= re + 10ryro + 5ré, 


by an application of Lemma 13.4.1. Replacing q? by q, we complete the proof 
of (13.3.2). 


For the proof of Entry 13.3.2, it will be convenient to define 


D:= m?—2m+5, 


and 
G:=m? —4m—1. 


Solving (13.4.6) and (13.4.7) and using the notation above, we deduce that 


1. JD/mF 
a ee es LL 13.4.14 
Oe et) 
and 
t .«/D 
=5+ se (13.415) 


(See also [54, p. 289, equation (14.2); p. 290, equation (14.4)].) 
Using the notation above and Lemma 13.4.1, we may readily deduce the 
following lemma. 


Lemma 13.4.2. For D,E, F, and G defined above, for C defined by (13.4.3), 
and for r, and rz, defined in (13.4.11) and (13.4.12), respectively, we have 


CO? DE? = 7? + 22ryre + 5°r2, 
C7 F(m* — 540m? + 1850m? — 14-5°9m+5*) = 7? — 4-53 ryro — 55 r2, 
and 


C?G(m4 — 12m? + 54m? — 108m +1) =r? + 4rire — 72. 
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Proof of Entry 13.3.2. By (13.2.12), (13.4.14), (13.4.10), and Lemma 13.4.2, 


R(q’*) = 28(1 + a)(1 — a/2)(1 — 20) 
= see D/mF — 24m?)(./D/mF + 24m?) 


6 
z 
= eat D/mF ((D/m)F? — 24?m*) 


= (C8m/m)\/D/mF (E (m* — 540m? + 1350m? 
—14- 53m +5*) /m) 
= VC? DE? (C?F(m* — 540m? + 1350m? — 14. 5°m + 5*)) 


= yr + 22rire + 5372 - (r? —4- 5° rire — 5°r2) 


= 1G; + 22rire + 5372) /r? «ry (r? —4- 53 ryrg — 5°r3). 


Replacing q? by g, we complete the proof of (13.3.7). 
By (13.2.12), (13.4.15), (13.4.10), and Lemma 13.4.2, 


R(q’?) = 28(1 + B)(1 — B/2)(1 — 28) 
=| /D/mG — 24)(,/D/mG + 24) 


16° 
= 5. /DIm G((D/m)G? — 24”) 
= (C°my/m)V/D/mG (E (m* — 12m? 
+54m* — 108m + 1) /m) 
= VC2DE?(C?G(m4 — 12m? + 54m? — 108m + 1)) 


= yr + 22riro + 53r3 - (r? + 4rire— re) 


= iG; + 22rire + 5372) /r? -ri(r? + 4rire — 13). 


Replacing q? by g, we complete the proof of (13.3.8). 


We now give an alternative proof of Entry 13.3.5. Recall that A is defined 
n (13.3.21). For convenience, define 


He:= VJ14 2204 53.2 (13.4.16) 

and Pr 
ee Se 13.4.17 
f(-@) ( ) 


Then equation (13.3.1) can be written in the form 


344 13 Eisenstein Series and Modular Equations 


Q(q) = J*7(1+2-59A +5°)7), 


and (13.3.34) takes the shape 
5P(q°?) = P(q) + 4H J. 
Furthermore, (13.3.29) may be written as 
dX AHS 
dg | 


By logarithmic differentiation, we deduce that 


J dq ee | kar I 4 
1 5 
= Mg OP — 5P(q°)) 
1 
- ig (BPC) — (P(q) + 4HJ)) 
1 
= (Pig) 
&q | (q) -— HJ), 
or 
6q dJ 6q dJ 
Now define at 
ee ee 
= ee ag 


Then, by (13.4.21), 


and 


dJ 5 °F 
dq q 
Differentiating (13.4.16) with respect to A, we find that 
2242-57 11+5°A 
ce eee = 
2/1 + 22 + 53)? A 


Using this, ar (13.4.23), and (13.4.20), we deduce that 


dP _ 


dq aq 
dJ dr d 
= oa Era aye 30F) 


q ae (H 30F)) 


(13.4.18) 


(13.4.19) 


(13.4.20) 


(13.4.21) 


(13.4.22) 


(13.4.23) 


as 
=«(-~ 3) H —305) 4 (=) (H'(A) — 309(X)) 
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= J*(—5FH + 1505? + 11d + 5A? — 30A9"(A) A). (13.4.24) 


On the other hand, by (13.4.22) and (13.4.18), 


(P?(q) — Q(a)) (13.4.25) 


1 
Sia 30F)? — J?(1 + 2-59 + 5°d’)) 


2 2 
=o ((vi +9244 55)?) — 603H + 30°F? — (1+ 250A + 5°?) 


aa) 
= J?(-5FH + 75F? — 19\ — 2-5°)7). 


Equating (13.4.24) and (13.4.25) by (13.3.37), we arrive at 


/ = 25 Oo 2 
FO)H = 14+ ot SF 


which is (13.3.33). 
By (13.4.19) and (13.4.22), we deduce that 


P(?)= =(P(a) +4HJ) = “(H — 30F + 4H) = J(H — 63), 


which completes the proof of (13.3.32). 
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Entry 13.5.1 (p. 53). For |q| < 1, 

f'(-@) plo) 
f(-q") f(-@) 


ede ge ae ye ere ed) 
(FOP + w3ar-o ra) + 49971) ) 


aw =( +5. Paf?(—a)f(—4") ) (13.5.1) 


and 


7) _ f\(—@) 3/__) 3/7 of"(-a") 
ata) = (EOP + sarod) +e) (13.5.2) 


f"(-a) oA trae aN 
« (FED 4 13a dF (-g) +499 At ) | 


We shall prove these identities with q replaced by q?. 
For convenience, define 


ie V 7127 
nt 


(13.5.3) 
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7 _ 7 1/24 
oe (o) . 


a(1—a) 


and 


7/4 _ a\y7\ 1/24 
pina (S— . 


B(1 — B) 
y (13.2.10), (13.2.7), and the definitions above, 


_ fee) _ Vara ag” 


Tr = 
F-a")  yaqa-/3((1 — B)/q?\/? 
_ vaee (ato—ary yatt 
Az? B(1 — B) 
= C?m?p3 
Furthermore, 


pip2 = 16(aB(1 —aj)(1- By, 
re:= 0 f(-7)f?(-a") = C*pipa, 


and 7 14 2 
r3 ~ gf (—q ) — o3 Pt . 
f(-4°) m? 
Thus, 
7D 
ri t5- Trot 7rs = CF (203 +5-7pipo + —s 
and 
49 
71 + 18rg + 49r3 = C (203 + 13pip2 + 2 
Now define 


T := (af)? — (1-—a)¥/8 (1 — 
Then, by (13.2.23) and (13.2.24), 


1-p, 
m 


_T= 


and 
7T = (1—po)m 


Eliminating TJ in (13.5.13) and (13.5.14), we deduce that 


(13.5.4) 


(13.5.5) 


(13.5.6) 


(13.5.7) 
(13.5.8) 


(13.5.9) 


(13.5.10) 


(13.5.11) 


(13.5.12) 


(13.5.13) 


(13.5.14) 
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7 7 
mp, + 2 =m+—. (13.5.15) 
By (13.2.22) and (13.5.12), 
14+T7 
(a8)'/8 = (13.5.16) 
and a 
(1 —a)/8(1 — g)V8 = a (13.5.17) 
Thus, by (13.5.7), 
Pip2 = 16((a8)/8(1 — a) /8(1 — p)/8)? = (1 — T?)?. (13.5.18) 
By (13.2.27), (13.5.12), (13.5.16), and (13.5.17), we deduce that 
2 2 
i oT Be ae) h, 
m 2 2 
Rewriting this, we have the following lemma. 
Lemma 13.5.1. For the multiplier m, and T defined in (13.5.12), 
7 3 
es aes (13.5.19) 
m 


Applying Lemma 13.5.1 repeatedly, one can derive the following expres- 
sions. 


Lemma 13.5.2. If m denotes the multiplier and T is defined in (13.5.12), 
then 


m? =7+m(5T +T°), 

m? = (35T + 77°) + m(7 + 25T? + 10T* 

m* = (49+ 175T? + 70T* + 7T*) 
+m(70T + 139T? + 75T° + 157’ + T°), 


T°), 


—3 it 


1 
m? 49 


1 
49 


(7 + 257? + 10T* + T*) + —m(-5T — T?). 


Lemma 13.5.3. Let m and T be as in the previous two lemmas, and let p1 
and pz be defined by (13.5.4) and (13.5.5), respectively. Then 


4 2 
PPL _ (34. 72), (13.5.20) 


m2 


m?p5 + 13pip2 + 
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Proof. By (13.5.15), (13.5.19), and (13.5.18), 


AQp? 7p : 
mp3 + 13pip2 + —> Ge 4 =* |) =pipe 
m m 


which completes the proof. 


By Lemma 13.5.3 and (13.5.11), we find that 


49 2 1/3 
(71 +13r2+49r3)'/3 = C (203 + 13pip2 + | = C(3+T?). (13.5.21) 


m 


By (13.5.14), 
mp2 =m—7T. (13.5.22) 


By Lemma 13.5.3, (13.5.22), and (13.5.18), 


49p} 23 2 2)2 
7 = (3+ T°) (m—7T) 13(1 —T*)*. (13.5.23) 
m 


With the help of Lemma 13.5.2, we can now express each of 71,72, and r3 
in the form 


f(T) + mfo(T). 


Lemma 13.5.4. Let 71, 2, and r3 be defined by (13.5.6), (13.5.8), and 
(13.5.9), respectively, and let m and T be as in the three previous lemmas. 
Then 


ry = C® ((49T? + 7) + m(T® - 9T)) , 
re = C* ((T? -1)’), 

C3 
~ 49 
Proof. Use (13.5.6) and (13.5.22) to deduce the formula for 11; use (13.5.8) 


and (13.5.18) to prove the formula for rg; and use (13.5.9) and (13.5.23) for 
the formula for r3. 


r3 


((7 +47? —47* + T°) + m(9T — T®)). 


Lemma 13.5.5. For the multiplier m, and T defined in (13.5.12), 


a (1+T)(21 + 8m —21T + 77? —7T*) (13.5.24) 


~ 16m 
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and i 
B= se(L + T)(8 — 3m + 3mT mT? + mT®). (13.5.25) 
Proof. By (13.5.16) and (13.5.17), we deduce that 
a-pyry\s _ 1-8 __1-8 
( l-a ) “effi py GaP) 
p86 B 
(o) ~ (apy¥8 ~~ +772’ 
a ve a a 
(5) ~ (aps (1+ T)/2” 
and 


(a=ar)" - l-—a _ l-a 
Pee d=a"iapye Vary 
Using these identities, (13.5.16), and (13.5.17) in (13.2.26) and (13.2.25), 


and then solving the linear equations for a and (3, we obtain (13.5.24) and 
(13.5.25). 


Lemma 13.5.6. Let 


3 1 
9(T) = GC? (>: Co, T* + m>~ inne) 7 


k=0 k=0 


[f 


Q(T) = ar, + Larg + 1373, 


for some complex numbers x1, 22, and x3, then 
t, =d3+cg, to=c4t+4cg, and 23 = 496. 
Proof. Since 
(x17) + vere + x3r3)/C? 
— (7 +ao+ =a) + (4901 — 279+ a) T? 


49 
4 1 
+ («: = at) T*+ Che 


by Lemma 13.5.4, we deduce the equalities 
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4 
C4 = LQ — 49°? 
il 
c= 4973? 
ds = 49°3° 


Thus, solving the linear system above for 21,22, and x3, we complete the 
proof. 


We are now ready to prove Entry 13.5.1. 
Proof of (13.5.1). By (13.2.11), (13.5.3), (13.5.24), and Lemma 13.5.2, 


Q(q°) = 4(1-a +a’) 


= (22) ney at at) 


= O*(3 + T?)(147 + 64m? + 112mT — 245T? — 112mT? 
+ 49T* + 49T*) 


= C(3 +7?) C8 (147 + 64(7 + m(5T + T%)) + L2mT 
— 245T? — 112mT? + 4974 + 497°) 
= O(3 + T”) - C3(595 — 245T? + 49T* + 497° 
+ m(432T — 48T*)). 


Thus, applying Lemma 13.5.6, we find that 2; = 1,22 = 5-7, and 23 = 77. 
Since, by Lemma 13.5.4, 


ry +5-+ Tro + Tr3 = C3 (595 — 245T? + 49T* + 49T® + m(432T — 48T")), 


we deduce that 


Q(@) = C(B4+T?) -(r1 +5-7?r2 + 73) 
= (r, +: 138rg + 49r3)1/3 (ry 45+ 729g + 7*r3), 


by (13.5.21). Thus, replacing q? by g, we complete the proof of (13.5.1). 


Proof of (13.5.2). By (13.2.11), (13.5.3), (13.5.25), and Lemma 13.5.2, 
Q(q"*) = 4 (1-6 + 8?) 


(LE! fase 


=C4(3+7")( t—(-T+ 7) +38 57? +74 47°) 


1 
= 04(3 + T?) (64(507 4+ 25T? + 107* + T*) 
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1 1 1 
+ Gg PT )) 116 ar L5T) 4 =m) ( T+T°) 


+3-57°+T*+7°) 


3 
= O(3+T")- < (595 + 1915T? + 241T* + T° 
+ m(—432T + 48T*)). 
Thus, by Lemma 13.5.6, 2; = 1,22 = 5, and z3 = 1. 
Since, by Lemma 13.5.4, 
3 


i (595 + 19157? + 2417* + T® + m(—432T + 48T*)), 


ry +5rg +73 = 
we deduce that 


Q(q"*) = O(8 + T”) - (71 + 5r2 +73) 
=> (ry + 13r2 + 49r3)'/3 (ry + 5r2 + rs), 


by (13.5.21). 
Thus, upon replacing q? by g, we complete the proof of (13.5.2). 


Entry 13.5.2 (p. 53). For |q| < 1, 


= f'(-@ _ 2 3/__) £3(__,7) _ 73 at a) 
R(q) = (Fo? (5 + 2V7)af?(—a) f?(—-4") — F221 + 8V7)q Fica) ) 
< f'(-@ Qi 3 3 7 3 of'(-4") 
( ay 2V7)af?(—a) f?(—4") — (21 — 8V7)q f=) 
(13.5.26) 
and 
7) _ f(-@) 3 3 7) 4 2 f"(-9") 
na’) = (LEP + r+ avhah OAT) + a1 ravne FR 
f(a) _ 3(/__,) £3(__,7 _ of'(-4"') 
« (TB + av Taf (a) f(a) + 2-8) 
(13.5.27) 


We shall prove the identities with q replaced by q?. 
By straightforward calculations, we deduce the following lemma. 


Lemma 13.5.7. If 


6 4 
(ei (>: CopT* 4 mY dat) 
k=0 


k=0 
= (ry + forg + @3r3)(T1 + yore + y3rs), 
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for some real numbers 22,23, Y2, and y3, then 


6 24 

Cg = @3 + Y3 + LaYo 2 (r2y3 + ©3Y2) 4 qa tas: 

1 | 8 
clo = 2 (rays + Z3y2) 7atays, 

1 
C12 = 747343; 

9 18 

d, = —126 — 9(a2 + ye) 4 72 (xoy3 + x3y2) 4 7a T3Y3- 


Proof of (13.5.26). By (13.2.12), (13.5.3), (13.5.24), and Lemma 13.5.2, 


1 78 
—R(q’) = a6 (1+ a) —@/2)1 — 2a) 
6 
= (4) m?46(1 + a)(1 — a/2)(1 — 2a) 
= —75411 — 95130T? — 1841T* + 3780T® — 102978 — 205879 


— 34371? + m(—82152T — 77344T? — 16816T° — 1607” + 344°). 


If we use Lemma 13.5.7 to find real solutions (x2, x3, y2, y3) satisfying 


x2 < y2, we find that 
to = —77(5+2V7), 23 = —73(21+ 8V7), 
yo = —77(5 —2V7), y3 = —73(21 — 8V7). 
By Lemmas 13.5.2 and 13.5.4, 


ry — 7(5 + 2V7)r2 — 73(21 + 8V7)r3) 
x (71 — 77(5 — 2V7)r2 — 73(21 — 8V7)r3) 
= —75411 — 95130T? — 1841T* + 3780T* — 1029T® — 2058T 1° 
— 3437)? + m(—82152T — 77344T? — 16816T° — 1607” + 344T®) 


ma 


= ZeR(P). 


Thus we complete the proof of (13.5.26) after replacing q? by q. 
Proof of (13.5.27). By (13.2.12), (13.5.3), (13.5.25), and Lemma 13.5.2, 


ap R(q") = F(1+a)(1— 3/2)(1 — 26) 


ae 
ZYZ 6 46 
= (42) Sa +80 - 9/290 -28) 
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= 75411 + 505890T? + 470713T* + 157644T°® + 18645T°® + 498T!° 
—T? + m(—82152T — 773447? — 16816T° — 1607” + 344T°). 


If we use Lemma 13.5.7 to find real solutions (x2, x3, y2,y3) satisfying 
r2 > y2, we find that 


rg =74+2V7, v3 = 214 8V7, 
y2 =7—2V7, ys = 21— 8v’7. 


By Lemmas 13.5.2 and 13.5.4, 


oa (ri + (7 + 2V7)ro + (21 + 8V7)rz) 


x (ry + (7 — 2V7)r2 + (21 — 8V7)r3) 
= 75411 + 505890T? + 470713T* + 157644T*® + 18645T® + 498T1° 
—T + m(—82152T — 77344T? — 16816T° — 1607” + 344T°) 


Thus we complete the proof of (13.5.27) after replacing q? by q. 


As we indicated at the close of Section 13.1, the proofs presented here 
depend only on theorems recorded by Ramanujan in his notebooks [243] and 
lost notebook [244]. S. Cooper and P.C. Toh [142] have also found proofs of 
all of Ramanujan’s results in this chapter, and they too have employed only 
ideas that Ramanujan would have known. Different proofs of Ramanujan’s 
identities for Eisenstein series, depending on the theory of elliptic functions, 
have been constructed by Z.-G. Liu [206], [207], [209], [211]. 


13.6 Septic Differential Equations 


Concluding this chapter, we offer two new septic differential equations for 
P(q), defined in (13.1.1). Both involve variations of the same variable, but 
one is connected with the beautiful identities in Entry 13.5.1, while the other 
is connected with an emerging alternative septic theory of elliptic functions, 
initially begun in a paper by Chan and Y.L. Ong [112]. 


Theorem 13.6.1. For |q| < 1, 


2/3 
P(q)= (t2) ((1 + 13A + 497)?/3 — 28F(A)) (13.6.1) 


and 
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f(-g\"" 
P(q’)= ( = ) ((1 + 13\ + 49A”)?/3 — 4F(A)), (13.6.2) 
f(-@') 
where in 
ea! ia : 
f'(-4@) 
and where F(X) satisfies the nonlinear first-order differential equation 
2 F? : 
1+ a ey = F'(A)V14 13 4 4922. (13.6.3) 


ay 3 
3 BA0/1 + 138A + 492 


Connections with the septic theory of elliptic functions are made manifest 
in the next theorem. 


Theorem 13.6.2. Recall that P(q) is defined in (13.1.1). Let 


co 


2 2 
r= ; a +mn+2n 


m,n=—oo 


and define x by 


l-z 1 a. (13.6.4) 


Then 
P(q) = 27(1+12F,(z)) and P(g’) =22(1+ F(x), 
where F\(x) satisfies the differential equation 


dF, (a) 
dx 


2 z?+132 7 «(34+2) 


a(1— a) + FP (2) 4 ght), 97—-2r4+22 


=0. (13.6.5) 


The differential equation of Theorem 13.6.1 was discovered by Raghavan 
and Rangachari [233] and can be deduced from (13.6.5) by setting 


7 3 2 
Fy(x) =—3 F(a) (¥/14 130+ 492?) (13.6.6) 
where A is given in Theorem 13.6.1. Proofs of Theorem 13.6.1, Theorem 13.6.2, 
and the assertion immediately above can be found in the paper by Berndt, 
Chan, Sohn, and Son [67]. 


14 


Series Representable in Terms of Eisenstein 
Series 


14.1 Introduction 


In his famous paper [240], [242, pp. 136-162], Ramanujan shows, among a 
multitude of beautiful theorems and conjectures, that various classes of infinite 
series can be represented as polynomials in the Eisenstein series P, Q, and R. 
In his lost notebook [244, pp. 188, 369], Ramanujan claims that two further 
classes of infinite series also can be represented in terms of P, Q, and R. Our 
task in this chapter is to establish these claims. 

On page 188 of his lost notebook, Ramanujan examines the series 


Tax := Tax(a) = 1+) >(-1)" { (Gr — 1) qhOr-V/? + En + 1PRqhont VA}, 


n=1 
(14.1.1) 
where |q| < 1. Note that the exponents n(3n+41)/2 are the generalized pentag- 
onal numbers. Ramanujan records formulas for T>,,k = 1,2,...,6, in terms 
of the Eisenstein series 
P(q):=1-245¢ oe (14.1.2) 
k=l 
oe keg 
Q(q) :=14+2405> ear (14.1.3) 
kal 
and 
20 Re gk 
R(q) :=1-5045~ ae (14.1.4) 
k=l 


where |g| < 1. Ramanujan’s formulations of these formulas are cryptic. The 
first is given by Ramanujan in the form 


G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook: Part II, 
DOI 10.1007/978-0-387-77766-5_15, © Springer Science+Business Media, LLC 2009 
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1-52g-7P@t-- 
q q+ =P 
l—-q-—q?+::: 


In succeeding formulas, only the first two terms of the numerator are given, 
and in two instances the denominator is replaced by a dash —. At the bottom 
of the page, he gives the first five terms of a general formula for T);. Details 
and proofs for all of Ramanujan’s claims about T>;,(q) are given in Section 
14.2 

On page 369 of his lost notebook [244], Ramanujan briefly considers two 
classes of infinite series. One of the classes is considered in more detail on 
page 188, as described above. Ramanujan briefly considered the second class 
in Entry 35(i) of Chapter 16 in his second notebook [243], [54, pp. 61-62], 
where a recurrence relation is given in terms of members of yet a third class 
of infinite series. The approach indicated by Ramanujan on page 369 of his 
lost notebook, however, is neater and more direct, with the aforementioned 
third class of series not arising. In this chapter we also prove the claims about 
this second class of series, namely, the series U,,(q), which we now define. For 
each nonnegative integer n, 


Cola) = oe 1 teag— yt? = AH aaa.) 


In Section 14.3, we establish Ramanujan’s claims about U,,(q). Just as the 
identities for T2,(q) can be regarded as generalizations of Euler’s pentagonal 
number theorem, the identities for U2,(q) can be considered as generalizations 
of Jacobi’s identity [54, p. 39, Entry 24(ii)] 


Co 


(qe =% D5 (Mn st grrrv?, (14.1.6) 


n=—cC 


14.2 The Series T>;(q) 


In this section, we prove each of the seven formulas on page 188 and also 
note an interesting corollary. Keys to our proofs are the pentagonal number 
theorem [54, p. 36, Entry 22(iii)] 


(4; Goo =1+ 5 >(-1)" or + ga (14.2.1) 


n=1 


where |g| < 1, and Ramanujan’s famous differential equations [240], [242, 
p. 149] 


dP P?-Q dQ_PQ-R |, dR PR—@Q? 
—- = SS Ss n ———— S_ 
qq 2° "dq . iq 2 
(14.2.2) 
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We now state Ramanujan’s six formulas for T2; followed by a corollary and 
his general formula. Another proof of Entry 14.2.1 can be found in Z.-G. Liu’s 
paper [208, pp. 9-12]. 


Entry 14.2.1 (p. 188). If To, is defined by (14.1.1) and P, Q, and R are 
defined by (14.1.2)-(14.1.4), then 


T 
() 70 _p 
(Ges 
ne 
(i) 240 _3p2_ 99, 
(G5 Doo 
7 
(iii) eh = 15P3 — 30PQ + 16R, 
(iv) a = 105P* — 420P?Q + 448PR — 132Q?, 
G3 J) oo 
7 
(v) i = 945P° — 6300P°Q + 10080P?R — 5940PQ? + 1216QR, 
G3 J) oo 
ve 
(vi) ut = 10395P® — 103950P*Q + 221760P*R — 196020P?Q? 
G3 J) oo 


+ 80256PQR — 2712Q? — 9728R?. 
The first formula has an interesting arithmetic interpretation. 


Corollary 14.2.1. Forn > 1, let a(n) = dq), d, and define o(0) = — 7. Let 
n denote a nonnegative integer. Then 


(-1)"(6r —1)?, ifn =r(3r—1)/2, 
— 24 SS) (-D*o(S) = 4 (-1)"(6r +.1)?, ifn =r(3r + 1)/2, 


j+k(3k+1)/2=n 0 
J,k20 , 


otherwise. 


(14.2.3) 


Since o(j) is multiplicative, we note that o(j) is even except when j is 
a square or twice a square. Thus, from Corollary 14.2.1, we see that, unless 
n = r(3r £1)/2, the number of representations of n as a sum of a square or 
twice a square and a generalized pentagonal number k(3k + 1)/2 is even. For 
example, if n = 20, then 20 =84+12=18+2. 

Corollary 14.2.1 is, in fact, called Euler’s identity and is usually stated in 
a slightly different form. For a combinatorial proof of (14.2.3), see a paper by 
I. Pak [226, pp. 59-60], and for a bijective proof of an equivalent formulation, 
see §. Kim’s paper [192]. 


Entry 14.2.2 (p. 188). Define the polynomials fo.(P,Q,R),k > 1, by 


T2x.(q) 


faa(P,Q,R) = 7 


(14.2.4) 
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Then, fork > 1, 


fox (P,Q, R) =1-3-+-(2k=1) {Pt — HAD pr-2g 
Bk(k-1)(b=2) pea UM- 1-2) 3) pracy 
45 210 
152k(k (= 2) 3) (ke Ypi-ran +...) 
(14.2.5) 


The statement of Entry 14.2.2 is admittedly incomplete. The missing terms 
represented by +--+ contain all products P*Q? R¢ such that 2a+4b+ 6c = 2k. 
It would be extremely difficult to find a general formula for fo.(P,Q, R) that 
would give explicit representations for each coefficient of P?*Q*? R®. 

Important in our proofs are the simple identities 


n(3n + 1) 


6n +1)? = 24 
(6n + 1) ; 


ai, (14.2.6) 


Proof of Entry 14.2.1. Observe that 


d 
P(q) = 1+ 24g S log( — @") 


21 


d 
=1+ aa log (4; @) oo 


(4; @) oo 
(4; Doo 
Thus, using (14.2.1) and (14.2.6), we find that 


(4; DooP(4) = (45 oo + 24q—- q (143 + 1 ie ae ma 4 pon} 


n(3n — 1) 7 n(3n + 1) 
= (Gd) + 24 Ly" n(38n—1)/2 n(3n+1)/2 
(a4) y A ) * a. oo 


=1424q (14.2.7) 


= (G5 Qoo 4y-1 yn {(( ((6n = 1)? — —1) gren—1)/2 
n=1 


+ ((6n +1)? - 1) ge) 


= (4 doo + (-1)" {6m = 2q"Or“D/? + (Gn + 1)2qhOntV/} 
n=1 


= T,(q). (14.2.8) 
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This completes the proof of (i). 

In the proofs of the remaining identities of Entry 14.2.1, in each case, we 
apply the operator 24g to the preceding identity. In each proof we also use 
the identities q 

2497, T2e(9) = Trr42(q) — Tox(Q), (14.2.9) 


which follows from differentiation and the use of (14.2.6), and 


249-5-(a Doo = Te(q) — (GM, (14.2.10) 


which arose in the proof of (14.2.8). 
We now prove (ii). Applying the operator 24q4 to (14.2.8) and using 
(14.2.9) and (14.2.10), we deduce that 


P(q) (T2(@) — (G5 Moo) +(G ji 


4 P(q) = Ti(q) — T2(q)- 
q 


Employing (i) to simplify and using the first differential equation in (14.2.2), 
we arrive at 


P?(q)(4; d)oo + 2 (P?(q) — Q(@)) (45 doo = Taq), 
or 
Ts = (3P? — 2Q)(4 @)o0, (14.2.11) 
as desired. 
To prove (iii), we apply the operator 24q 4, to (14.2.11) and use (14.2.9) 
and (14.2.10) to deduce that 


dP d 
Tg — Ty = 24 (ora = 20) (93 Doo + (3P? — 2Q) (T2 — (4G) ox) 


= (12P(P? — Q) — 16(PQ — R)) (4; 9) oo + (BP? — 2Q)(P — 1)(G5@)co, 


where we used (14.2.2) and (i). If we now employ (14.2.11) and simplify, we 
conclude that 
Ts = (15P*® — 30PQ + 16R) (4; g)oo 
In general, by applying the operator 2494 to To, and using (14.2.9) and 
(14.2.10), we find that 


Tor+2 — Tor = 249-7 far P,Q, B) (93 Q)oo + far( P,Q, R)(P —1)(43 goo, 


where we have used the notation (14.2.4). Then proceeding by induction while 
using the formula (14.2.4) for T>,, we find that 


Top42 


: = Mg 7 fanlP, Q, R) + Pfox(P,Q, R). 
(G5 Doo 
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Thus, in the notation (14.2.4), 


fort2(P,Q, R) = 249-7 fan(P. Q,R) + Pfox(P,Q, R). (14.2.12) 


With the use of (14.2.12) and the differential equations (14.2.2), it should 
now be clear how to prove the remaining identities, (iv)—(vi), and so we omit 
further details. 


Proof of Corollary 14.2.1. By expanding the summands of P(q) in (14.1.2) 
in geometric series and collecting the coefficients of g” for each positive integer 
n, we find that 


P(qg)=1- 245° a(n)q” = —2450 a(n)q”, 
n=1 n=0 


upon using the definition o(0) = —34. Thus, by (14.2.1), Entry 14.2.1 (i) can 
be written in the form 


— 24) J o(i)a - (: + So(-1t {qhorvr +gorenn}) 
j=0 k=1 


mee yey {(6n - 1)2gn@n-D/2 + (6n + page ty 
n=1 
(14.2.13) 


Equating coefficients of g”,n > 1, on both sides of (14.2.13), we complete the 
proof. 


Proof of Entry 14.2.2. We apply induction on k. For k = 1,2, the assertion 
(14.2.5) is true by Entry 14.2.1(i), (ii). Assume therefore that (14.2.5) is valid; 
we shall prove (14.2.5) for k replaced by k + 1. Our proof employs (14.2.12). 

The terms involving P*—®, which are not displayed on the right side of 
(14.2.5), are of the forms c,P*—-°R?, cp P*—®Q3, and c3P*-°RQ?, for certain 
constants c,,c2, and c3. If we differentiate each of these expressions and use 
the differential equations (14.2.2), we can easily check that no terms like the 
five displayed forms in (14.2.5) arise. Thus, when applying (14.2.12) along 
with induction on k, we need only concern ourselves with the derivatives of 
the five displayed terms in (14.2.5); no further contributions are made by the 
derivatives of undisplayed terms to the five coefficients with k replaced by 
k+1. 

By (14.2.12), (14.2.2), and induction, we find that 


forro(P,Q,R) =1-3---(2k— 1) {Pe -2(P? — Q) 


k(k —1)(k- 2), ‘ 
Se PA-5Q). 2(P? — Q) 
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_ ST -8(PQ — R) 
8k(k — 1)(k — 2)(k — 3) 
45 
8k(k — — 2) pk-3. 19(:PR— Q?) 
L1k(k = 1)(k — 2)(k — 3)(k-4) 
210 
L1k(k — ule 2)(k = 3) pk-4 909. g(PQ — R) 
152k(k — 1)(k — 2)(k — 3)(k — 4)(k — 5) 
14175 
x P*°QR-2(P? — Q) 
_ 152k(k — 1)(k — 2)(k — 3)(k — 4) 


Pr-4R.9(P? — Q) 


Pp . o(P? _ Q) 


4 ae P*°R-8(PQ — R) 
_, 152k(k = 2) 3)(k — 4) pkg 
x (PR- 9%) +} 
41 (Gh 1) ie & HE) ptig 
SRE EA) prep 
Lik(k — (k= 2)(k = 3) pr-sag2 
| 152k(k zl 3)(k — 4) PkK4OR+... \ 


The remaining task is to collect coefficients of the five terms P*t+!, P*-1Q, 
Pr-?R, Pk-3Q?, and P*¥-4QR. Upon completing this routine, but admittedly 
tedious, task, we complete the proof of the entry as stated by Ramanujan in 
[244]. 


Beginning with his paper [240] and notebooks [243], Ramanujan devoted 
considerable attention to Eisenstein series, most notably to P, Q, and R, 
defined by (14.1.2)—(14.1.4). In particular, see [53, pp. 318-333], [54, Chap- 
ters 16, 17], and [57, Chapter 33]. The identities in [54, pp. 59, 61-65] are 
particularly related to the ones proved above. 

The functions Q and R can be represented or evaluated in terms of pa- 
rameters prominent in the the theory of elliptic functions [54, pp. 126-127]. 
The function P does have one representation in terms of elliptic function 
parameters [54, p. 120, Entry 9 (iv)], but it is in terms of dz/dx, where 
Z:= 2(@) = 2F\ (5, 55 1;x), and where q := exp(—a 2(1 — x)/z(ax)). Eval- 
uations of Q and R can be given in terms of z and a; dz/dx does not appear. 
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Perhaps the representation of P given in Entry 14.2.1(i) will prove to be more 
useful than the aforementioned representation for P. 

Besides Corollary 14.2.1, other identities of Ramanujan can be reformu- 
lated in terms of divisor sums o%(n) := dain d*. In particular, see [53, 
pp. 326-329] and the references cited there. By far, the most comprehensive 
study of identities of this sort has been undertaken by J.G. Huard, Z.M. Ou, 
B.K. Spearman, and K.S. Williams [181], where many references to the litera- 
ture can also be found. On the other hand, R.A. Rankin [245] used elementary 
identities for divisor sums to establish relations between Eisenstein series. In 
particular, he proved Ramanujan’s differential equations (14.2.2) along these 
lines. 


14.3 The Series U,,(q) 


Recall that the series U,,(q) is defined in (14.1.5). As in the previous section, 
we use Ramanujan’s differential equations (14.2.2) and (14.2.7). 

The key to Ramanujan’s work on U,(q) is the following differential- 
recurrence relation [244, p. 369]. 


Entry 14.3.1 (p. 369). For each nonnegative integer n, 
Un+2(q) = P(q)Un(q) + 84; (9): (14.3.1) 
Proof. By the definition of U,,(q) in (14.1.5), 


F4(9)(93 Goo — 3F n (a) ai (4: Wed 
(q;9)% 


so that, by (14.2.7), 


fi (4 Vox F,(q) 
(Cie | (aa, 


8qF i, (G)(G Doo — 24F(q)age (a q)oo 
(qa)2, 


P(q)Un(q) + 8qU;,(q) = | 1+ 24¢ 


_ Fila) + 84Fn (9) 
Sea (14.3.2) 


On the other hand, by a simple calculation, 


8qF,(q) = (D125 — YN" (47? = 49 +1) — 1) PVP 
= Frs2(q) — Fn(q)- (14.3.3) 


Substituting (14.3.3) into (14.3.2) and simplifying, we complete the proof. 
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Entry 14.3.2 (p. 369). If Un(q) is defined by (14.1.5), then 


Uo(q) = 1, (14.3.4) 
U2(q) = P, (14.3.5) 
4(q) =; (5P? — 2Q), (14.3.6) 
d=; (35P% — 42PQ + 16R) , (14.3.7) 

N= 5 (35P* — 84P?Q — 12Q? + 64PR), (14.3.8) 

Uio(q )=5 (385P° — 1540P°Q — 660PQ? + 1760P?R+64QR). (14.3.9) 


Proof. The trivial equality (14.3.4) follows immediately from (14.1.5) and 
Jacobi’s identity (14.1.6). 
Setting n = 0 in (14.3.1) and using (14.3.4), we deduce (14.3.5). 
Next, setting n = 2 in (14.3.1), employing (14.3.5), and then using the 
first equation in (14.2.2), we easily complete the proof of (14.3.6). 
Fourthly, apply the differential operator dag to (14.3.6), use (14.3.1), and 
then employ the first two equations of (14.2.2) to find that 
40 P?-Q\ 16PQ-R 
Us io a ae aP ( D ) 3 3 


The desired result (14.3.7) now follows from (14.3.6) and simplification. 
Fifthly, apply the differential operator dan to (14.3.7), use (14.3.1), and 
then employ all the equations of (14.2.2) to find that 


P?-Q P?-Q 
12 


PQ-R |. PR-Q 
Th. Sa i; 


8 
Us—PUs = 5 (057° 


If we use (14.3.7) on the left side above, collect terms with like powers, and 
simplify, we obtain (14.3.8). 

Lastly, apply the differential operator dig to (14.3.8), use (14.3.1), and 
then employ all the equations of (14.2.2) to find that 
2-Q =O PQ-R 

2 2 3 


PR-Q? 
a) 


P 
—168PQ — 84P? 


8 P 
Uio — PUs = (1u07* 


PO=R 


64R 
3 + 


+ 64P 


P?-Q 
24 
o 12 


Using (14.3.8) on the left side above and then simplifying, we arrive at (14.3.9) 
to complete the proof. 


It is easy to see from our calculations above that we can deduce the fol- 
lowing general theorem stated by Ramanujan [244, p. 369]. 
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Entry 14.3.3 (p. 369). For any positive integer s, 
Ce Hina OR (14.3.10) 


where the sum is over all nonnegative triples of integers €,m,n such that 
€+2m+3n=s. 


Although one can find formulas for some of the coefficients Kem.» in 
(14.3.10), it seems extremely difficult to find a general formula for all Kem n.- 

The identity (14.3.5) arose in a proof of Berndt, S.H. Chan, Liu, and 
H. Yesilyurt [70] of the identity 


co n oo 9n 3. 4,3)10 
nq nq Cars 
1+3) —275 = 
=o Lag, (aaa ia” is 


which was used by these four authors to establish a new identity for (q; q)22. 

The proofs in Section 14.2 first appeared in a paper by Berndt and A.J. Yee 
(77|, while those in Section 14.3 are taken from [70]. Also see the monograph 
by K. Venkatachaliengar [272, pp. 31-32]. Another approach to the identities 
proved in this chapter has been devised by H.H. Chan [102]. These ideas of 
Ramanujan have been extended in a beautiful way by Chan, S. Cooper, and 
P.C. Toh [105], [106]. They have found infinite classes of identities wherein the 
roles of (q;q)oo and (q;q)%, are replaced by (q;q)", n = 2,4,6,8, 10, 14, 26. 
In other words, Chan, Cooper, and Toh evaluate certain classes of infinite 
series in terms of one of the three aforementioned powers times a polynomial 
in the Eisenstein series P, Q, and R. Z.-G. Liu [210] has also found beautiful 
expansions for (q;q)%, for n = 2,6,8,10. An equivalent formulation of the 
forgoing identities for n = 8 has also been derived by Z. Cao [97]. On the other 
hand, H. Hahn [171] has established an analogue of Entry 14.2.1 involving 
Eisenstein series on (2). Further generalizations can be found in T. Huber’s 
doctoral dissertation [182, Chapter 4]. 

In closing this chapter, we remark that recently there have been several 
new approaches to Ramanujan’s differential equations (14.1.2)—(14.1.4), with 
many providing connections with Riccati differential equations and other dif- 
ferential equations. For example, see papers by Chan [102], J.M. Hill, Berndt, 
and Huber [180], Huber [183], P. Guha and D. Mayer [162], Hahn [171], 
M.J. Ablowitz, S. Chakravarty, and Hahn [1], and R.S. Maier [219]. 


15 


Eisenstein Series and Approximations to 7 


15.1 Introduction 


On page 211 in his lost notebook, in the pagination of [244], Ramanujan listed 
eight integers, 11, 19, 27, 43, 67, 163, 35, and 51 at the left margin. To the 
right of each integer, Ramanujan recorded a linear equation in Q? and R?. 
Although Ramanujan did not indicate the definitions of Q and R, we can 
easily (and correctly) ascertain that Q and R are the Eisenstein series 


n3q” 
= g” 


Q(q) :=1+2405° i 
n=1 


and 


sae nq 
R(q):=1 pee Te 

where |q| < 1. To the right of each equation in Q? and R?, Ramanujan en- 
tered an equality involving 7 and square roots. (For the integer 51, the linear 
equation and the equality involving z are not in fact, recorded by Ramanujan.) 

The equations in Q* and R? cannot possibly hold for all values of q with 
\q| < 1. Thus, the first task was to find the correct value of g for each equation. 
After trial and error with the aid of S.H. Son, we found that g = — exp(—7/n), 
where n is the integer at the left margin. (We later read that K. Venkat- 
achaliengar [272, p. 135] had also discovered that ¢q = — exp(—7,/n).) The 
equalities in the third column lead to approximations to 7 that are reminis- 
cent of approximations given by Ramanujan in his famous paper on modular 
equations and approximations to m [239], [242, p. 33] and studied extensively 
by J.M. and P.B. Borwein [86, Chapter 5]. This page in the lost notebook is 
also closely connected with theorems connected with the modular j-invariant 
stated by Ramanujan on the last two pages of his third notebook [244] and 
proved by Berndt and H.H. Chan [63], [57, pp. 309-322]. 
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In Section 15.2, we prove a very simple general theorem from which the 
linear equations in Q° and R? in the second column follow as corollaries. In 
Sections 15.3 and 15.4, we offer two methods for proving the equalities in 
the third column and show how they lead to approximations to 7m. In Section 
15.6, we prove a general series formula for 1/7 that is equivalent to a formula 
found by D.V. and G.V. Chudnovsky [132] and the Borweins [91]. The first 
series representations for 1/7 of this type were found by Ramanujan [239], 
(242, pp. 23-39] and first proved in print by the Borweins [86], [88]. Three of 
the series from [239] are found on page 370 in the lost notebook [244]. We 
use Ramanujan’s ideas that are briefly sketched in [239], [242, pp. 23-39] to 
establish these three series representations for 1/7. One of Ramanujan’s series 
for 1/7 from [239] yields 8 digits of 7 per term, while one of the Borweins [87] 
gives 50 digits of 7 per term. The method of Berndt and Chan gives a series 
for 1/m that yields about 73 or 74 digits of 7 per term [64]. 


15.2 Eisenstein Series and the Modular 7-Invariant 


Recall the definition of the modular j-invariant j(7), 


Q°(q) Qri 
eo, g=e""" Im 7 > 0. (15.2.1) 
Q3(q) — R?(q) 
In particular, if n is a positive integer, 


_{3+vV-n >. 


j(7) = 1728 


where, for brevity, we set 
Qn = Q(-e *V") and Ry := R(-e-*V"). (15.2.3) 


In his third notebook, at the top of page 392 in the pagination of [244], 
Ramanujan defined a certain function J,, of singular moduli, which, as Berndt 
and Chan [63] easily showed, has the representation 


i.e = of (2 ze vt) . (15.2.4) 


Hence, from (15.2.2) and (15.2.4), 


Q3 
C= i 


After a simple manipulation of (15.2.5), we deduce the following theorem. 


(—32J,)? = 1728 (15:25) 
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Theorem 15.2.1. For each positive integer n, 


e g§.\" 
((52-) +1] 2 (34) Si, (15.2.6) 


where Jy, is defined by (15.2.4), and Q, and R, are defined by (15.2.3) 
Entry 15.2.1 (p. 211). We have 


539Q3, —512R?, =0, 

(8° + 1)Qig — 8° Rig = 0, 

(40° + 9)Q>, — 40°R3, = 0, 

(80° Tr 1)Qi3 - 80° Ris =0, 

(440° + 1)Q8, — 440° RE, = 0, 

(53360° + 1)Q3,3 — 53360°R?,, = 0, 

((60 + 28\/5)> + 27)Q3, — (60 + 28/5)3R2, = 0, 


and 
((4(4 + V17)?4(5 + V17))3 + 1)Q3, — (4(4 + V17)?9(5 + V17))3 R2, = 0. 


Proof. In [63], [57, pp. 310-311], it was shown that 


Jui = 1, Jig = 3, 
Jaq = 5-348, Jaz = 30, 
Je7 = 165, J163 = 20,010, (15.2.7) 
4 
5+ VJV17 
Jg5 = V5 ( 4) , Js. = 3(4 + V17)?9 (=) , 


Using (15.2.7) in (15.2.6), we readily deduce all eight equations in Q,, and 
Ry. 


15.3 Eisenstein Series and Equations in 7: First Method 


Recall that 


P(q) :=1-24> a lal <1, (15.3.1) 


n=1 


and put 
P, = P(-e-*V"). (15.3.2) 


Next, set 


368 15 Eisenstein Series and Approximations to 7 


. . ( + a) 
Iv I _ e | 
2 
by = {n(1728 — jn) }"”, (15.3.3) 
and ‘ Q P 
i= stu {1 a (r, ~.)}. (15.3.4) 


The numbers a, and b,, arise in series representations for 1/a proved by the 
Chudnovskys [132] and the Borweins [88], namely, 


lI 
= 
Me 
OS 
ay 
Q 
3 
+ 
> 
a 


(15.3.5) 


where (c)o = 1, (c)k = c(e+1)--- (c+ k-1), for k > 1. These authors have 
calculated a, and b,, for several values of n. We show how (15.3.3) and (15.3.4) 
lead to a formula from which Ramanujan’s equalities in the third column on 
page 211 follow. 

From (15.2.6), we easily see that 


-1/2 
Qn 1 (Gn) +1 (15.3.6) 
Ry ‘On, Gi ’ oe 
and from (15.3.4), we find that 
Qn an 
R\z VnP, |= 6Vn — Vn. (15.3.7) 


The substitution of (15.3.6) into (15.3.7) leads to the following theorem. 


Theorem 15.3.1. If Pi,bn,Gn, and Jn are defined by (15.3.2)-(15.3.4) and 
(15.2.4), respectively, then 


> (var, = °) = Jn (1 of") Con 3 7. (15.3.8) 


Entry 15.3.1 (p. 211). We have 


VQu 
= (vivrs a °) = V6, 
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vas (Yar =) =0/3, 
(vo7Pu - 2) =19 s 


a 55. 

am (VBP - >) = 362 — 
aan (VBP - 5) = 2+ v5) — 
a: (VP 5) = 


Ramanujan’s formulation of the first example of Entry 15.3.1 is apparently 
given by 
6 
vll——+-:-: 
T 


13 7 
1 240 (——) 


(The denominator with 1° in the numerator is unreadable.) Further equalities 
are even briefer, with /Q; replaced by \/-. Note that P, is replaced by “1 + 

--” in Ramanujan’s examples. Also observe that Ramanujan did not record 
the right side when n = 51. Because it is unwieldy, we also have not recorded 
it. However, readers can readily complete the equality, since J5; is given in 
(15.2.7), and as, and bs, are given in the next table. 


Proof. The first six values of a, and b,, were calculated by the Borweins [88, 
pp. 371-372]. The values for n = 35 and 51 were calculated by Berndt and 
Chan [64]. We record all eight pairs of values for a, and b, in the following 
table: 


n an bn 

11 60 616 

19 300 4104 

27 1116 18216 

43 9468 195048 

67 122124 3140424 

163 163096908 6541681608 

35 1740 + 7685 32200 + 143365 
51 11820 + 2880/17 265608 + 64512V/17 


If we substitute these values of a, and b, in Theorem 15.3.1, we obtain, 
after some calculation and simplification, Ramanujan’s equalities. 
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Theorem 15.3.1 and the last set of examples yield approximations to 7. 
Let r,, denote the right-hand side of (15.3.8). If we use the expansions 


P= tame Vos: and 4/0, =1—120e 7" 40, 


we easily find that 


T= 


6 1 24,/n + 120r, en tVvn saree 
vn —Tn vn Tn 


We thus have proved the following theorem. 


Theorem 15.3.2. We have 
6 


TX —— =: Ap, 


Jn -Tn 


with the error approximately equal to 


144 Vnt+5rn entvn 
(/n — rp)? 
where ry, denotes the right-hand side of (15.3.8). 
See Ramanujan’s paper [239], [242, p. 33] for other approximations to 7 
of this sort. 


In the table below, we record the decimal expansion of each approximation 
A,, and the number JN, of digits of 7 agreeing with the approximation. 


nr An Nn 
11 3.1538... 1 
19 3.1423... 2 
27 3.1416621... 3 
43 3.141593... 5 
67 3.14159266... 7 
163 3.14159265358980 ... 12 
35 3.141601... 3 
51 3.14159289... 6 


15.4 Eisenstein Series and Equations in 7: Second 
Method 


Set P := P(q) := P(-q), Q := Q(q) := Q(-q), R := R(q) := R(-q), A= 
A(q) := Q3(q) — R?(q), and J := J(q) := 1728/7 (347) , where q = e?™*". Set 


1/3 
=O = (3) : (15.4.1) 
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by (15.2.1). Then, by (15.4.1) and the definition of A, 


R= /Q3-A= (Sviqt=eviR3. (15.4:2) 


Recall the differential equations [240], [242, p. 142] 


y] 


dP P?(q)—Q(q) dQ P(gQ(q)— R(q) dR _ P(q)R(q) — Q7(q) 
Taq 12 Say 3 a a 2 


which yield the associated differential equations 


ih. = PAD -Q@ 4Q _ P*)Q@)—-R@) AR _ P@R) - Q*(a) 

dq 12 >" dq 3 **" dq 2 , 

(15.4.4) 

Now, by rearranging the second equation in (15.4.4), with the help of 
(15.4.1) and (15.4.2), we find that 


R(q) , 12qdz 


PO Ga 2 a 


From the chain rule and (15.4.5), it follows that, for any positive integer n, 


(15.4.5) 


_ RO”) , _12q_ de(g") 
Q(q")  nz(q") dq 


AC) 
alg)" 
we find that 
hie _ Rl") _ Ria) q__dz(q") q_dz(q) 
nP(a") — PO) = "Qa — Qi) + aa) ag a) da 
_ Ra") _ R(q) q dm 
—"Q@) Qi) 7m dg Coe 


Our next aim is to replace in (15.4.6) by 42(J(q),J(q")). From 
(15.2.1), the definition of J, (15.4.4), (15.4.1), and (15.4.2), upon differen- 


tiation, we find that 


dJ _ (3Q?Q’ — 2RR')Q* — 3Q’Q'(Q* — R*) 


"dq Q? 
_ {Q?(PQ — R) — R(PR — Q’)}Q® — Q?(PQ — R)(Q’ — R’) 
Qé 
OS Ae ee J, (15.4.7) 


Q* Qt Q 
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which implies that 


1 dJ(q) 
2°(q) = q ; (15.4.8) 
J(qgV1-J(q) 4a 
Replacing q by q” in (15.4.8) and simplifying, we deduce that 
il d. 1) 
2(q") = cai 9 (15.4.9) 


nig) V1- Ta) a 
Using (15.4.8) and (15.4.9), we conclude that 


J(gQV1-I(q) ala") — 


It is well known that there is a relation (known as the class equation) be- 
tween j(7) and j(nr) for any integer n [146, p. 231, Theorem 11.18(i)]. With 
the definition of J given at the beginning of this section, the class equation 
translates to a relation between J(q) and J(q"). It follows that 


dJ(q) 
dJ(q") 


= F(J(q),J(q”)), (15.4.11) 


for some rational function F(x, y). Thus, by (15.4.10) and (15.4.11), we may 
differentiate m with respect to J, and so, by (15.4.7) and the definition of 
m(q); 


q dm q dm 
g FO _ o9(g)2(q") 
m(q) dq we 2q) dq 
dm dJ dm?(q) 
_ 2/,n = 2/,n _ 
= 22°(q")m(q) ae sad (q")Jv1—JI—Z 


Using this in (15.4.6), we deduce that 


nP(q")-P(g) _ RG") R@) 
2(q)z(q") Q(q") = Qa) 


If we put q = e-*/V",n > 0, (15.4.12) takes the shape 


R(e-*¥") — R(e7*/v”) 

Qle-*v™)_— Q(e-*/v") 

=627 (eV eT = Tle=tv) 
dm? 


x (dle *),a(e-7/vF)) . (15.4.13) 


nP(e-TY”) — P(e~7/V”) =n 


It is well known that [120, p. 84] 
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J(e-*/V") = J(e-*V"), (15.4.14) 


Furthermore, if 


co . co 
e(g= >> g™ and d(g= Si grtV?, — |gl <i, —(15.4.15) 
n=0 


then [54, p. 127, Entries 13(iii), (iv)] 


Q(q) = 23(1 + 142 + 23) (15.4.16) 


and 


R(q) = 28(1 + 22)(1 — 3422 + 23), (15.4.17) 


4/2 
z:="(q) and a2:= 16q 4 ) (15.4.18) 
¢ (9) 
Replacing g by —q in (15.4.16) and (15.4.17), and using (15.4.18), we find that 
Q(q) = 9° (—q) — 224qp*(—a)v*(q") + 167q?v*(a") (15.4.19) 
and 
R(q) = (y*(—4) — 16q*(¢")) 
x (p*(—q) + 544qp*(—g)v4(q") + 16°¢?(q?)). (15.4.20) 
Using the transformation formula [54, p. 43, Entry 27(ii)| 
y(e-*/*) = Qe—T*#/4 s/tap(e 27") 
in (15.4.19) and (15.4.20), we deduce that 
Q(e“7/V") = n?Q(e-7¥”) (15.4.21) 
and 
R(e~7/V™) = —n3R(e-7V”), (15.4.22) 


Using (15.4.14), (15.4.22), and (15.4.21), we may rewrite (15.4.13) as 
nP(e~7V¥") — P(e~7/v™) 


_ (eo) 27 ,-7Vn dim* 
=i ave) (e Iny/t— Sun Ge (Ing) 


| a 
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dm 
= (2VI=T — 6Fny/1 — Sins i = (Jnedn)) 2 ee), 


(15.4.23) 


where 
hee", £50 (15.4.24) 


This gives the first relation between P(e~7¥”) and P(e~7/V”). 
Recall the definitions of Ramanujan’s function f(—q) and the Dedekind 
eta function (7), namely, 


f(-@) — (q; doc 2s a ert a(r), q= eanir ta eS 
The function f satisfies the well-known transformation formula [54, p. 43] 


te ee) ag ve eR, n> 0. (15.4.25) 


Logarithmically differentiating (15.4.25) with respect to n, multiplying both 
sides by 48n°/?/7, rearranging terms, and employing the definition of P(q) 
given in (15.3.1), we find that 


12./n 
Ee nP(e~"V") + P(e77/v"). (15.4.26) 
Tv 


This gives a second relation between P(e~"V") and P(e~*/v¥”), 
Now adding (15.4.23) and (15.4.26) and dividing by 2, we arrive at 


nP(eW*¥") = a ! (nvi=s, ey ee a a Gia )) 2(e-mvr), 


or, by (15.4.1), 


af — dite 
= (Po ~~) = vI-S, (1-5, ijn dm? In) |, 
nJ/l—Jn dd 


where Q,, is defined by (15.2.3), and P,, is defined by (15.3.2). (Be careful: 
Jn 4 Jn, where J, is defined by (15.2.4).) 

We record the last result in the following theorem, which should be com- 
pared with Theorem 15.3.1. 


Theorem 15.4.1. If P,, Qn, and J, are defined by (15.3.2), (15.2.3), and 
(15.4.24), respectively, then 


: (r a ) Lady et (15.4.27) 
On, n Jnr 7 m ns ee 


V1-Sisn 
i= (id, iad (In. In) (15.4.28) 
nJ/1l—J, dJ 


where 
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Observe that, by (15.4.1), (15.4.2), and Theorem 15.2.1, 


3 


3 1/2 
= (Ges) ; (15.4.29) 


Hence, the values of \/1 — J, for those n given on page 211 of the lost notebook 
follow immediately from (15.2.7). In order to rederive Entry 15.3.1, it suffices 
to compute f,. 


Theorem 15.4.2. [fn > 1 is an odd positive integer, then ty, lies in the ring 


class field of Z[/—n]. 


A proof of Theorem 15.4.2 can be found in [64]. In certain cases, one can 
use Theorem 15.4.2 to empirically calculate t,; for more details, see [64]. 


15.5 Page 213 


On page 213 in his lost notebook [244], Ramanujan lists three further quotients 
of Eisenstein series, the second of which is difficult to read. Since Ramanujan 
did not make any claims or indicate (even cryptically) any associated singular 
moduli, we have not made any attempt at further investigations. The quotients 
are given by 


f 
314 R? — 30$Q3’ 
1 
959542 R? — 959442.Q3” 
64 
189Q3 — 125?" 


Note that if the numerator and denominator of the last quotient is divided 
by 64, then the difference of the coefficients in each of the three quotients is 
equal to 1. 


15.6 Ramanujan’s Series for 1/7 


On page 370 in his lost notebook, Ramanujan records three series for 1/7. 
In fact, these three series are the identities (28)—(30) in Ramanujan’s famous 
paper [239], [242, pp. 36-37]. These series and fourteen further series for 1/a 
were established by the Borwein brothers [86, Chapter 5]. In this section, we 
take a different approach from that of the Borweins and use Eisenstein series 
to establish a very general series for 1/m from which the three series on page 
370 can be determined. 
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Throughout this section, we employ the notation of Chapter 13. In par- 
ticular, we recall the representation for the base q in (13.2.8), the definition 
of the modular equation of degree n arising from the equation (13.2.5), the 
definitions of z in (13.2.9) and z and z, in (13.2.6), and the definition of the 
multiplier m in (13.2.7). The two most important ingredients in our deriva- 
tions are Ramanujan’s representation for P(q?) given by [54, p. 120, Entry 
9(iv)] 

dz 


P(q’) = (1 —22)z? + 6x(1 n)2— (15.6.1) 
and Clausen’s formula, which we use in the form [86, p. 180, Theorem 5.7(a)] 
w= Fale. o gi bX)= 7 AX, (15.6.2) 
k=0 
where (4)3 
Api= 2 and =X := 4e(1—2). (15.6.3) 


From (15.6.2) and (15.6.3), 


de 


2 
+ 


S > ApkX*-? . 4(1 — 22). (15.6.4) 
k=0 
Hence, from (15.6.1), (15.6.2), (15.6.4), and (15.6.3), 


P(q’) = (1 — 22) SS An X* + 3(1 — 22) S0 AgkXx* 
k=0 k=0 


= yt — 2a) + 3(1 — 2x) k}A,X*. (15.6.5) 


= 1 
q=e', Yu T 
2 


used by Ramanujan in Chapter 16 and throughout the remainder of his second 
notebook, we quote from Entry 9(i) in Chapter 17 in his second notebook [243], 
(54, p. 120]: 

dy 1 


dx x(1—2)z?° 


A simple application of the chain rule gives 


dq q 


dx x(1—2)z?’ 


or 
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dx 
7 =2(1—<2)z?. (15.6.6) 
Hence, from (15.6.1) and (15.6.6), 
6q dz 2 2 
pei alae = (f= : 15.6. 
ar P(¢’) — (1 —22)z (15.6.7) 
If we set t = q”, then from (15.6.7) and the chain rule, 
6nq” dz 2 2 
— =n(P(q°") — (1 — 22(q” PY Vi 15.6. 
Hor ae Pe) 0 ela Ne @”) (15.6.8) 


Logarithmically differentiating the formula for m in (13.2.7), we deduce that 


ee «2D _ gn 2). (15.6.9) 


Hence, by (15.6.7)—(15.6.9), 


6g D) = P(g?) — (1 —20(q))2? — nP(q?") + n(1 — 20(q"))22(q") 


m(q) 
= P(q?) — nP(q?") — (1 — 2a(q))z” + n(1 — 22(q"))27(Q"). 
(15.6.10) 
Now, set 
qg:ze7t/vn and tn = a(e-*V”), 
Then, from (13.2.6), 
Zn = 2(e-7V"), 
Therefore, for this value of g, we rewrite (15.6.10) in the form 
/ 
Ge t/ VET (e-m/Vviny — Pie ey") _ nP(e~27V") 
m 
= (1 = 22 yp) + 20 — 2a) 2 (15.6.11) 


Recalling (13.2.8) and the notation gq = e~¥ = e~*/V", we see that 


2F (4 


, =~ Di fy) 1 
2F i ( 


1:1 
a, 15.6.12 
$31;21/n) vn ( ) 


Also, from the definition of a modular equation revolving around (13.2.5), and 
from (15.6.12), 


dy; 

Pel 
T 
2° 


Fi(4,4;1;1-2n PA, 11 = Sia 
= ug ash aye ig» 2 os ae Vale (15.6.13) 
2Fi (5, 331; fn) ai ox 5s lita) 
Hence, from (15.6.12), (15.6.13), and (13.2.7), we conclude that 
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1—2p =Z1/n, ZJn = VNnin, and m(e*/V") =a/n. (15.614) 


Thus, 1 — 2a 1/, = —(1 — 22,), and, from (15.6.11) and (15.6.14), we deduce 
that 


/ 
6e-t/ V8 (e-t/v) = P(e~?7/V™)_nP(e-27V") 4 In(1—2an)22. (15.6.15) 
The formula above is of central importance, because for twelve values of n, 
Ramanujan [239], [242, pp. 33-34] derived useful representations for nP(q?”)— 
P(q’) in terms of theta functions. 
We can eliminate P(e~?*/V”) from (15.6.15) using the transformation for- 
mula for P(g), which we now derive. Recall the transformation formula for 
Ramanujan’s function f(—q) given by [54, p. 43, Entry 27(iii)] 


e-A/12q/1/4 f(_e-2e) — @B/12 31/4 ¢(_¢- 28), (15.6.16) 


where af = 77, with a and ( both positive. Taking the logarithm of both 
sides of (15.6.16), we find that 


rt oe) Sie B 1 [ere] 2 
z os y log(1 — e~ 2") = 7) z los 8 y log(i: "5, 
k=1 k=l 


a 
12 
(15.6.17) 

Differentiating both sides of (15.6.17) with respect to a, we deduce that 
1 1 s dhe 7h B 1 3 (2kB/a)e—2*8 


4a 1—e-2ka ~~ 12q@ da 1 — e72k6 
k=1 k=1 


(15.6.18) 
Multiplying both sides of (15.6.18) by 12a and rearranging, we arrive at 
oo ke Pho SS ke72k8 
a (: 245 =] = a(: 8D ies (15.6.19) 
k=1 


Setting a = 7/,/n, so that G = m/n, recalling the definition of P(q), and 
rearranging slightly, we see that (15.6.19) takes the shape 


6yn _ Pier") ewe ev), (15.6.20) 


TT 


Utilizing (15.6.20) in (15.6.15), we conclude that 


I 
Ge t/ Vn (eom/ vn) — evn — 2nP(e~?™V™) + In(1 — 2ay)z2.  (15.6.21) 


ce 
m 
Return to (15.6.5) and set q= eV”. After (15.6.3), define 


X, = 4a, (1— 2p). (15.6.22) 


15.6 Ramanujan’s Series for 1/7 379 


Thus, (15.6.5) takes the form 


P(e2*V") = ye — 2x) + 3(1 — 2xn) kt AXE. (15.6.23) 
k=0 


Divide both sides of (15.6.21) by 2n and substitute P(e~?7V”) from (15.6.23) 
into (15.6.21) to deduce that 


3e—7/ V2 mn! 
a (2 1 — 2r,)k} A,X. 
€ )= a = tn) +3 In )K} A,X, 


mr m 


- = 2am) : 


am 8D (1 — 2an)kA,X-, 


T/T 


where we have used (15.6.2) with g = e~*V” and (15.6.22). Hence, we have 
derived the following general series representation for 1/7. 


Theorem 15.6.1. Let X, = 4a,(1 — 2) and recall that A, is defined in 
(15.6.3). Then for any positive integer n, 


LL ea? 
k —n//n 
aR -s0 — 20 n) BARK! + —— 7" (e-n/v), (15.6.24) 


Now, by the chain rule, (15.6.6), and (15.6.3), 


dm dm dX dx dm dm 
= = 4(1—2 l—a)2? = 27X(1-2 
Taq  1ax dz dq dX (ee eee ale ie ee) ae 


(15.6.25) 


Set q = e~7/V™ in (15.6.25) and recall from (15.6.14) that By = Nz, and 
m = /n. Thus, 

ent/Vvn ml (e-a/ vin) 2 
2n =m ma 


dm 
aA jn (l ~ 281 /n) ae 


q=e tv 


dm 
aa Miia (l — 204m) == 


= A, Xf, 
Fi qaent/VR 3 
(15.6.26) 


by (15.6.3). Substituting (15.6.26) into (15.6.24), we arrive at the following 
theorem. 


Theorem 15.6.2. Let X = 4a(1—2) and X,, = 4%,(1—2,). Let Ay be given 
by (15.6.3). Then for any positive integer n, 


1 — ‘ 
aa Doan + bak) AXe, (15.6.27) 


380 15 Eisenstein Series and Approximations to 7 


where 


an = —_ 


a Silt 21m) Ge og and bn = 12m. (15.6.28) 
que" */vn 


aR 

Our next task is to use Theorem 15.6.2 to establish three series for 1/7 
found on page 370 in Ramanujan’s lost notebook. These three series are series 
(28)—(30) in Ramanujan’s epic paper [239], [242, pp. 36-37]. Although these 
three series were established by the Borweins [86, Chapter 5], the proofs we 
provide here are different. In fact, our derivations are along the same lines as 
those of Ramanujan in [239], [242, p. 36]. In particular, we use representations 
for Ramanujan’s function [239], [242, pp. 33-34] 


fn(q) = nP(q?") — P(q’) (15.6.29) 


for n = 3,7,15. (Ramanujan used the notation f(n) instead of f,(q).) In 
[239], Ramanujan recorded representations for f,(q) for 12 values of n, but 
he gave no indication how these might be proved. These formulas are also 
recorded in Chapter 21 of Ramanujan’s second notebook [243], and proofs 
may be found in [54]. The proofs given below can also be found in the paper 
[45] by N.D. Baruah and Berndt. In [239], Ramanujan stated 17 series for 1/7, 
and Baruah and Berndt [45] established most of these series as well as many 
new series for 1/7 using Ramanujan’s ideas. 


Entry 15.6.1 (p. 370). Recall from (15.6.3) that 


a er 
Then 
4 co 
—= = 6k + Anz (15.6.30) 
k=0 


Proof. Let n = 3. Then, in the notation (15.6.29) [239], [242, p. 33], [54, 
p. 460, Entry 3(iii)], 


fs(q) = 2(q)2(q") (1 + V/2x(qx(q) + JO — 2(¢)) 0 — x(4)) . (15.6.31) 
Set q = e~*/¥3 in (15.6.31) and use (15.6.14) to deduce that 


fa(e77/¥3) = V3 (1 1 Di/egt = =) 2. (15.6.32) 


Recall the modular equation, due to A.M. Legendre and rediscovered by Ra- 
manujan [243, Chapter 19, Entry 5(ii)], [54, p. 230}, 


{a(q)a(q°)} 


1/4 1/4 


+ {(1—2(q))(1—2(q°))} = 1. (15.6.33) 
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Setting g = e~*/V? in (15.6.33) and using (15.6.14), we find that 

2{x3(1 —23)}'/4 =1, (15.6.34) 
or, in the notation (15.6.22), 

X3 = 4%3(1 — 23) = z (15.6.35) 
Using (15.6.34) or (15.6.35) in (15.6.32), we deduce that 

peor = aes (15.6.36) 
In fact, v3 is a singular modulus, and Ramanujan calculated this singular 


modulus in his notebooks [243], [57, p. 290]. Thus, from the aforementioned 
source or from (15.6.35), 


3 
1—2¢3 = = (15.6.37) 


Setting n = 3 in (15.6.15), recalling the definition (15.6.29), and employing 


d 


(15.6.36) and (15.6.37), we deduce that 


ent V3T (_—n/V3) ! ( a “) = eS (15.6.38) 


m ~ 6 2 2 


Using (15.6.37), (15.6.38), (15.6.35), and (15.6.2) in (15.6.24) with n = 3, we 


find that 
v3 (3 | ?) ee 


' 4 4k? 
k=0 


which is easily seen to be equivalent to (15.6.30). 


Entry 15.6.2 (p. 370). If Ax, k > 0, is defined by (15.6.3), then 
~ 1 
== S° (42k + B) Aker (15.6.39) 


Proof. We begin with a modular equation of degree 7, 


{x(q)x(q’)}* + {(1—a() A — alg)" = 1, (15.6.40) 


due to C. Guetzlaff in 1834 but rediscovered by Ramanujan in Entry 19(i) 
of Chapter 19 of his second notebook [243], [54, p. 314]. Set q = e~*/¥7 in 
(15.6.40) and use (15.6.14) and (15.6.22) to deduce that 


1/8 


Q{e7r(1—a27)}/8=1 and Xy=H. (15.6.41) 
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o] 


Ramanujan calculated the singular modulus «7 in his first notebook [243], [57 
p. 290], from which, or from (15.6.41), we easily can deduce that 


1—2a7 = ov (15.6.42) 


In the notation (15.6.29), from either [239], [242, p. 33] or [57, p. 468, Entry 
5(iii)), 


fr(q) = 32(q)2(q") (1 + /fa(q)2(q") + V0 — 2(q))0 - “(a"))) . (15.643) 


Putting g = e~*/¥7 in (15.6.43) and employing (15.6.14) and (15.6.41), we 
find that 


9 
fre") = 3V7 (1 + 2/ar(1 — a7) 27 = BVT. a7. (15.6.44) 
Thus, by (15.6.15), (15.6.44), and (15.6.42), 


‘ 27V7 42/7 15V7 
be VE ti) Le as = ue 
m 8 8 8 
Then, using (15.6.24) with n = 7, and with the help of (15.6.42), (15.6.45) 
(15.6.41), and (15.6.2), we conclude that 


= 1 
3 3 V7 15/7 so 
Jin a 8 14-8 26k 


2 a. (15.6.45) 


y] 


which is readily seen to be equivalent to (15.6.39). 


Entry 15.6.3 (p. 370). If Ay, k > 0, is defined by (15.6.3), then 


32 = 1 Jd = 1 a 
ae » ((42v5 + 30)k + 5V5 1) Aner . (15.6.46) 
k=0 


Proof. Recall that the Ramanujan—Weber class invariant G',, can be repre- 
sented in terms of the singular moduli x, by [57, p. 185] 


Gn = {4¢y(1 —ap)} (15.6.47) 


Also recall that [57, p. 190] 
1/3 
1 
Gy. =2'"4 (47) : (15.6.48) 


From (15.6.47), (15.6.48), and (15.6.22), we can deduce that 


15.6 Ramanujan’s Series for 1/7 383 


8 
Xi5= ue (= ) (15.6.49) 


The singular modulus 


4 
T15 = = (‘) (2 V3)?(4 — V/15) 


was calculated by Ramanujan and recorded in his first notebook [243], [57, 
p. 291], and so we can deduce that 


1 
1 — 2015 = —=(42V5 + 30). 15.6.50 
(Of course, we can also deduce (15.6.50) from (15.6.49).) Next, from Entry 
9(iii) in Chapter 21 of Ramanujan’s second notebook [243], [54, p. 481], or 
from [239], [242, p. 34], 


fis(a) = 2(@)2(a")( {1+ Ve@e@™) + VE—a@a— aa) } 


-1- Ya(@ea) - 0-2) 0-20). 
(15.6.51) 


Setting q = e~7/Y in (15.6.51) and using (15.6.14), (15.6.47), (15.6.48), and 
(15.6.49), we find that 


fis(e77/V™) = V15 ((1 ae 24x)" = (i+ VX) ze 


1 
= ee + 9v'5)z%,. (15.6.52) 


It follows from (15.6.15), (15.6.52), and (15.6.50) that 


_3v15 30 
16 


32/15 
(a8 3V15 : 


be-7/ VIB (_-n/VI5) 


m 


(11+ 9V5)z?, 4 (42/5 + 30)z?, 


77 a ) is: (15.6.53) 


Using (15.6.50), (15.6.53), (15.6.49), and (15.6.2) in (15.6.24) with n = 7, we 
conclude that 


3 — 3 1 (75V3 3V15 
Fe (wigs anes 5 ( 16 16 )) 


8k 
1 (V5-1 
x An see (=) (15.6.54) 


2 
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If we multiply both sides of (15.6.54) by 2 15 and simplify, we obtain 
(15.6.46) to complete the proof. 


The credit for returning to Ramanujan’s ideas for deriving series for 1/7 
is due to Heng Huat Chan. The content of Section 15.6 is therefore almost 
entirely due to Chan, who sent detailed lecture notes to the second author of 
this book. These notes then inspired Baruah and Berndt to further elaborate 
the ideas of Ramanujan and Chan in a series of three papers [45], [46], [47]. 
In the first paper [45], they use Eisenstein series in the classical base to prove 
13 of Ramanujan’s original series, along with many other new series. In the 
second [46], they employ Eisenstein series in Ramanujan’s cubic and quartic 
theories to prove five of Ramanujan’s series and several new series for 1/7. 
Lastly, in [47], they employ Ramanujan’s ideas emphasizing Eisenstein series 
to derive many new series representations for 1/7?. 

It does not appear to have been widely noticed that the first mathematician 
to have published a proof of a general formula for 1/7 was S. Chowla [125], 
[124] [126, pp. 87-91, 116-119 ]. In particular, he established Entry 15.6.1. 
As indicated in the introduction, the Borwein brothers [86] first proved all 17 
formulas for 1/7 found in Ramanujan’s paper [239], [242, pp. 23-39]. In a series 
of papers [87], [88], [89], [91], [92], they greatly extended Ramanujan’s work, 
deriving a host of interesting formulas for 1/7. The Chudnovskys [132]-(136] 
also amplified and explained Ramanujan’s work. In [137], they also derived 
several hypergeometric-like series for 7. The work of Berndt and Chan [64] 
gives a third approach for generalizing Ramanujan’s series. General series 
formulas for 1/7 have also been found by Berndt, Chan, and W.-C. Liaw [66], 
H.H. Chan, S.H. Chan, and Z.-G. Liu [103], H-H. Chan and Liaw [108], and 
H.H. Chan, Liaw, and V. Tan [109]. Further particular series for 1/7 have 
been derived by H.H. Chan and H. Verrill [113], H.H. Chan and K.P. Loo 
[111], HH. Chan and W. Zudilin [114], M.D. Rogers [249], and S. Cooper 
[141]. J. Guillera [163]-[168] has discovered some beautiful series for 1/7 as 
well as for 1/7?. Further work has been accomplished by W. Zudilin [292]- 
[295], with the latter paper offering an interesting survey. Baruah, Berndt, and 
H.H. Chan [48] have written a survey paper delineating most of the research 
on series for 1/7 since the publication of Ramanujan’s paper [239], while also 
covering the use of such series by R.W. Gosper Jr. [160] and the Chudnovsky 
brothers [135] in calculating the digits of 7. 


16 


Miscellaneous Results on Eisenstein Series 


We collect in this chapter some miscellaneous results on Eisenstein series that 
do not fit into previous chapters. 


16.1 A generalization of Eisenstein Series 


On page 332 in [244], Ramanujan enigmatically records the following state- 
ment. 


Entry 16.1.1 (p. 332). 


1? ar 3r 
el’t _] + oe _] ext _ 1 ane ’ (16.1.1) 


where s is a positive integer and r — s is any even integer.” 


“ 


(The statement (16.1.1) was poorly photocopied and is difficult to read.) If 
we set g = e~*, we can write (16.1.1) in the equivalent form 


oS kT gk 
> a (16.1.2) 
k=0 q 


Thus, if s = 1 and r = 2n — 1 is odd, (16.1.2) is a multiple of the classical 
Eisenstein series E2,(7), where q = e?"*7 and Im 7 > 0. What does Ramanu- 
jan mean by (16.1.1)? We think that Ramanujan temporarily thought that a 
theory could be developed for these more general Eisenstein series that gener- 
alizes the classical theory. Because the series (16.1.2) do not live in either the 
elliptic or the modular world (except when s = 1), such a theory indeed would 
be limited. We have carefully examined Ramanujan’s theory of Eisenstein se- 
ries as he developed it in [240], [242, pp. 136-162] to discern whether it can 
be generalized. (See also [59, Chapter 4], where details are more completely 
given.) If so, we would need to make the following definitions. 
Define, for each nonnegative integer r and positive integer s, 
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Bry oS kT gk 
Si, 3 = t z 16.1.3 
, 2(r + 1) > 1 — gk ( ) 


When s = 1, S,., = S,, in Ramanujan’s notation [240, equation (9)], [59, equa- 
tion (4.1.4)]. Also define for each nonnegative integer r and positive integer 
5, 
ied n'qr 

Ci 16.1.4 
a) = oe (16.1.4) 
In Ramanujan’s notation [240, equations (23), (24)], [59, equations (4.1.3), 
(4.2.7)] Y1(q¢) = #1,-(q). Unfortunately, although the proofs of the recurrence 
relations involving S, and W,,, in [240] do not depend on the theory of either 
elliptic or modular functions, we have not been able to see how they can be 
generalized to the functions (16.1.3) and (16.1.4). 


n=1 


16.2 Representations of Eisenstein Series in Terms of 
Elliptic Function Parameters 


The following six formulas appear in Ramanujan’s notebooks, but in Ramanu- 
jan’s individual notation, instead of the classical notation used here in the lost 
notebook. In particular, in [243], Ramanujan sets z:= 2/7, where K is the 
complete elliptic integral of the first kind, a = k?, where k, 0 < k <1, is the 
modulus, and 1—a = k’, where k! = V1 — k? is the complementary modulus. 


Entry 16.2.1 (p. 367). In the notation above, 


Q(q) = eax + 14k? + k*), 


Q(q') = . (1 +140? +8"), 
av) = (2) 10H), 

R(q) = ex + k?)(1 — 34k? + k’), 
R(q*) = ei (1+ 4) (1 34K’? + 2"), 
R(@) = ea) (R? — 8) (1+ HER). 


These six identities are, respectively, Entry 13(iii), Entry 13(v), Entry 
13(i), Entry 13(iv), Entry 13(vi), and Entry 13(ii), in Chapter 17 of Ramanu- 
jan’s second notebook [243]. See [54, pp. 126-128] for their statements in 
Ramanujan’s notation and for proofs. 
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16.3 Values of Certain Eisenstein Series 


On page 334, Ramanujan defines a certain function of s involving Eisenstein 
series, for which he calculates values at integral arguments of multiples of 4. 
Ramanujan’s motivation for these calculations is unclear. For increasing values 
of s, the calculations become increasingly laborious. Lacking Ramanujan’s 
patience and arithmetic skills, we turned to Mathematica. 


Entry 16.3.1 (p. 334). Define the function S, by 


OS ki-s 
» a Pe 56s Lap : ((s) + <¢(s— 2), (16.3.1) 
k=1 


where ¢ denotes the Riemann zeta function. Then, if n is a positive integer, 


1 7? qi 
San = 0, So=—, S4=-—, Ss = 0, S SS ee 
' dn’ 4 sa0° - 232186500 
Soe qi Gee 191719 
16 ~~ 91470872500’ °° ~ 398240480137500’ 
oes 907123 
24 ~ 484177171143590625 " 


Proof. First, let s = —4n. Since ¢(—2n) = 0 for each positive integer n [271, 
p. 19], Ramanujan’s claim that S_4,, = 0 reduces to 


a ¢(—4n-1) — Banyo 


art es a 2 ~ 8n +4’ 


(16.3.2) 


where B,,, n > 0, denotes the nth Bernoulli number, and where we have used 
the well-known formula [271, p. 19] 


The identity (16.3.2) has been proved many times in the literature, with the 
proof of J.W.L. Glaisher [155] in 1889 being the oldest proof known to us. The 
identity can also be found in Ramanujan’s second notebook [243, Chapter 12, 
Corollary (iv)], [53, p. 262]. For references to several other proofs given in the 
literature, see [53, pp. 261-262]. 

When s = 0, Ramanujan’s claim takes the form 


= k 1 1 
— 1 . . 
aR] 24 8n’ ae) 


where we have used the facts, ¢(—2) = 0, ¢(—1) = —$Bz = —7, and ¢(0) = 


—} [271, p. 19]. Ramanujan posed (16.3.3) as a problem in the Journal of 
the Indian Mathematical Society [238], [242, p. 326], [75, p. 240]. The identity 


388 16 Miscellaneous Results on Eisenstein Series 


(16.3.3) also appears as an example in Section 8 of Chapter 14 in his second 
notebook [243], [53, p. 256]. To the best of our knowledge, the first appearance 
of (16.3.3) in the literature is in a paper by O. Schlémilch [252] in 1877. 
References to several other proofs can be found in [53, p. 256). 

Putting s = 4n in (16.3.1), we find that 


isan ki-4n 


56 (dn 1) + 2¢(4n) + Ze(4n—2). (16.3.4) 


etkn _ 1 An 


k=1 
For the remaining six values, namely, n = 1,2,3,4,5,6 in (16.3.4), we employ 
the special case a = = 7 of a famous identity for ¢(2n+1), n > 1, found in 
Ramanujan’s second notebook [243], [53, pp. 275-276, Entry 21(i)]. Replacing 
n by 2n + 1 in the aforementioned identity, we deduce that, for n > 1, 


1 SS len ou i 3h 
4n—1)+ = —247-3,4n-1 ig be . (16.3.5 
5h fe ) = e2tk = | yt = 2k)! ( ) 


This particular case of Ramanujan’s famous identity is due to M. Lerch in 
1901 [202]. Using Euler’s famous formula 


2n 
(27) Bon n> 1 


6(2n) = “Sam!” oi, 


comparing (16.3.4) with (16.3.5), and dividing both sides of each identity by 
n4"-1, we find that 


Bay. . gl Bay 2 Bipas o4n—3 y(-4 yk a Ban-2k 
qén—1 —*  (4n)! 3(4n — 2k)! (4n — 2k)!’ 

(16.3.6) 

where n is any positive integer. Using Mathematica, we calculated the right- 

hand side of (16.3.6) for n = 1,2,3,4,5,6 and found that Ramanujan’s claims 

in Entry 16.3.1 are correct for each of these six values of n. 


The identities (16.3.2), (16.3.3), and (16.3.5) (and its aforementioned gen- 
eralization) also appear in an incomplete handwritten manuscript published 
with Ramanujan’s lost notebook [244, pp. 318-321] and examined by Berndt 
[58]. This manuscript will also be examined in [33]. 


16.4 Some Elementary Identities 


Entry 16.4.1 (p. 367). If s is a positive integer and B,, denotes the nth 
Bernoulli number, then 
B, aa ks—1g 
! _ qk 
ee oe, 


(2° — 1) 
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B, oe ks—1g4k B, oS ks—1gk 
= 2" 16.4.1 
te er Is eer: ( ) 


k=1 


and 


oO a: 1 qk B co ks—1g4k 
——, = 2° ide 
ks i q* ks 1 ge 
{24S a aoe = . (16.4.2) 


Proof. Canceling the expressions involving Bernoulli numbers, we find that 
(16.4.1) is equivalent to the identity 


yy oo (Qh 1) 1g?hrt 


Qk : — q2k+1 
k=1 I+q k=0 1-q 


oo ks-1g4* oe ks—1gk 


= 2 = mtd, 


— qk 
k=1 q =1 1 q 


ca ks q ce Ket yg” 
s—l | 
+215 er? S i (16.4.3) 
k=1 k=1 


Cancel the first sum on the far left-hand side with the second sum on the far 
right-hand side above. If the even- and odd-indexed terms in the last sum on 
the far right-hand side of (16.4.3) are separated, we see that the proposed 
identity (16.4.3) is trivial. 

To prove (16.4.2), we first cancel all expressions involving Bernoulli num- 
bers. We then easily find that (16.4.2) is equivalent to the identity 


oo (2k +1)*- il grb a 
5 Ge poy 
ks Tek 


k=0 
= 98- oe _ oo 


ann P he -1g2* 


ks 1@ek 


<— 


1 — qk sig 


+ 
k=1 


(16.4.4) 


The second sum on the left-hand side cancels with the first sum on the right- 
hand side in (16.4.4). Moving the second sum on the right-hand side to the 
left-hand side, we find that (16.4.4) is equivalent to the identity 


cas) ks-1 qk ks—1gk oS ke—1g2* 


» TF => foe ee (16.4.5) 


= k=1 k=1 
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Using the elementary identity 


above, we see that (16.4.5) is trivial, and so the proof of (16.4.2) is also 
complete. 
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